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1. Introduction. 

It is well-known that Gromov-Witten invariants are not defined, in general, in the 
Lagrangian (or relative case): bubbling of disks is a co-dimension one phenomenon and 
thus counting J-holomorphic disks, possibly with various incidence conditions, produces 
numbers that strongly depend on the particular choices of the almost complex structure J 
and of the geometry of the incidences. However, this lack of invariance of the direct counts 
combined with the rich combinatorial properties of the moduli spaces of disks indicates 
that invariance can still be achieved by defining an appropriate homology theory. 

The purpose of this paper is to discuss systematically such a homology theory and the 
related algebraic structures in the case of monotone Lagrangians with minimal Maslov 
class at least 2 (which we will shortly call the monotone case below). We will also discuss 
its relations with Floer homology as well as various computations, examples and applica- 
tions. It is already important to underline the fact that the point of view of this paper 



QUANTUM STRUCTURES FOR LAGRANGIAN SUBMANIFOLDS 



3 



is not that of intersection theory and, thus, not that of Floer theory. In particular, this 
homology theory (and most of the other structures involved) is associated to a single La- 
grangian submanifold, never vanishes and is invariant with respect to ambient symplectic 
isotopy. Therefore, this is a very rich structure and most of our various applications reflect 
its rigidity. 

It should be mentioned at the outset that there are two systematic models for dealing 
with the general, non-monotone context: the approach of Fukaya-Oh-Ohta-Ono [34] 
and the cluster homology approach of Cornea-Lalonde [23] (the last one being closer to the 
point of view we take here). The monotone case, while remaining reasonably rich, has the 
property that many of the technical complications which are present in these two models 
disappear. Indeed, as we shall see in this case, transversality issues can be dealt with by 
elementary means and the various invariants defined are all based on counting J-curves 
(for generic almost complex structures J) and not perturbed objects, a fact which is of 
invaluable help in computations. Hence, this is a case which is worth exploring in detail 
not only because many of the most relevant examples of Lagrangians fit in this context 
but also because it shows clearly what type of results and applications can be expected 
in general and computations are efficient. 

There are many relations between this work and the extensive literature of the subject 
and they will be discussed explicitly later in the paper. We feel we should mention at 
this point that at the center of the construction is a chain complex called here the "pearl 
complex" initially described by Oh in [50]. Thus, this complex was known before and it 
was sometimes used in the literature. Our intention in preparing this paper has been to 
focus on the various structures related to this complex - a good number of which are first 
introduced here - and on their applications. However, we soon realized that no complete 
proofs are available in what concerns even the most basic parts of the construction, for ex- 
ample, for d 2 = in the "pearl complex". Therefore we have decided to provide essentially 
complete arguments here. The structure of the paper is as follows. Section 2 contains the 
statement of the main algebraic properties of the structures that we are interested in here. 
The next three sections §3, §4, §5 are focused, respectively, on transversality, gluing and, 
finally, the proof of the algebraic properties announced in §2. Then, in §6 we describe our 
applications of this structure together with their proofs. A cautionary word to the reader: 
while the paper is written in the logical order needed to reduce redundancies, to more 
rapidly grasp the power and the motivation behind the algebraic structures described in 
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the paper it might be useful to read the statements of the applications in §6 immediately 
after §2 and before the technical chapters in between. 

Acknowledgements. The first author would like to thank Kenji Fukaya, Hiroshi Ohta, and 
Kaoru Ono for valuable discussions on the gluing procedure for holomorphic disks. He 
would also like to thank Martin Guest and Manabu Akaho for interesting discussions 
and great hospitality at the Tokyo Metropolitan University during the summer of 2006. 
Special thanks to Leonid Polterovich and Joseph Bernstein for interesting comments and 
their interest in this project from its early stages. 

While working on this project our two children, Zohar and Robert, have been born. We 
would like to dedicate this work to them and to their lovely mothers, Michal and Alina. 

2. Algebraic structures. 

2.1. The main algebraic statement. We shall only work in this paper with, connected, 
closed, monotone Lagrangians L C (M 2n , u) where (M, uj) is a tame monotone symplectic 
manifold. This means that the two homomorphisms: 

to : tt 2 (M,L) -> Z, fi : 7r 2 (M,L) -> R 

given respectively by integration of uj and by the Maslov index satisfy 

u(A)>0 iff fi(A)>0, VAgtt 2 (M,L). 

It is easy to see that this is equivalent to the existence of a constant r > such that 

(1) uj(A) = Tfi{A), VAe 7r 2 (M, L) . 

We shall refer to r as the monotonicity constant of L C (M,u>). Define the minimal 
Maslov number of L to be the integer 

Nl = mm{[i{A) > | A E tt 2 (M, L)}. 

Throughout this paper we shall assume that L is monotone with Nl > 2. Since the 
Maslov numbers come in multiples of Nl we shall use sometimes the following notation: 

(2) / u=^/i:vr 2 (M,L)^Z. 

Let us now introduce the type of coefficient rings we shall work with. Let A = Z 2 [t, 
the ring of Laurent polynomials in the varible t. The grading on A is given by deg t = —Nl- 
We shall also work with the positive version of A, namely A + = Z 2 [t] with the same 
grading. The ring A should be viewed as a simplified version of the Novikov ring over 
7r 2 (M, L), commonly used in Floer theory. Since we work in the monotone case the 
simplified Novikov rings A, A + are enough for our purposes. 
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There is a natural decreasing filtration of both A + and A by the degrees of t, i.e. 

(3) f k A = {Pe Z 2 [t, r 1 ] I P(t) = a k t k + a k+1 t k+1 + ...}. 

We shall call this filtration the degree filtration. It induces an obvious filtration on any 
free module over this ring. 

Let / : L — > R be a Morse function on L and let p be a Riemannian metric on L so that 
the pair (/, p) is Morse-Smale. Fix also a generic almost complex structure J compatible 
with uj. It is well known that, under the above assumption of monotonicity, the Floer 
homology of the pair (L,L) is well defined (see [48]) and we denote it by HF(L) (the 
construction will be rapidly reviewed later in the paper). 

In what follows we shall also use the following version of the quantum homology of M. 
Put Q + H(M) = H*(M; Z 2 )®A + , QH(M) = H*(M; Z 2 )®A with the grading induced from 
H*(M; Z 2 ) and A+ (respectively A). We endow Q + H(M) and QH(M) with the quantum 
cap product (see [44] for the definition). There are a few slight differences in our convention 
in comparison to the ones common in the literature. The first is that the degree of the 
variable t in the quantum homology of M is usually minus the minimal Chern number 
— Nm of (M,u). In our setting we have degt = —Nl- Since we are in the monotone case 
we have Nl\Nm, thus our QH(M) is actually a kind of extension of the usual quantum 
homology of M. The second difference is that we work here with coefficients over Z 2 rather 
than Q or Z which are more common in quantum homology theory. This is not essential 
and has to do with technical issues concerning the definition of the Floer homology of 
L (see Remark 2.1.2 below). Finally note that we work here with quantum homology 
(not cohomology), hence the quantum product QH k (M) ®QHi(M) — > QH k+ i- 2 n(M) has 
degree —In. The unit is [M] e QH 2n (M), thus of degree In. 

Theorem 2.1.1. For a generic choice of the triple (f,p,J) there exists a chain complex 

C + (L; f, p, J) = (Z 2 (Crit(f)) ® A + , d) 

with the following properties: 

i. The homology of this chain complex is independent of the choices of J, f, p. It will 
be denoted by Q + H 3f (L). There exists a canonical (degree preserving) augmentation 
€l '■ Q + H*(L) — > A + which is a A + -module map. 

ii. The homology Q + H(L) has the structure of a two-sided algebra with unit over the 
quantum homology of M, Q + H(M). More specifically, for every i, j , k there exist 
A + -bilinear maps: 

Q + H l {L) ® Q + H j (L) -> Q + H i+j „ n (L), a® (3^ a* (3, 
Q + H k (M) ® Q + Hi(L) -> Q + H k+i _ 2n (L), a®a^a*a. 
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The first map endows Q + H(L) with the structure of a ring with unit. This ring is 
in general not commutative. The second map endows Q + H(L) with the structure 
of a module over the quantum homology ring Q + H(M). Moreover, when viewing 
these two structures together, the ring Q + H(L) becomes a two-sided algebra over 
the ring Q + H(M). The unit [M] of Q + H(M) has degree 2n = dimM and the 
unit of Q + H(L) has degree n = dimL. 

iii. There exists a map 

i L : Q + H*{L) Q + H*(M) 

which is a Q + H*(M) -module morphism and which extends the inclusion in singular 
homology. This map is determined by the relation: 

(4) (h*,t L (x)) = e L (h*x) 

for x G Q + H(L), h G H*(M), with (— )* Poincare duality and ( — ,—) the Kro- 
necker pairing. 

iv. The differential d respects the degree filtration and all the structures above are 
compatible with the resulting spectral sequences. 

v. The homology of the complex: 

C(L;f,p, J)=C + (L;f,p, J) ® A+ A 

is denoted by QH*(L) and all the points above remain true if using QH(-) instead 
ofQ + H(—). The map Q + H(L) — > QH(L) induced in homology by the change of 
coefficients above is canonical. Moreover, there is an isomorphism 

QH*{L) -> HF*(L) 

which is also canonical up to a shift in grading. 

By a two-sided algebra A over a ring R we mean that A is a module over R which 
has an internal product A x A — > A so that for any r G R and a, b G A we have 
r(ab) = (ra)b = a(rb). The last equality is non-trivial, of course, only when the product 
in A is not commutative. A more natural description is the following. If A is a (left)- 
module over R, define a right-action of R on A by ar = ra. Then the "two-sidedness" of 
A over R means that both actions give A the structure of a module over R. 

Before going on any further we would like to point out that, the existence of a module 
structure asserted by Theorem 2.1.1 has already some non-trivial consequences. For 
example, the fact that QH*(L) = HF*(L) is a module over QH*(M) implies that if 
a G QHk(M) is an invertible element, then the map a * (— ) gives rise to isomorphisms 
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HFi(L) — > HFi + k-2n{L) for every i 6 Z. This clearly follows from the general algebraic 
definition of a "module over a ring with unit" . 

We shall call the complex C(L; /, p, J) (respectively, C + (L; f,p, J)) the (positive) pearl 
complex associated to /, p, J and we shall call the resulting homology the (positive) quan- 
tum homology of L. In the perspective of [23, 24] the complex C(L; f, p, J) corresponds to 
the linear cluster complex. 

Parts of Theorem 2.1.1 appear already in the literature and have been verified up to 
various degrees of rigor. The complex C(L; f, p, J) has been first introduced by Oh [50] (see 
also Fukaya [33]) and is a particular case of the cluster complex as described in Cornea- 
Lalonde [23]. The module structure over Q + H(M) discussed at point ii. is probably 
known by experts - at least in the Floer homology setting - but has not been explicitly 
described yet in the literature. The product at ii. is a variant of the usual pair of pants 
product - it might not be widely known in this form. The map il at point iii. is the 
analogue of a map first studied by Albers in [5] in the absence of bubbling. The spectral 
sequence appearing at iv. is a variant of the spectral sequence introduced by Oh [49]. 
The compatibility of this spectral sequence with the product at point ii. has been first 
mentioned and used by Buhovsky [16] and independently by Fukaya-Oh-Ohta-Ono [34]. 
The positive Novikov ring A + is commonly used in algebraic geometry as well as in the 
closed case and has appeared in the Lagrangian setting in Fukaya-Oh-Ohta-Ono [34]. The 
comparison map at v. is an extension of the Piunikin-Salamon-Schwarz construction [54], 
it extends also the partial map constructed by Albers in [4] and a more general such map 
was described in [23] in the "cluster" context. We also remark that this comparison map 
identifies all the algebraic structures described above with the corresponding ones defined 
in terms of the Floer complex. 

Remark 2.1.2. a. It is quite clear that, with rather obvious modifications, all the structure 
described in this statement should carry over to the case when L is non-monotone but 
orientable and relative spin. The coefficients in that case have to be rational - obviously 
this requires that the various moduli spaces involved be oriented coherently. One option 
to pursue the construction in this case is to further replace the Novikov ring A (or the 
positive Novikov ring A + ) with a cluster complex Cl(L; J) of L [23]. Using these "cluster" 
coefficients means that the complex C(L; f,p, J) is replaced with the fine Floer complex 
of [23] and, with the exception that QH*(L) is replaced in all places by the fine Floer 
homology of L, WH*(L), the statement of Theorem 2.1.1 should remain true and even 
have a "positive" version. 
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b. Another interesting point that we want to emphasize here - and will be exemplified 
later in the paper - is that the structures discussed in the statement of the theorem 
lead to the definition of certain Gromov-Witten type invariants. The procedure is as 
follows. Suppose first that k £ Z 2 (or £ Z, if we assume orientations) is some numerical 
invariant defined out of the algebra structure of Q + H*(L) (this means that this number 
is left invariant by isomorphisms of the structure). Assume also that, under certain 
circumstances, for special choices of the function / and the almost complex structure J, 
the chain complex C + (L; f, p, J) has a trivial differential. This could happen, for example, 
if / is a perfect Morse function and if J is a special "symmetric" structure or, for example, 
as we shall see further in this paper, if L is a torus with non trivial Floer homology. In 
that case, the "counting" leading to k, which is invariant, in general, only after passage 
to homology will be invariant already at the chain level simply because, for these special 
choices of /, J, the chain level is isomorphic with the homology one. But this means 
that, with these special choices, the count giving k is invariant and this is exactly what is 
needed to define Gromov-Witten type invariants. It is then another matter to interpret 
these numbers geometrically in a meaningful way. 

2.2. Other algebraic structures. 

2.2.1. Duality. The first point that we want to discuss here is a form of duality which 
extends Poincare duality. We first fix some notation. Suppose that (C, d) is a chain 
complex over A + . In particular, it is a free module over A + , C = G ® A + with G some Z 2 
vector space. We let 

C & = hom A+ (C,A + ) 

graded so that the degree of a morphism g : C — > A + is k if g takes Ci to A^_ k for all I. 

Let C = hom^ 2 (G, Z 2 ) <8> A + be graded such that if x is a basis element of G, then its 
dual x* £ C has degree \x*\ = —\x\. There is an obvious degree preserving isomorphism 
ip : C & — > C defined by ip(f) = Yli f(9i)9i where (gi) is a basis of G and (g*) is the dual 
basis. We define the differential of C & , d*, as the adjoint of d: 

(d*y\x) = (y\dx) ,Vx,yeG. 

Clearly, C & continues to be a chain complex (and not a co-chain complex). 

An additional algebraic notion will be useful: the co-chain complex C* associated to C. 
To define it we first let (A + )* be the ring A + with the reverse grading: the degree of each 
element in (A + )* is the opposite of the degree of the same element in A + . For the free 
chain complex C = G £g> A + as before, we define C* = hom% 2 (G, Z 2 ) ® (A + )* where the 
grading of the dual x* of a basis element x £ G is \x*\ = \x\. The differential in C* is given 
as usual as the adjoint of the differential in C. The complex C* is obviously a co-chain 
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complex. The difference between this complex and C® is just that the grading is reversed 
in the sense that if an element x <S> A has degree k in one complex, then it has degree —k 
in the other. The co-homology of C is then defined as H k {C) = H k (C*). Obviously, there 
is a canonical isomorphism: H_ k (C & ) = H k (C*). 

A particular case of interest here is when C = C(L; f, p, J). In this case we denote: 

Q + H n - k (L)=H k (C + (L;f,p,JY) . 

Notice that the chain morphisms rj : C — > C° of degree — n are in correspondence with 
the chain morphisms of degree — n: 

rj : C ® A + C -> A + . 

via the formula fj{x®y) = r)(x)(y). Here the ring A + on the right handside is considered 
as a chain complex with trivial differential. Moreover, if rj induces an isomorphism in 
homology, then the pairing induced in homology by fj is non-degenerate. 

Fix now n6f. For any chain complex C as before we let s n C be its n-fold suspension. 
This is a chain complex which coincides with C but its graded so that the degree of x in 
s n C is n+ the degree of x in C. 

A particular useful case where these notions appear is in the following sequence of 
obvious isomorphisms: H k (s n C G ) = H k _ n (C e ) = H n - k (C*). 

Corollary 2.2.1. Set n = dimL. There exists a degree preserving morphism of chain 
complexes: 

V :C + (L;f,p, J)^s n (C + (L;f,p, J)) 

which induces an isomorphism in homology. In particular, we have an isomorphism: 
rj : Q + H k (L) — > Q + H n ~ k (L). The corresponding (degree —n) bilinear map 

H(fj) : Q + H{L) ® Q + H(L) -> A + 

coincides with the product described in Theorem 2.1.1-ii composed with the augmenta- 
tion El. The same result continues to hold with A + , C + , QH + replaced by A, C, QH 
respectively. 

Remark 2.2.2. a. The relation of the Corollary above with Poincare duality is as follows: 
in case C + (— ) in the statement is replaced with the Morse complex C(f) of some Morse 
function / : L — > R we may define the morphism rj : C(f) — > s n (C(f) & ) as a composition 
of two morphisms with the first being the usual comparison morphism C(/) — > C(—f) 
and the second C(-f) -> s n (C(f) G ) given by x G Crit(f) -> x* e hom Za (C(f), Z 2 ). We 
have the identifications H k (s n (C(f) & )) = H k _ n (C(f) e ) = H n - k (C(f)) and the morphism 
rj described above induces in homology the Poincare duality map: H k (L) —> H n ~ k (L). 
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b. The last Corollary also obviously shows that Q + H(L) together with the bilinear 
map €l ° (— * — ) is a Frobenius algebra, though not necessarily commutative. 

2.2.2. Action of the symplectomorphism group. This property is very useful in computa- 
tions when symmetry is present. 

Corollary 2.2.3. Let : L — > L be a diffeomorphism which is the restriction to L of 
an ambient symplectic diffeomorphism of M. Let f,p,J be so that the pearl complex 
C + (L; f,p, J) is defined. There exists a chain map: 

4>:C + (L-J,p, J)^C + (L;f,p, J) 

which respects the degree filtration, induces an isomorphism in homology, and so that the 
morphism E 2 (<fr) induced by at the E 2 level of the degree spectral sequence coincides with 
H*(4>) <£> id^+. The map — > induces a representation: 

h : Symp(M 7 L) -> Aut(Q + H,(L)) 

where Aut{Q + H^{L)) are the augmented ring automorphisms of Q + H^L) and Symp(M, L) 
are the symplectomorphisms of M which restrict to diffeomorphisms of L. The restriction 
of h to Sympo(M) fl Symp(M, L) takes values in the automorphisms of Q + H(L) as an 
algebra over Q + H(M). 

The same result continues to hold with A + , C + , QH + replaced by A, C, QH respectively. 

2.2.3. Minimal pearl complexes. It is easy to see that all the calculations with the struc- 
tures described above are much more efficient if the Lagrangian L admits a perfect Morse 
function - that is a Morse function / : L — > R so that the Morse differential vanishes. 
We now want to notice that there exists an algebraic procedure which allows one to treat 
any general L in the same way. Moreover, we will see that this produces another a chain 
complex which is a quantum invariant of L and contains all the quantum specific proper- 
ties that we generally want to study (a similar construction in the cluster set-up has been 
sketched in [23]). 

Let G be a finite dimensional graded Z,2-vector space and let C = (G (g) A + , d) be a 
chain complex. For an element x G G let d(x) = do{x) + d\{x)t with do(x) G G. In other 
words do is obtained from d(x) by treating t as a polynomial variable and putting t = 0. 
Clearly do : G — > G, d^ = 0. Let 7i be the homology of the complex (G, do)- Similarly, for 
a chain morphism £ we denote by £o the cio-chain morphism obtained by making t = 0. 

Proposition 2.2.4. With the notation above there exists a chain complex 

Cmin =(H® A + , 6), with 5 = 
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and chain maps <p '■ C — > C m i n , ip : C m i n — > C so that (f)oip = id and and ip induce isomor- 
phisms in d-homology and 0o an d ipa induce an isomorphism in do-homology. Moreover, 
the properties above characterize C min up to isomorphism. 

Here is an important consequence of this result: 

Corollary 2.2.5. There exists a complex C m i n (L) = (H*(L; Z 2 ) <8> A + , 5), with 5q = and 
so that for any (L, f, p, J) such that C(L; f, p, J) is defined there are chain morphisms <fi : 
C(L; f,p, J) — > C m i n (L) and ip : C m i n (L) — > C(L; f,p, J) which both induce isomorphisms 
in quantum homology as well as in Morse homology and so that (f) o ip = id. The complex 
C m i n (L) with these properties is unique up to isomorphism. 

We call the complex provided by this corollary the minimal pearl complex. This termi- 
nology is justified by the use of minimal models in rational homotopy where a somewhat 
similar notion is central. There is a slight abuse in this notation as, while any two com- 
plexes as provided by the corollary are isomorphic this isomorphism is not canonical. 
Obviously, in case a perfect Morse function exists on L any pearl complex associated to 
such a function is already minimal. 

Remark 2.2.6. a. An important consequence of the existence of the chain morphisms (f) 
and V> is that all the algebraic structures described before (product, module structure etc) 
can be transported and computed on the minimal complex. For example, the product is 
the composition: 

Cmin(L) <g> C min (L) -^U C(L; f, p, J) ® C{L; f, p, J) A C(L; /, p, J) -> C min (L) . 

It is easy to see that - in homology - the resulting product has as unit the fundamental 
class [L] e H n (L). 

b. A consequence of point a. is that HF(L) = QH(L) = iff there is some x G 
if*(L;Z 2 ) so that 5x = [L]t k in C m i n (L). Indeed, suppose that QH(L) = 0. Then, as 
for degree reasons [L] is a cycle in C m i n (L), we obtain that it has to be also a boundary. 
Conversely, if [L] is a boundary (which means 5x = [L]t k for some x and k) we have for 
any other cycle c G C min (L): [c] = [c]* [L] = [c* [L]] = [S(c*x)] = where we have denoted 
by — * — the product on C m i n (L) as defined above (see also §6.1.1 for other criteria of 
similar nature). 

c. It is also useful to note that there is an isomorphism Q + H(L) = H(L; Z2) ® A + iff 
the differential 5 in C m i n (L) is identically zero. 

2.2.4. Large and small coefficient rings. We have seen before that both the ring A + and 
the ring A can be used in our constructions. Indeed, the interest of A + is mainly that 
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the resulting homology never vanishes while the ring A is needed for the comparison with 
Floer homology. 

Example 2.2.7. Consider S 1 C C the standard circle in the complex plane. Obviously, as 
S l is displaceable we have that QH(S l ) = HF(S l ) = 0. However, the positive quantum 
homology Q+H^S 1 ) verifies: Q+H^S 1 ) = for * ^ 1 and Q+H^S 1 ) = Z 2 . Indeed, we 
may take on S 1 a Morse function with a single minimum P and a single maximum Q. The 
standard almost complex structure is regular and the standard disk which fills the circle 
is of Maslov class two. This disks obviously goes through the minimum and the maximum 
and this shows that dP = Qt in the pearl complex. It is easy to see that dQ = for 
degree reasons. Therefore, Q is a cycle but not a boundary and this implies the claim. 

This example generalizes easily to show that for any monotone Lagrangian L we have 
Q + H(L) ^ 0. Indeed, as L is assumed connected we may work with a Morse function 
/ : L — > R with a single maximum which we will again denote by Q. In this case we again 
have dQ = 0. Indeed, the Morse differential of Q is null because Q is the unique maximum 
of /. Moreover, if dQ = Rt k + ... we need \R\ — kNi = Q — 1 which is not possible for 
k 7^ because Nl > 2. Thus, the unique maximum of such a function represents a cycle 
in the pearl complex and, given that t is not invertible in A + , it follows that the homology 
class represented by the maximum is non-trivial. 

In a rather obvious way these are the minimal rings that one can use for these purposes. 
Indeed, let 7r 2 (M, L) + be the semi-group of all the elements u so that u(u) > 0. Then 
A + = Z 2 [7r 2 (M, L) + / ~] with ~ the equivalence relation u ~ v iff fi(u) = fi(v) and 
similarly A = Z2[7T2(M, L)/ ~]. For certain other applications it can be useful to also 
use large rings which distinguish explicitely elements in 7r 2 (M, L). For this purpose we 
remark now that all the arguments in the paper carry over when replacing A + with 
A+ = Z 2 [7r 2 (M,L) + ] and A with A = Z 2 [tt 2 (M, L)]. 

Indeed, with a single exception to be discussed below, for all the constructions in the 
paper to hold the coefficient ring needs to satisfy just two conditions: it needs to behave 
additively with respect to gluing and bubbling and it needs to distinguish disks with 
different symplectic areas (due to our monotonicity assumption this is, of course, the 
same as distinguishing disks with different Maslov classes). In particular, any ring 1Z 
such that there is a ring morphism r : Z 2 [7r 2 (M, L) + ] — > 1Z with r{u) ^ r(v) whenever 
uj{u) &(v) will do. The single exception is the comparison with Floer homology - and, 
in particular, to show that QH(-) vanishes for a displaceable Lagrangian. For these 
additional properties to hold, the ring TZ has to be stable with respect to the invertion 
of the elements in 7r 2 (M,L). For example, in the case described above, r needs also to 
extend to a ring morphism Z 2 [7r 2 (M, L)] — > 1Z. 
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2.3. Action estimates. All the elements of the moduli spaces involved in our various 
algebraic structures admit meaningful energy notions. It is therefore easy (and essentially 
standard) to deduce various action estimates from the non-triviality of these structures. 

We shall give here a single example of such an application which is an extension of the 
action estimates that appeared in the work of Albers [5] and apply to a version of the 
quantum inclusion map il- 

Let Ham(M) be the universal cover of the group of Hamiltonian diffeomorphisms and 
fix <f) G Ham(M). Recall that for any a G i7*(M;Z 2 ) there are spectral invariants 
a(a; <p) G K and a(a*; <p) where a* G H*(M; Z 2 ) is the Poincare dual of a. We refer the 
reader to [59, 53, 51, 52, 46, 45, 44] for the foundations of the theory of spectral invariants. 
We shall also recall the basic definitions in §5.10. We now define the depth of on L by 



Corollary 2.3.1. Assume that a G H if {M\ r L-i), x, y G Q + H(L) are so that y 7^ and 
a * x = yt k + higher order terms. Then we have the following inequalities: 



where r is the monotonicity constant. 

As before, the same result continues to hold with QH + (L) replaced by QH(L) = HF(L). 



The purpose of this section is to deal with the main transversality issues that appear in 
the definition of our algebraic structures. The pearl moduli spaces - they are at the heart 
of the definition of the pearl complex - are introduced here and we shall see that transver- 
sality is not difficult to achieve for them using the structural results of Lazzarini [42, 41] 
combined with some combinatorial arguments. The main ideas and technical lemmas of 
this section will then be used for these and various other moduli spaces of similar type 
in §5. 

3.1. Transversality for strings of pearls. Let (M 2n , u) be a tame symplectic manifold 
and L n C (M 2n ,u) a closed Lagrangian submanifold. Assume that L is monotone with 
minimal Maslov number A^ > 2. Denote by JiM^iS) the space of almost complex 
structures on M which are compatible with u. Given a homology class F G H2(M, L; Z), 



depth L (0) = sup / (inf H(x,t))dt . 
[H]=4>Jo xeL 

Similarly, we let the height of on L be defined by: 





er(a; 0) — depth L (0) > — kr < height L (0) — er(a*; 0) 



3. Transversality 
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denote by A4(F, J) the space of J-holomorphic disks u : (D,dD) — > (M,L) in the class 
F. (Here and in what follows DcC stands for the closed unit disk.) 

Definition 3.1.1. (1) A J-holomorphic disk u : (D,dD) — > (M,L) is called simple 
if there exists an open dense subset S C D such that for every z G S we have 
u~ l (u(z)) = {z} and du z ^ 0. We denote by M*(F, J) C M(F, J) the space of 
simple J-holomorphic disks u : (D, 3D) — > (M, L) in the class F. 
(2) Let Vi : (D,dD) —> (M,L), i = 1, . . . , k be a sequence of J-holomorphic disks. 
We say that (v±, . . . ,Vk) are absolutely distinct if for every 1 < i < k we have 

«i(£9£U i9 «WiP)- 

Let / : L — > R be a Morse function and p a Riemannian metric on L. We denote by 
: L — > J, t e M, the negative gradient flow of (/, p) (i.e. the flow of the vector field 
— grad p /). Given critical points x, y 6 Crit(/) denote by W", PV^ the unstable and stable 
submanifolds of x and y with respect to the negative gradient flow of /. 

Consider the (non-proper) embedding 

(5) (J \ Crit(/)) x IR >0 c — > J x J, (x, ^ (x, 

Denote the image of this embedding by Qf tP C L X J. 

Denote by G = Aut(D) = PSL(2, M.) the group of biholomorphisms of .D. Given points 
pi, . . . ,p m G 7J we denote by G Pli ... iPm C G the subgroup of all the automorphisms a E G 
that fix all the p^s. 

Let A = (Al, . . . , A{) be a sequence of non-zero homology classes A±, . . . ,Ai G H 2 (M, L; Z), 
/ > 1. Set /i(A) = ELiM-^t)- Put: 

(6) A4(A, J) = M(A 1 , J)/G_ 1:1 x • • • x J)/G_ 1:1 . 

Denote by 7W* ,d (A, J) the subspace of all (ui, . . . ,U[) G A4(A, J) which are simple and 
absolutely distinct. Consider the following evaluation map: 

(7) ev A : M(A, J) — ► J x2 ', ev A ( Ul ,...,ui) = («i(-l), Wi(l), . . . , 
For every x,y E Crit(/), put 

P(x, y, A; J, /, p) = et^ 1 X (Q f>p ) ^ x W, s ) . 

We call V( ) the "moduli space of pearls". They consist of objects as in figure 1. 

Finally, write V* ,d (x, y, A; J, /, p) = V(x, y, A; J, /, p) n M*' d (A, J), namely the sub- 
space of all (ui, . . . ,ui) G V(x, y, A; J, /, p) which are simple and absolutely distinct. 
Standard arguments [44] show that: 
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x 




Figure 1. An element of V(x, y; A, J) 

3.1.2. For every pair (/, p) there exists a subset J TCZ C JiM^io) of second category such 
that for every J G Jreg, for every sequence of non-zero homology classes A and every 
x, y G Crit(J), the restriction ofevA to M.*' d (A, J) is transverse to W£ x (Qf, p ) X X ^ x 
at every u G .M*' d (A, J). In particular the space V*' d (x, y, A; J, /, p) is either empty or a 
smooth manifold of dimension p(A) + mdf(x) — indj(y) — 1. 

In this section we prove the following. 

Proposition 3.1.3. Let f : L — > R 6e a Morse function and p a Riemannian metric on 
L such that the pair (/, p) is Morse-Smale. Then there exists a subset of second category 
J rcg C J{M, uj) with the following property. For every sequence of non-zero homology 
classes A = (A\, . . . , A{) and every x, y G Crit(/) loii/i p(A) + ind/(x) — ind/(y) — 1 < 1: 
(%) ^(x, y, A; J, /, p) = P*' d (x, y, A; J, /, p) . In other words all elements (u±, . . . ,ui) G 
V(x, y, A; J, f, p) are simple and absolutely distinct. Thus V(x, y, A; J, /, p) is 
either empty or a smooth manifold of dimension p(A) +ind/(x) — ind/(y) — 1. In 
particular, i/p(A) + ind/(x) — ind/(y) — 1 < we /lave y, A; J, /, p) = 0. 
(2) If p(A) + ind/(x) — ind/(y) — 1=0 then V(x,y, A; J, /, p) is a compact 0- 
dimensional manifold hence consists of finite number of points. 

The proof of Proposition 3.1.3 is given in Section 3.3 below. 

Remark 3.1.4. Since a countable intersection of second category subset of J~(M,u) is of 
second category too we shall denote various second category subsets of almost complex 
structure in this section by the same notation J rez . 

Let B' = (B[, . . . , B[,), B" = (B", . . . , B"„) be two vectors of non-zero homology classes 
in H 2 (M,L;Z). Put 

1 ^-1,1 Lt_i i 

Denote by _M*' d (B',B", J) the subspace of all (u', u") G M(B',B", J) for which the J- 
holomorphic disks ( simple and absolutely distinct. Define an 

evaluation map er B ',B» : M(B',B", J) -> L*( 2 W) by: 

ev B ',B"(« / i, • • • , u[>, u", . . . , u|'„) = (evB>(u' v • • • > ev B// (u'(, . . . , itf,,)), 
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where ev-B>, evw 1 are defined as in (7). Put 
P(x, y, B', B"; J, /, p) = ev^ B „ (w£ x (Q f>p ) ^'^ x diag(L) x (Q f>p ) ^"^ x W°) . 

Finally, write P*' d (x, y, B', B"; J, f, p) = V(x, y, B', B"; J, /, p) n .M*' d (B', B", J). Stan- 
drad arguments [44] show that: 

3.1.5. For every pair (/, p) t/iere eziste a subset J rcg C J~(M,cu) of second category such 
that for every J G ^rcg; /or every two sequences of non-zero homology classes B' , B" and 
every x,y G Crit(/) f/ie restriction of the map ev-B>,B" to A4* ,d (B', B", J) zs transverse to 

W: x (Q/J X(r_1) x diag(L) x (Q /)P ) X(r_1) x W*. 

In particular, the space V* ,d (x, y, B', B"; J,f,p) is either empty or a smooth manifold of 
dimension p(B') + p(B") + ind/(x) — ind/(y) — 2. 

With the above notation we have 

Proposition 3.1.6. Let f : L R be a Morse function and p a Riemannian metric 
on L such that the pair (/, p) is Morse-Smale. Then there exists a subset of second 
category J~ TCg C J7"(M, uj) with the following property. For every two sequences of non-zero 
homology classes B' = (B[, . . . , B' v ), B" = (B'{ , . . . , B"„) and every x, y G Crit(/) with 
/i(B') + p(B") + ind/(x) - md f (y) - 1 < 1: 

^ ; y, B', B"; J, /, p) = V*' d (x, y, B', B"; J, /, p) . In oi/jer words for every 

K,..., u{„ <, • • • , tip) G y, B', B", J, /, p) 

the disks (u[, . . . , u'/, . . . , u",,) are simple and absolutely distinct. 

(2) If p(B') + p(B") + ind/(x) - ind/(y) - 1 < ifcen y, B', B"; J, /, p) = 0. 

(5j J/ p(B') + p(B") + ind/(z) - md f (y) -1 = 1 i/*en y, B', B"; J, /, p) zs ei- 
ther empty or a compact ^-dimensional smooth manifold, hence consists of finite 
number of points. 

We shall not give a proof for Proposition 3.1.6 since it can be proved in a very similar 
way to Proposition 3.1.3 which will be proved below. 

3.2. Reduction to simple disks. Let F G H 2 (M,L;Z), J G J(M,u). Denote by 
A4*(F, J) the space of simple J-holomorphic disks u : (D,dD) — > (M, L) in the class F. 
According to the general theory of pseudo-holomorphic curves [44] for a generic choice 
of J G JiM^uj) the space JA*(F, J) is either empty or a smooth manifold of dimension 
p(F) +n. This fails to be true for the space Ai(F, J) of all disks in the class F. Therefore 
a crucial ingredient in the proof of Proposition 3.1.3 is a procedure which enables to 
decompose a (general) J-holomorphic disk to simple "pieces" . This will make it possible 
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to obtain transversality and to control dimensions of moduli spaces of pseudo-holomorphic 
disks. There are two (essentially equivalent) approaches to this decomposition, one due 
to Kwon and Oh [40] and the other to Lazzarini [42, 41]. Below we shall follow Lazzarini's 
approach. 

Let u : (D, dD) — > (M, L) be a non-constant J-holomorphic disk. Put C(u) = 
u~ 1 ({du = 0}). Define a relation 1Z U on pairs of points z\,z 2 G Int D \ C(u) in the 
following way: 

V neighbourhoods Vi, V 2 of Zi, z 2 , 
3 neighbourhoods Ui, U 2 such that: 

(i) z 1 GU 1 C Vi, z 2 eU 2 C V 2 . 

(ii) u(U l )=u(U 2 ). 



z{R, u z 2 



Denote by 1Z U the closure of 1Z U in D x D. Note that TZ U is reflexive and symmetric but 
it may fail to be transitive (see [41] for more details on this). Define the non-injectivity 
graph of u to be: 

Q(u) = {z e D \ 3z G dD such that zTZ u z'}. 

It is proved in [41, 42] that G(u) is indeed a graph and its complement D \ Q{u) has 
finitely many connected components. In what follows we shall use the following theorem 
due to Lazzarini (See Proposition 4.1 in [41]. See also [42]). 

Theorem 3.2.1 (Decomposition of disks). Let u : (D,dD) — > (M,L) be a non-constant 
J-holomorphic disk. Then for every connected component D C D \ Q{u) there exists a 
surjective map ir^ : D — > D, holomorphic on D and continuous on D, and a simple J- 
holomorphic disk : (D, dD) — > (M, L) such that u\tq = ti^ o v®. The map tti^ : D — >• D 
has a well defined degree G N and we have in H 2 (M,L;'Z): 



33 



where the sum is taken over all connected components D C D\Q{u). 

Remark. Some of the connected components D G D \ Q{u) may not be disks. This 
happens if and only if Q{u) is not connected. Nevertheless, Q/IZ® is a disk, where IZ^, is 
the relation defined similarly to 1Z U but for pairs of points in D. 



For the proof of Proposition 3.1.3 we shall need the following two lemmas. We state 
them here but defer their proofs to Section 3.4. 
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Lemma 3.2.2. Supposen = dimL > 3. Then there exists a second category subset J vcg C 
J{M,uj) such that for every J £ J TCg the following holds. If u,v : (D,dD) — > (M, L) are 
simple J -holomorphic disks such that u(D) fl v(D) is an infinite set then: 

• either u(D) C v(D) and u(dD) C v(dD); or 

• u(Z>) C u(£>) and u(9D) C u(dD). 

Lemma 3.2.3. Suppose n = dimL > 3. Then there exists a second category subset 
Jrcg C 3{M, uj) such that for every J £ J re ^ the following holds. For every non-simple 
J -holomorphic disku : (D,dD) — > (M,L) with u(—l) ^ w(l) there exists a J -holomorphic 
disk u' : (D, dD) (M, L) with the following properties: 

(1) u'(-l)=ti(-l),ti'(l) = «(l). 

(2) u'(D) = u{D) and u'(dD) = u(dD). 

(3) u' is simple. 

(4) uj([u']) < a; ([it]). In particular, if L is monotone we also have /i([it']) < /x([it]). 

Remark 3.2.4. None of the Lemmas 3.2.2 and 3.2.3 require L to be monotone. 

3.3. Proof of Proposition 3.1.3. We separate the proof of Proposition 3.1.3 into two 
cases: n = dimL > 3 and n = dimL < 2. We start with n > 3. 

Proof of Proposition 3.1.3 for n > 3. We start with statement (1) of the Proposition. Let 
iTi-eg C J{M,uS) be the intersection of the sets given by Lemma 3.2.3 and by State- 
ment 3.1.2. The proof is carried out by induction over the integer /i(A)/A^,. 

Suppose jii(A) = N L . Let u = (ui,...,u{) £ V(x, y, A; J, f, p). As L is monotone 
we have I = 1 (i.e. u consists of just one disk iti). Since /x([tti]) = Nl it follows from 
Theorem 3.2.1 that iti is simple, hence u £ V*' d (x, y, A; J, /, p). 

Suppose that statement (1) of our Proposition holds for every A with p(A) < kNi- 
Let A = (Ai, . . . , Ai) be a sequence of non-zero homology classes with //(A) = (k + l)N L , 
and such that /x(A) + mdf(x) — indf(y) — 1 < 1. Let u £ V(x, y, A; J, /, p) and suppose 
by contradiction that u ^ V*' d (x, y, A; J, /, p). 

First note that for every 1 < i < I we have Ui(— 1) ^ iti(l). Indeed if Uj(— 1) = itj(l) 
for some j then let u' be the sequence of disks obtained from u by omitting Uj. Let A' be 
obtained from A by omitting Ay As %(— 1) = Wy(l) we have u' £ 7 7 (x, y, A'; J, /, p). But 
A*(A') < yu(A) — Al hence by the induction hypothesis we have u' £ V* ,d (x, y, A'; J, /, p). 
This leads to contradiction since 

dimP*' d (x, y, A'; J, /, p) = /i(A) - p{A 3 ) + ind/^) - ind/d/) - 1 < 1 - N L < -1. 

We assume from now on that itj(— 1) 7^ iti(l) for every i. 

Case 1. There exists 1 < i < I such that u io is not simple. 
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Apply Lemma 3.2.3 with u = Ui to obtain a (simple) disk u' if} with u' iQ {— 1) = Wi (— 1), 
Ui (V) = Ui (l) and such that p([u' io \) < p([tt i() ]). Let u' be the sequence of disks obtained 
from u by replacing Ui by u' io . Let A' be obtained from A by replacing Ai by [u' io ] . Clearly 
u' G V(x,y,A'; J,f,p). By the induction hypothesis we have u' G V* ,d (x, y, A'; J, /, p). 
But this leads to contradiction since 
(8) 

dimP*' d O,y, A'; J,f,p) = p{A')+md f {x)-md f {y)-l < p{A)-N L +md f {x)-md f {y)-l < -I. 

Case 2. The disks (u\, . . . ,ui) are simple but not absolutely distinct. 

In this case there exists z'o such that Ui (D) C Ui^i Ui(D). It follows that there exists 
jo such that u i() (D) R Uj (D) is an infinite set. By Lemma 3.2.2 we have: 

• either u io (D) C Uj (D) and u io (dD) C Uj (dD); or 

• Uj (D) C u io (D) and Uj (dD) C u io (dD). 

Without loss of generality assume that the first possibility occurs. 
Subcase i. iq < jo- 

Denote by u' the sequence of disks obtained from u by omitting all the disks Wj , . . . , Wj -i. 
Denote by A' the corresponding vector of homology classes. There exists a point p G <9-D 
such that Uj (p) = u io (—l). 

In case p ^ 1 we can replace m jo by Uj o a, where a G Aut(D) is such that cr(l) = 1 
and cr(— 1) = p. Note that now u' G y, A'; J, /, p). 

In case p = 1 omit from u' also the disk Uj . If the resulting sequence of disks u' is 
empty we obtain a trajectory (of — grad p /) connecting x to y. But this is impossible since 
ind/(x) — indy(y) < 1 — //(A) < —1 and (/, p) is Morse-Smale. Thus we may assume that 
u' is not empty and we have u' G V(x, y, A'; J, f, p). 

Summing up, in both cases, p = 1 and p ^ 1, we have u' G V(x, y, A'; J, f, p) and 
p(A') < p(A). The induction hypothesis implies that u' G V*' d (x, y, A'; J,f,p). We now 
obtain contradiction in the same way as in inequality (8) above. 

Subcase ii. i > j . 

We argue similarly to Subcase i only that now we omit from u the disks itj +i, . . . , Ui . 

This completes the proof of statement (1) of Proposition 3.1.3 in the case n > 3. 

The proof of statement (2) of Proposition 3.1.3 is based on similar arguments to the 
above. Note however that we shall need to reduce further the space J/reg (e.g by intersecting 
it with the subset coming from statement 3.1.5). □ 

Proof of Proposition 3.1.3 for n < 2. Again, we prove only statement (1). 
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Denote by J' be the set of all J G 3{M, <jS) for which the following holds: for every 
class A G H 2 (M, L; Z) with p(A) = 2 and every x, y G Crit(/) the evaluation maps 

(9) ev' A : (M*(A,J) x Int — > M x L, e^(u,p) = (u(p),m(1)), 

ew^ : (M*(A,J) x IntDVc'-i — > M x L, ev A {u,p) = (u(-l),«(p)), 

are transverse to x W 7 ^. Standard arguments [44] show that J' C J{M, to) is of 
second category. We define the set J7~ rcg C J{M, ui) to be the intersection of J' with the 
sets given by Statements 3.1.2, 3.1.5. 

Let A = (Ai, . . . , Ai) be a sequence of non-zero classes, and x, y G Crit(/) with //(A) + 
indj(x) — md f(y) — 1 < 1. Since n < 2 we have /i(A) < 4. 

Suppose first that //(A) < 3. Since iVjr, > 2, for every . . . , u{) G V(x, y, A; J, /, p) 
we must have / = 1. By Theorem 3.2.1 u\ is simple. This completes the proof in the case 
MA) < 3. 

Suppose now that MA) = 4. Note that in this case we must have n = 2. Let 
u G V(x,y, A; J, f, p) and assume by contradiction that u ^ V*' d (x, y, A; J, /, p). By 
monotonicity of L we either have I = 2, p(Ai) = p(A 2 ) = 2 or / = 1, p(A{) = 4. Also, by 
a similar argument to the ones at the beginning of the proof for the case n > 3 we may 
assume that 1) 7^ itj(l) for every z. 

The case / = 2, M^i) = M^a) = 2. 

Since p(ui) = p(u 2 ) = 2, both u\ and u 2 are simple. Thus ui,u 2 are not absolutely 
distinct. Without loss of generality assume that U\(D) C u 2 (D). 

Suppose first that Ui(— 1) G U2(IntD). Let p G Int -D such that u 2 (p) = ui(—l). Then 
(u 2 ,p) G (ef^ 2 )~ 1 (W / " x W^), where ev' A2 is the evaluation map defined in (9). Since ev' A2 
is transverse to x Wy a simple computation shows that 

dim(et4 2 )~ 1 (iy x M x^) = y u(v4 2 )-n+ind / (x)-ind / (?/) = md f (x)-md f (y) < 2-p(A) = -2, 
a contradiction. 

Suppose now that U\{—1) Eu 2 (dD). Iftt 1 (— 1) 7^ m 2 (1) then after a suitable reparametriza- 
tion of u 2 we may assume that u 2 G V* ,d (x, y, A 2 ; J, f, p) which is impossible since 

dimV*' d {x,y,A 2 ; J,f,p) = p{A 2 )+md f {x)-md f (y)-l = p(A)+md f {x)-md f {y)-l-p(A 1 ) < -1. 

The remaining case to consider is l) = ^2(1)- In this case we can omit both U\ and 
u 2 and obtain a trajectory of — grad p / going form x to y. But this is impossible since 
ind/(x) < mdf(y) and (/, p) is Morse-Smale. 

The case / = 1, p,{A x ) = 4. 
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In this case U\ is not simple. Let Q = Q{u\) be the non-injectivity graph of u\. Since 
M|wi]) = 4, D \ Q may have at most two connected components. 

Subcase i. D\Q is connected. 

By Theorem 3.2.1, U\ factors through a simple J-holomorphic disk v : (D,dD) — > 
(M, L) via a holomorphic map n : D — > D of degree > 2. (In fact the degree is exactly 
2 here). It follows that /^([f]) = 2. Since U\(— 1) 7^ ^2(1) there exists two distinct points 
p',p" G <9D such that v(p') = u\{— 1), t;(p") = ui(l). After a suitable reparametrization 
of v we may assume that p' — — 1, p" = 1 and we have w G V*' d (x, y, [v\; J, f, p). But this 
leads to contradiction since 
(10) 

dimP*< d (x,y, [v];JJ,p) = u([v})+ind f (x) -ind f (y)-l < ^(AO^+ind/^J-ind/^)-! < -1. 

It remains to deal with the case that D\Q has two connected components 2)i, T>2- Let 
7Tj = 7T^., v®., mjj., z = 1,2 be the maps and multiplicities given by Theorem 3.2.1. (In 
fact, since n(Ai) = 4 we must have mi = m 2 = 1 and /x([t>i]) = /i([t>2]) = 2.) 

Subcase ii. — 1, 1 G Di (see the left part of figure 2). 

There exists two distinct points p',p" G dD such that vi{p') = U\{— 1), vi{p") = ui(l). 
After a suitable reparametrization of v we may assume that p' = — 1, p" — 1 and we have 
Vi G "P*' d (x, y, [t>i]; J, /, p). We now obtain contradiction by a dimension count similar 
to (10). 

Subcase Hi. —1 G D±, 1 G (see the right part of figure 2). 

Put B\ = [vi], B 2 = [02]- In case vi(D) C v 2 {D) or v 2 (D) C fi(-D) we can argue in a 
similar way to "T/ie case / = 2, /i(Ai) = p(A 2 ) = 2" above and arrive to contradiction. 

It remains to deal with the case that Vi,v 2 are absolutely distinct. Put Bi = [vi], B 2 = 
[v 2 ]. After suitable reparametrizations of V\,v 2 we may assume that Vi(— 1) = Ui(—1) and 
^2(1) = Mi(l). Since Si flS)2 must contain at a 1-dimensional component there exists two 
arcs 71,72 C 3D such that for every Pi E Ji, p 2 £ I2 we have fi(pi) = ^2(^2)- It follows 
that {{yi 1 pi,p 2 ,v 2 )} Pl( z 11 ^ 2&12 lies in dim'P*' d (x, y, B±, B 2 ; J, /, p) hence the latter space 
is at least 1-dimensional. But this is impossible since 

dim V*' d (x, y, B u B 2 ; J, /, p) = p(B 1 ) + p{B 2 ) + ind/(x) - md/(y) - 2 < 0. 

This completes the proof of Statement (1) of Proposition 3.1.3 for the case n < 2. 

□ 

3.4. Proof of Lemmas 3.2.3, 3.2.2. 

Proof of Lemma 3.2.2. The Lemma is an immediate consequence of the following. 
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Figure 2. Subcases ii and iii. 

Proposition 3.4.1. Suppose n = dimL > 3. Then there exists a second category subset 
<Jveg C J7"(M, uj) such that for every J G J veg the following holds: 

(1) For every simple J -holomorphic disk u : (D, dD) — > (M, L) the set fl Int D 
is finite. 

(2) For every two J -holomorphic disks u,v : (D,dD) —>■ (M,L) which are simple and 
absolutely distinct the set u(D) fl v(D) is finite. 

Indeed, suppose that u, v satisfy the assumptions of Lemma 3.2.2, i.e. u, v are simple 
and u(D) fl v(D) is an infinite set. Statement (2) of Proposition 3.4.1 implies that u, v 
are not absolutely distinct, namely u(D) C v (D) or v(D) C u(D). Without loss of 
generality assume that v(D) C u(D). It remains to show that v(dD) C u(dD). To prove 
this, note that by statement (1) of Proposition 3.4.1 only finite number of points in dD 
can be mapped by v to u(lntD) for otherwise u~ l (L) fl Int D would be an infinite set. 
Thus v(dD \ finite set) C u(dD). Since v is continuous it easily follows that v(dD) C 
u{dD). □ 

Proof of Proposition 3.4-1. Given two non-zero classes F2 G H2(M, L; Z), J G J{M, uj) 
and a,/3e Z> denote by 7\4*' d (F!, F 2 ; J) C J) x A4(F 2 , J) the subspace consisting 

of all pairs (u, v) which are simple and absolutely distinct. 

Define J7r eg to be the subset of all J G J{M, uj) for which the following holds: 

• For every non-zero homology class F G H 2 (M, L; Z): 

— The space A4*(F,J) is (either empty or) a smooth manifold of dimension 
n{F)+n. 
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— For every a > 1 the evaluation map 

ev a : M*(F,J) x (Int£>) XQ — ► M xa , 
ev a (u,p 1 , ...,p a )= («(pi), • • .,«(Po)) 

is transverse to L xa . 
• For every pair of non-zero homology classes Fi,F 2 G H 2 (M, L; Z): 

— The space A / l*' d (-F 1 , F 2 ; J) is either empty or a smooth manifold of dimension 
<2n + [i(F 1 ) + fi(F 2 ). 

— For every a, (3 G Z> the evaluation map 

eu^ : M* ,d (Fi,^,a,A J) x (int/J) x2Q x (aD) x2/3 — > M x2q x L x2/3 , 
eu a)J g(u,t;,pi,gi, . . . ,p a , q a ,p[, q[, . . .,p' p ,<jp) 

= («(pi), ■ ■ ■ , «(Pa), u(g a ), «(pi), u(^), • • • , «(py , 

is transverse to diag(M) xa x diag(L) x/3 . 

Standard arguments [44] show that the above subset J TCg C J{M-> oS) is indeed of second 
category. 

We now prove statement (1) of Proposition 3.4.1. Let J G J rcg and let u : (D, 3D) — >• 
(M, L) be a simple J-holomorphic curve. Put F = [it] . By the transversality of the map 
ev a we have dimew~ 1 (L xa ) = fi(F) + n — a(n — 2). As n > 3 it follows that for a 3> 1, 
dimew~ 1 (L xa ) < hence dime^- 1 (L xa ) = 0. This proves statement (1). 

We turn to the proof of statement (2) of Proposition 3.4.1. Let J G J rcz and let 
u, v : (D, 3D) — > (M, L) be two simple J-holomorphic disks which are absolutely distinct. 
Put Fi = [u], F 2 = [v]. In view of statement (1) of our proposition it is enough to prove 
that each of the following sets 

{(zi, z 2 ) G Int D x Int D \ u(zi) = v(z 2 )}, {(zi, z 2 ) G dD x dD \ u(zi) = v(z 2 )} 

is finite. By the transversality of the map ev a p we have 

dime^(diag(M) XQ x diag(L) x/3 ) = //(Fi) + fi(F 2 ) - (3(n - 2) - 2a(n - 2) + 2n. 

As n > 3 it following that if a ^> 1 or (3 ^> 1 then 

dime^(diag(M) XQ x diag(L) x/3 ) = 0. 

This proves statement (2). 

The proof of Proposition 3.4.1 (hence of Lemma 3.2.2 too) is complete. □ 
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Proof of Lemma 3.2.3. Take Jr eg C J(M, uj) to be the subset defined by Proposition 3.4.1 
and Lemma 3.2.2. Let u : (D, dD) — > (M, L) be a non-simple J-holomorphic disk. 

Put Q = Q{u). Let J) i, . . . , D r C D\Q be the connected components of the complement 
of Q. Let 7r s . : % -> D, : (D, <9-D) -> (M, L), £ N, 1 < j < r, be the maps and 
multiplicities given by Theorem 3.2.1. For simplicity we shall denote them by irj, Vj, rrij, 
respectively. 

Case 1: D \ Q has only one connected component (i.e. r = 1). 

Since u is not simple, Theorem 3.2.1 implies that mi > 2. Put u' = v\. Clearly 
w ([«']) < We also have u'(7r 1 (— 1)) = u(— 1) and m'(7Ti(1)) = Finally, 

note that 7Ti(— 1) 7^ 7Ti(l) (since u(— 1) 7^ m(1)) hence after a reparametrization u' by 
an element of Aut(D) we may assume that u'{— 1) = u(— 1), m'(1) = w(l). The other 
properties claimed by the Lemma are obvious. 

Case 2: D \ Q has more than one connected component (i.e. r > 2). 

Define an abstract graph V as follows (see figure 3). For each domain Di we assign 
a vertex i £ {l,...,r}. We assign an edge between vertex z' and vertex i" if PI 
Di" contains a 1-dimensional component (in other words if the two domains have a 1- 
dimensional common border). Note that T is connected. 



Choose a path in T that passes through each vertex of T at least once. Denote the 
vertices of this path (in the order they appear in the path) by ti, . . . , t v , v > 2. We shall 
now construct a sequence of indices 1 < ki < . . . < k v < v such that for every 1 < q < v: 

(I) v tj (D) C v tk {D) for every 1 < j < q. 




1 



Figure 3. The graph T. 
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(II) v tj (dD) C v tkq (dD) for every 1 < j < q. 

We construct the sequence 1 < ki < . . . < k u < v by induction as follows. Put k\ = 1. 
By construction v tl (D) PI v t2 (D) is an infinite set, hence Lemma 3.2.2 implies that: 

• either v t2 (D) C v tl (D) and v t2 (dD) C v tl (dD); or 

• v tl (D) C v t2 (D) and ^(flD) C ^ 2 (9£>). 

In the first case define &2 = &i = 1 and in the second case &2 = 2. Suppose that we have 
already constructed k± < . . . < k q with properties I, II. We define k q+ i as follows. Since 
v tq (D) fl Vt q+1 (D) is infinite then vt kq (D) R Vt q+1 (D) is also an infinite set. By Lemma 3.2.2 
we have: 

• either v tq+1 (D) C v thq (D) and v tq+1 (dD) C v tkg (dD); or 
. ^(D) C v tq+1 (D) and % (9L>) C ^(flD). 

In the first case put k q+ i = k q and in the second case k q+ i — q + 1. Clearly I, II hold now 
with q replaced by q + 1. By induction we get the desired sequence 1 < k\ < . . . < k v < v. 

Put u' = v tkv ■ Properties (2), (3) claimed by the lemma are obvious. Property (4) follows 
from the fact that r > 2. Finally, since u{— 1) 7^ u(l) we must have two distinct points 
z±, z 2 G dD with u'(zi) = u(— 1), u'(z 2 ) = u(l). Thus after a suitable reparametrization 
of u' we may assume that z\ = —1 and zi = \. This proves property (1) claimed by the 
lemma. The proof of Lemma 3.2.3 is complete. □ 

4. Gluing 

In essence, the gluing of J-holomorphic disks appears already in the literature in the 
work of Fukaya-Oh-Ohta-Ono [34] (see also [2]). However for the purposes of this paper 
we need a small variation of the gluing theorem of [34], and moreover we also need the 
surjectivity of the gluing map which is not explicitly discussed in [34]. Therefore, for the 
sake of completeness we felt it useful to include a detailed argument for gluing in which 
we closely follow the original proof of Fukaya-Oh-Ohta-Ono [34] as well as a proof for the 
surjectivity of the gluing map. We also discuss here the gluing for the pearls introduced in 
§3 and for some other of the elements of the moduli spaces which will be used in §5. Other 
variants of these gluing statements will be used sometimes in the paper - in particular, 
we focus here on the case of a fixed almost complex structure but there is sometimes a 
need to allow this structure to vary inside a family. All of them are obtained by rather 
direct modifications of the gluing arguments presented here. 

4.1. Main statements. Let (M 2n , u) be a tame symplectic manifold endowed with an in- 
compatible almost complex structure J. Let L C M be a closed Lagrangian submanifold. 
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Let Mi, Mo : (D,dD) — > (M,L) be two J-holomorphic disks. Put Ai = [ui] G H 2 (M,L). 
Denote by Ai(A, J) the space of J-holomorphic disks with boundary on L, in the class A. 

Let W be a manifold and h: W-^LxMxMxLa, smooth map. We shall 
denote the components of h by h_, hi, h , h + so that h(g) = (h_(q), hi(q), h (q), h + (q)) G 
L x M x M x L for every q G W. Fix two points lying on the real part of the disk 
z\,zq G (Int-D) fl K and a point q* G W. In what follows we shall put the following 
assumption on Ui,u and J: 

Assumption 4.1.1. (1) «i(l) = u ( — 1). 

(2) h(g«) = (m 1 (-1),m 1 (2 1 ),m (^o),mo(1))- 

(3) J is regular for both u\ and u in the sense that the linearizations D U1 , D Uo of the 
d operator at u±, u are surjective. 

(4) Let ev : M.(A 1: J) x M(A , J)^LxMxLxLxMxLbe the evaluation map 

ev(vx,v ) = (v 1 (-l),v 1 (z 1 ),vx(l),vo(-l),vo(zo),v (l)). 

Define a map h Ai : WxL^LxMxLxLxMxL by 

^a l (q,p) = (M?)> hi(q),p,p, h (q), h+(q)). 

Put = Mi(l) = n (— 1). Then we assume that ev and h& L are mutually trans- 
verse at the points (ui, w ) G A^(Ai, J) x A4(A , J) and (g*,p*) eWxL. 

Put A = Ai + A . Consider the space of all (u, r, q) G M(A, J) x (0, 1) x W such that 
(11) (u(-l),u(-r),u(r),u(l)) = h(q). 

We denote the space of (w,r, g)'s described in (11) by M. (A, J; C(h)) (Here C(h) stands 
for the configuration described by conditions (11).) 

Theorem 4.1.2 (Gluing). Under Assumption 4- 1 ■ 1 there exists a path {(v s , a(s) , q s )}o <s C 
M.{A, J; C(h)) with the following properties: 

(1) q s > and a(s) > 1. 

s— >oo s— >oo 

(2) v s converges with the marked points (—l,—a(s),a(s),l), as s — > oo, to (ui,u Q ) 
with the marked points (—1, Zi), (zq, 1) in the Gromov topology. 

In particular , the point {{ui, £i), (wo, ^o); 9*) ^es in the boundary of the closure M.(A, J; C(h)) 
of the space M.{A, J;C(h)) in the sense of (1), (2) above. Furthermore, if fi(A) + 
dimly — 5n = then the above path is unique in the following sense. There exists 
a neighbourhood ti of the point ((iti, zi), (uq, Zq), q* ) in M(A,J;C(h)) such that U \ 
{((tii, z i), (uo, Zq), qA } coincides with the path {{y s , a(s), q s )} for s ^> 0. In other words, 
every path {(w s ,a'(s),q' s )} C AA(A, J;C(h)) with q' s > q* and such that w s > 
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(ui,uq) with marked points as in (2) is obtained from {(v s ,a(s),q s )} by reparametrization 
in s, for s 3> 0. 

The proof of Theorem 4.1.2 will occupy Section 4.3- 4.9 below. 

Remarks. (1) The uniqueness statement seems to hold without the assumption fi(A) + 
dimly — 5n = 0, however the proof is much more complicated in that case. Any- 
way, we shall not need this more general statement. 
(2) The requirement that the points zi,zq lie on the real axis of D is not crucial. 
Indeed a similar theorem holds for any choice of Zi,z e Int D but the marked 
points — r, r used to define M. (A, J;C(h)) must be changed accordingly. 




Figure 4. Before gluing 




Figure 5. After gluing 



4.2. Examples. Before going to the proof of Theorem 4.1.2 we present several typical 
applications of Theorem 4.1.2. These will occupy Section 4.2.1- 4.2.4 below. 

In most of the situations the manifold W will be a taken to be a product W = W_ x 
Wi x Wo x W+ and h = h- x hi x h x h+ with h± : W± L, hi : W t ->• M, i = 1, 0. 
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A realistic illustration of the gluing process is given in figures 4, 5. In these figures W± 
are taken to be submanifold of L, Wi submanifolds of M and the maps h±, hi are the 
inclusions. 

4.2.1. Gluing two trajectories of pearls. Let / : L — > R be a Morse function and p a 
Riemannian metric on L. Assume that (/, p) is Morse-Smale. Given two vectors of non- 
zero classes in H 2 (M, L\ Z), B' = (B[, £(,), B" = (B'{, B"„) we denote B'#B" = 
(B[, . . . , B' v _ x , B'^ + B", B'2, . . . , Bin). For x, y G Crit(/) and a vector C of non-zero classes 
we use the notation V(x, y, C; J, /, p), V(x, y, B', B"; J, /, p) introduced in Section 3.1. 
The following is a corollary of Theorem 4.1.2. 

Corollary 4.2.1. Let (/, p) be as above. There exists a second category subset J rcg C 
J7"(M, uj) such that for every J G J rC g, every pair of vectors of non-zero classes B', B" and 
every x,y G Crit(/) with ind/(x) — indj(y) +p(B') +p(B") — 1 = 1 the following holds. For 
every (v', v") G V(x, y, B', B"; J, /, p) inere ezzsts a pai/i {u s } C V(x,y,H'#H"; J, f, p) 
which converges in the Gromov topology as s — > 00 to (v', v"). Moreover, the end of 
the 1- dimensional manifold V(x, y, B'#B"; J,f,p) parametrized by {u s } is unique in the 
sense that every other path {w s } m V(x,y,H'JfB"; J, f, p) taat converges to (v', v") as 
s — > oo, /zes m tne same ena\ 

Prop/. Fix an element (V, v") = («£,..., <, . . . , <,) G y, B', B"; J, /, p). Recall 
from Proposition 3.1.6 that by taking J to be generic we may assume that V(x, y, B', B"; J, /, 
is a finite set and that the disks (v[, . . . , v' ir ,v", . . . , v"„) are simple and absolutely distinct. 

We now define the manifold W and the map h used for applying Theorem 4.1.2. The 
manifold W will be a product W = W_ x W x x W x W + defined as follows. If I' = 1 put 
W_ = W". If /' > 2 define first W_ to be the space of all (w[, . . . , w' ir _ v j/) such that: 

• w ■ G A4(i?-, J) for every 1 < z < /' - 1. 

• wi(-l) e W«. 

• (if;(l), 1)) G for every 1 < i < I' — 2. (See formula (5) in Section 3.1 
for the definition of Q(f, P )-) 

• K_i(l),p') G Q (/ , p) . 

• (w[, . . . , are simple and absolutely distinct. 

Finally put W- = W-./Gl^ x \ Define h- : W_ -> L as follows. If /' = 1, let /i_ be the 
inclusion. If I" > 2 define h-(w[, . . . , = p'. 

We define W+ and /i + : L in an analogous way. We write elements of W + 

as (p", w'2, • • • , Standard transversality results imply that for generic J, the spaces 
W_,W + are smooth manifold of dimensions mdf(x) + Yl\=i A*(-^D anc ^ ra — m d/(y) + 
T!i=2^ B i) respectively. 
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Put u\ = v[,, uo = v", p* = ui(l) = Uo(— 1) G L and set: 

• q*_ = (v[, . . where p' = Ui(-l), 

• q*+ = (p", «2> • • • » ^" ); where P" = n o(l)- 

Note that g* G W_, g+ G W + . Set A x = J?^, and A = B". Consider the following maps: 

hi : W_ x W+ xL—+LxLxLxL, h'(q^,q + ,p) = (/i_(g_),p,p, h+(q + )), 
ev lfi : M*(A U J) x M*(A , J)^LxLxLxL, 
eui,o(«i,«o) = (vi(-l),«i(l),Vo(-l),Vo(l))- 

Here .M*(Aj, J), i = 1,0, stands for the space of simple J-holomorphic disks in the class 
Ai. Again, by taking J to be generic we may assume that Ai*(Ai, J) are smooth manifolds 
and that the maps hi and ev^o are mutually transverse at the points {q*_ , g+,p*) G W_ x 
W + x L and (ui,u ) G .M*(Ai, J) x M*(A , J). (For this to hold it is crucial to know 
that the disks (v[, . . . , Vi,,i/{, . . . , Up) are simple and absolutely distinct.) 

We turn to the manifolds Wi, W). Let z±,Zo G (IntD) fl R be two points for which 
diti( Zl ), cLum Zo \ 7^ 0. (Note that since ui,uq are J-holomorphic and not constant, such 
two points Zi,Zq do exist.) Fix two (2n — l)-dimensional manifolds Wi,Wo C M with 
ui(z\) G Wl, mo(^o) ^ Wo and such that U\,Uq : D — > M are transverse to Wi, Wo at the 
points z±, zq respectively. Define hi : Wi ^ M to be the inclusions. 

Define W = W_ x Wi x W x W+ and h : W -> Lx Mx fx L to be h = (h-,hi,h Q ,h + ). 
Put = iti(l) = wo(-l) G M and g* = ?oj 9+) G W where q*_,q\ are defined 

above and q\ = ui(zi), ql = u (z ). A simple computation shows that the maps 1ia l and 
ev (defined in Assumption 4.1.1) are mutually transverse at the points (g*,p*) G W x L 
and (ui, u ) G JA(Ai, J) x M.(A , J). Clearly the rest of the assumptions in 4.1.1 are also 
satisfied. Note that in the above construction once J is fixed the manifolds W_, W+ are 
determined in a canonical way. The manifolds Wi, Wo on the other hand are chosen a 
posteriori and depend on the element (v', v"). 

We now apply Theorem 4.1.2. We obtain from this Theorem a family of J-holomorphic 
disks v s G JA(Ai + Ao, J) together with marked points —a(s),a(s) G (IntD) fl R and 
points q s = (g_ jS , 5i )S , qo iS , 9+,s) G W_ x Wi x W x W + , such that: 

• 9-* = K, s) ---,^'-i, s) P' s ) >9* = K,---,^'-i,P*)- 

s— +oo 

• 9+,s = {Ps, U'2,s, • • • > W/", S ) ► ^ = (P*, <, • • • , V'v')- 

' s— >oo 

• ««(-!) =Ps) = P"- 

• v a (-a(s)) = gi, s ► Mi(^i), f s (a(s)) = g , s ► Uo(z ). 

s— »loo 

• f s converges with the marked points (—1, — a(s), a(s), 1) to (n 1; u ) with the marked 
points (-1, zt), (z , 1). 
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Put u s — (u'i s , . . . , u' l ,_ 1 s , v s , U2 S , . . . , u'^ii s ). Clearly u s G y, B'^B"; J, /, p) and u s 
converges as s — > oo to (v',v"). 

We turn to the uniqueness statement. Let {w<,} be a path in V(x, y, B'#B"; J, f, p) such 
that w s > (V, v"). Write w s = (w ls , w v ^ ls , w Vs , vj v+v >_i s ). Then we have 

s— >oo 

wi'^g > (tii, Wo) in the Gromov topology. By applying a suitable family of holomorphic 

>oo 

reparametrization to wi> tS we may assume that the maps wi> tS uniformly converge in the 
C°°-topology, as s — > oo, to U\ on compact subsets of D \ {1}. Similarly, after (other) 
reparametrizations, io;' jS uniformly converges in the C^-topology, as s — > oo, to u on 
compact subsets of D \ { — 1}. Due to the transversality between Ui and Wi at Zj G -D, 
z = 1,0, it follows that there exists points bi(s),bo(s) G (Int-D) fl R with b\(s) ► —1, 

s— >oo 

&o( s ) ► 1 sucn that Kty s (&j(s)) G VFj and wi' s (bi(s)) > Ui(zi), i = 1,0. 

s— >oo ' >oo 

After further reparametrizations we may assume that b\(s) = —bo(s). As before we con- 
struct elements q' s G W using (w ljS , . . . , itty_i, a ), (wz'+i, s , • • • , iwj/ + p_i |S ) and ^/ )S (±6 (s)) 
such that (wi> tS ,bo(s),q' s ) G A4(A, J;C(h)), q' s ► g* and such that wi> jS converges with 

s— >oo 

the marked points (— 1, — b (s), &i(s), 1) as s — > oo to (1*1,1*0) with the marked points 
(— l,zi), (zo,l). Noting that 

p(A x ) + h(Aq) + dim W - 5n = 

V-l l" 

p{B' v ) + p{B'i) + (md,(x) + ^KB'S) + 2(2n - 1) + (n - ind f (y) + j>(fl?)) ~ 5n = 

i=l i=2 

md f (x) - md f (y) + /i(B') + p(B") -2 = 0, 

it follows from the uniqueness statement of Theorem 4.1.2 that for s 0, (ioj' )S , bo(s), q' s ) 
coincides with (v s ,a(s),q s ) up to reparametrizations in s. It follows that the path w s 
and u s are the same up to reparametrization for s ^> 0. This completes the proof of 
Corollary 4.2.1. 

Remark. The manifolds W\, Wq above were important only for the uniqueness statement. 
We had to choose them to be (2n — l)-dimensional in order to reduce the dimension of 
the space A4(A, J;C(h)) to be 1, i.e. to assure that //(Al) + MA)) + dimly — 5n = 0, 
which is the assumption we need for the uniqueness statement in Theorem 4.1.2. 

□ 

4.2.2. Gluing a trajectory of pearls to a trajectory with external constrains I. Here we 
show how to apply Theorem 4.1.2 in order to glue a trajectory of pearls to a trajectory 
from the space Vm^a, x, y\ B', B", J), % — 1, 2, defined in Section 5.3.2 in the context of 
the quantum module structure. 
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Let h : M — ► R, f : L — > M be Morse functions and pm, Pl Riemannian metrics on M, 
L. Assume that (/, Pl) and (h, pu) satisfy Assumption 5.3.1. 

Corollary 4.2.2. Let (/, pi), (h, pm) be as above. There exists a second category subset 
J rcg C J(M, uj) such that for every J G J VC g, every pair of vectors of non-zero classes 
B', B" and every x, y G Crit(/), a G Crit(/i) with ind^a) + ind/(x) — indf(y) + p(B') + 
/i(B") — 2n = 1 the following holds. For every (v',v") G ^(a,!, !/, B', B"; J) there 
exists a path {u s } C B/(a, x, w, B'#B"; J) which converges in the Gromov topology as 
s — > oo to (v', v"). Moreover, the end of the 1- dimensional manifold Vi(a, x, y, B'^B"; J) 
parametrized by {u s } is unique in the sense that every other path {w s } in Vi(a, x, y, B'#B"; J) 
that converges to (v', v") as s — > oo ; /zes m i/ie same end. 

Proof. We outline the proof for the space Vm^a, x, y; B', B", J). Suppose that B' = 
(BJ, . . . , B" = (B[', . . . , Bjf,). Recall that V IIh {a, x, y; B', B", J) is disjoint union of 
the spaces Vm^a, x, y; (B', k'), B", J) where k' goes from 1 to I'. 

In case (v',v") G Viu 1 (a,x,y; (B', fc'), B", J) with 1 < A;' < /' — 1 the proof is very 
similar to the proof of Corollary 4.2.1. The only difference is that the manifold W- is now 
defined by elements (w[, . . . , w^^p') with the additional condition that w' k ,(0) G W^. 
The rest of the proof goes in the same way as for Corollary 4.2.1. 

In case k' = I', i.e. (v', v") G Vm^a^x^y; (B',/'),B", J) the proof is even easier. We 
define the manifold W\ to be and take z\ = G IntB. The manifolds W±, Wo are 
defined in the same way as in the proof of Corollary 4.2.1. □ 

4.2.3. Gluing trajectories with external constrains and Hamiltonian perturbations. Here 
we show how to perform gluing on elements from the space Vm(a, x, y; B', B", J, H) intro- 
duced in Section 5.3.9, in order to obtain elements from the space Vi(a, x, y; B'#B", J, H). 

Let h : M — ► R, f : L — >IRbe Morse functions and Pm, Pl Riemannian metrics on M, 
L. Assume that (/, pi) and (h, Pm) satisfy Assumption 5.3.1. 

Corollary 4.2.3. Let (/, pi), (h, pm) be as above. There exists a second category sub- 
set J7rc g C J7"(M, uj) such that for every J G J rcz there exists a second category subset 
^reg(^) C Ti with the following properties. Let H G W reg (J), a G Crit(/i), x, y G Crit(/) ; 
B' = (B[, . . . , B[,), B" = (B", . . . , B",) be two vectors of non-zero classes with ind/ l (a) + 
ind/(z) - ind f (y) + /x(B') + /x(B") - 2n = 1. Lei (v',v") G Vm^a, x, y; B', B", J, B), 
i = 1,2. Then there exists a path {u s } C Vi(a,x,y;J5'jfB" , J, H) which converges in the 
Gromov topology, as s — >• oo, to (v', v"). Moreover, the end of the 1-dimensional manifold 
Vi(a, x, y; B'#B", J, B) parametrized by this path is unique in the sense that every other 
path with the same property for s — > oo, lies in the same end. 
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Remark 4.2.4. A similar statement holds for the spaces Vn^a, x, y; A, J, H) from Sec- 
tion 5.3.9, whenever ind^(a) + ind/(x) — indf(y) + /i(A) — 2n = 1. The proof is almost 
the same as the one given below. 

Proof of Corollary J^.2.3. We prove the Corollary for the space Vm^a, x, y; B', B", J, H). 
Recall that this space is a disjoint union of Vuh ( a , x ? V] (B 1 , k'), B", J, H), where k' goes 
from 1 to I'. Assume that (v',v") lies in the k n th component of this space for some 
1 < k' < I'. 

If k' < I' the proof is essentially the same as for Corollary 4.2.2. 

Assume k! = I'. Write v' = (v[, . . . , v' v ), v" = (v",...,v"„). We have to glue the 
(J, iJ)-holomorphic disk v[, to the (genuine) J-holomorphic disk v", preserving the con- 
strains imposed by Vi(a, x, y; (B'#B", k'), J, H). (Recall from Section 5.3.9 that the space 
Vi(a,x,y;B'#B",J,H) is a disjoint union of Vi(a, x, y; (B'#B",j), J, H) for 1 < j < 
V + 1" -1.) 

We shall perform the gluing in M = D x M . Let Jh be the almost complex structure in 
D x M associated to J and H (see Section 5.3.7). Put L = dD x L. Let U\(z) = (z, v' v {z)) 
be the graph of v[, and let uq{z) = (1, v'{(z)) be a copy of v" lying in the fibre over 1 G D. 
Clearly both Ui,Uq are J^-holomorphic disks with boundary on L and «i(l) = Uq(—1). 
Moreover A 1 = [«J = B[, + [D] e H 2 (M, L),A = [u ] = B'{ G H 2 (M, L). 

Again we take If to be a product W = W_ x Wi x W x W+. The manifolds W± and 
the maps h± are defined in a similar way as in the proof of Corollaries 4.2.1, 4.2.2 (only 
that now h- maps W- to { — 1} x L and h+ maps W+ to {1} x L). As before, we have: 

dim W. = wd f {x) + El~i ti{BQ, dim 5+ = n ~ ™dj(y) + Ef= 2 A*(Sf )■ _ 

Next, take to be {0} X C M and W = M. We take ^ : Wi -»■ M to be the 
inclusions. Note that 

i'-i i" 

(12) dimW = ind h (a) + md f (x) - md f (y) + ^^{B[) +J2K B ") + 3n + 2. 

i=l i=2 

As before, by taking J and H to be generic we may assume that the assumptions of 
Theorem 4.1.2 are satisfied for ui,uq. We obtain from this theorem a path (v s ,a(s),q s ), 
where v s : (D, dD) — > (M, L) is in the class A\ + A Q and satisfies: 

• (v s (-l),v s (-a(s)),v s (a(s)),v s (l)) = q s G W. 

• v s with the marked points (— 1, — a(s), a(s), 1) converges, as s — >• oo, to (ni,u ) 
with the marked points (—1, 0), (0, 1) in the Gromov topology. 

In order to extract from v s a ( J, if )-holomorphic disk write v s (z) = (ip s (z),v s (z)), where 
ip s : (D, dD) -> (D, dD) and v s : (D, dD) -> (M, L). Note that 

V? s (-1) = -1, ^ a (l) = 1, <p s (-a(s)) =0. 
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As v s is J^-holomorphic, pro : (M, Jh) — > (D,i) is holomorphic, and PTdJ\Ps\ = [D] G 
H 2 (D,dD) it follows that (p s G Aut(-D). Put w s = w s o ip^ 1 . Then i« s (z) = (z,w s (z)) 
is a J^-holomorphic section of D x M — > D hence by Proposition 5.3.10 w s is (J,H)- 
holomorphic. Also note that 

w.(±l) = u.(±l), «j a (0) = u«(-a(s)) G W a u . 

As in the proof of Corollary 4.2.1 we extract from q s a path of chains of J-holomorphic 
disks (iii )S , . . . , Mfc'-i, s , Mfc'+i, s , • • • , such that when we insert the disk w s to the 

fc"th entry we obtain 

u s = (u 1)S , . . . , Ufc'-i.s, iw 8 , Ufe'+i, s , • • • , Uj'+J"-i,s) G ^/K a:, 2/! (B'#B", k'), J, H), 

and u s converges in the Gromov topology as s — > oo to (v', v"). This concludes the proof 
of the existence statement. 

The uniqueness statement follows from Proposition 4.1.2 since by (12) we have: 

fi(A 1 )+fi(A )+dimW-5dimM = ind h (a)+ind / (x)-ind / (?/)+/i(B / )+/i(B")-2n-l = 0. 

□ 

4.2.4. Gluing a trajectory of pearls to a trajectory with external constrains II. Consider 
the following situation encountered in the proof of Proposition 5.3.18 in Section 5.3. Let 
/ : L — > R, h', h" : M — > M. be Morse functions and Pl-,p'miP"m be Riemannian metrics 
on L, M. Let B' = (B[, . . . , B' lf ), B" = (B", . . . , B"„) be two vectors of non-zero classes 
and 1 < k' < I', 1 < fc" < I". Given x,y G Crit(/), a' G Crit(/i'), a" G Crit(/i") define 
Vy{a! , a", x, y, (B', k'), (B", fc"); J) to be the space of all (u[, . . . , u' v , u", . . . , u{«) such that: 

• u'i G M(B[, J) for every 1 < i < I', u] G M{B'j, J) for every 1 < j < I". 

• ui(-l) G W?, G W*. 

. K(l),< +1 (-1)) G g (/ , PL) for every 1 <<</'- 1, («J(1), ti? +1 (-l)) G Q (/ , Pi) for 
every 1 < j < /" — 1. 

• 4(1)=<(-1). 

. <,(0) G W$, <„(0) G W a V 

Define now 

7V(a', a", x, y, (B', k'), (B", fc"); J) = P v (a', a", x, y, (B', k% (B", fc"); J)/G' x G", 

where G' is G*[ 1 with the /c"th factor replaced by the trivial group, and G" is defined 
in a similar way. 

Similarly, for a vector of non-zero classes C = (Ci, . . . , C{) and 1 < p' < p" < I consider 
the space of all (u±, . . . ,ui) such that: 
(i) Ui G M(C h J) for every 1 < i < I. 
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(ii) Ul (-1) G W£, Uj(l) G Wy. 

(iii) (it»(l), u i+1 (-l)) G Q(f, PL ) for every 1 < i < Z - 1. 

(iv) V (0) G W^, V (0) G W^,. 

The group G*f ^ ac ^ s on this space by reparametrizations. Denote the quotient space 
by Vrv(a',a",x,y; (C,p',p"); J). 

Finally, let 1 < p < I. Consider the space of all (u±, . . . ,ui,r) such that: 

• (ui, . . . ,u{) satisfy conditions (i)-(iii) above. 

• re (0,1). 

• Up(-r) G W%, u p {r) G W a V 

The group G*f ^ acts on this space by reparametrizations. Denote the quotient space 
by Vi V (a',a",x,y; (C,p); J). 

Corollary 4.2.5. Lei (f,ph), (h',p' M ), (/^Pm) ^ e as above where the triple of metrics 
Phi p'm-i p"m i s assumed to be generic. There exists a second category subset J vcg C 3{M, oj) 
sitc/i i/iai /or every J G ^ e gj every pazr of vectors of non-zero classes B', B" and every 
x,y G Crit(J), a' G Crit(/i') a" G Crit(/i") ind^(a') +xnd h »(a") +ind/(a;) -ind/(y) + 
ii(B') + /i(B") - 4n = the following holds. Let 1 < k' < V , 1 < fc" < Z" and (V, v") G 
^(a',a",x,2/,(B',A;0,(B",r);J). 

(1 ) If (k', k") ^ (I', 1) i/ien i/iere exists a path {u s } C P/y(a', a", x, w, (B'#B", fc', Z' + 
fc" — 1); J) which converges in the Gromov topology as s oo to (v', v"). 

(2) Ifk' = V, k" = 1 then there exists a path {(u s , a(s))} C P/y(a', a", x, y, (B'#B", fc'); J) 
svc/i i/iai: 

faj u s converges in the Gromov topology as s —> oo to (v',v"). 
f&j a(s) ► 1. 

s— >oo 

(cj The k' 'th disk, Uk', s , inu s , converges with the marked points (— 1, — a(s), a(s), 1), 
as s — > oo to (v' k ,,v'{) with the marked points (—1,0), (0,1), in the Gromov 
topology. 

Moreover, in both cases (1) and (2) above the end of the 1-dimensional manifold Viv 
parametrized by the path {u s } (resp. {(u s , a(s))},) is unique in the sense that every other 
path satisfying the same properties for s — > oo, lies in the same end. 

Proof. The case (k', k") ^ (/', 1) is proved in a similar way to Corollaries 4.2.1 and 4.2.2. 

As for the case k! = V, k" — 1, the manifolds W± are defined in a similar way as in the 
proofs of Corollaries 4.2.1, 4.2.2 and we take W x = W$, W = W$,. □ 

4.3. Overview of the proof of Theorem 4.1.2. The proof of Theorem 4.1.2 is built 
from the following steps. We first transform the domains of U\,uq to the strip S = 
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Ex [0, 1]. The main reason for this is convenience, especially when performing translations 
along the R-axis. In Section 4.4 we introduce the analytic setup for performing the gluing. 
In particular we shall have to work with weighted Sobolev spaces in order to make the 
linearization D of the non-linear d operator Fredholm. 

The second step is usually called pregluing. Here we build an approximate solutions ur 
of the d equation depending on a parameter R 3> 0. The urs are glued from ui, uq using 
partition of unity and coincide with suitable (larger and larger) translates of U\,uo near 
the ends of S. The urS are approximate solutions in the sense that Our becomes smaller 
and smaller as R — > oo in a suitable norm. The pregluing and the needed estimates of 
the UrS are done in Section 4.5. In order for certain operators related to ur to become 
uniformly bounded we shall have to deform our weighted norms with R. These norms 
are introduced in Section 4.5. For the reader convenience we included in Section 4.9 a 
Sobolev-type inequality that will be used frequently in the proof. 

The third step is to construct a right inverse to the linearization D UR of the d operator 
at ur. More precisely we construct a family of operators {Qr}r^>o such that D UR oQ R = 11 
for every R ^> 1 and such that the Qrs are uniformly bounded. This is done in Section 4.7. 

The next step is to use an implicit function theorem which will correct the approximate 
solutions ur to genuine J-holomorphic solutions vr. This is carried out in Section 4.8. 
The operators Qr's are needed for the implicit function theorem to work. 

In Section 4.8 we also prove that the vrs verify the marked points conditions (11) and 
that Vr converges as R — > oo to (ui, Uq) with marked points in the Gromov topology. 

The steps above prove the existence statement of Theorem 4.1.2. The final step is 
devoted to proving the uniqueness statement of Theorem 4.1.2. This is usually called in 
the "gluing literature" surjectivity of the gluing map. It occupies the rest of Section 4.8. 

Throughout the proof of the existence part we essentially follow the work of Fukaya-Oh- 
Ohta-Ono [34] , however we occasionally use slightly different notation and normalizations. 

4.4. Analytic setting. From now on we shall identify the disk D with the compactified 
strip S = S U {— oo, oo} where S = R x [0, 1] ~ {z G C| < Imz < 1}. This is done via 
the biholomorphism 

X-.S-+D, X(z) = - . 

Note that A(oo) = 1, A(— oo) = —1. Denote S[a, b] = [a, b] x [0, 1] C S. Similarly we have 
S[a, oo) etc. The reason for this change of coordinates is that it is more handy for using 
translations. The price we pay for this is that the Banach space norms the are well suited 
to the strip S are not conformally invariant. Moreover, our elliptic boundary problem 
becomes an "asymptotic boundary" problem at the ends of S. In order to control this 
asymptotic we shall need to endow our Banach spaces with some weighted norms. 
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Denote by guj,j{-, •) = J-) be the Riemannian metric associated to (cu, J). Choose 
a new metric guj,j,L on M for which L is totally geodesic and which coincides with g Wj j 
outside a small neighbourhood of L. Henceforth, we shall use the metric g Us jL our 
main Riemannian metric rather than g^j. Thus all pointwise norms, connections, and 
distances are to be understood with respect to gu,j,Li unless explicitly stated otherwise. 

Fix 5 > small enough (see remark below) and p > 2. 

Definition 4.4.1. Denote by W ljK *(M,L) the space of all pairs (u,p) where: 



(1) u : (S, OS) -> (M, L) is of class W^ p . 

(2) p = (p_oo,Poo),P±oo G L. 

( 3 ) /5[0,oo) e<5|T| ( dist ( U ( r ' t )'P° o ) P + l rfw (r ) t)| P )rf^ < °0, 

Js(-oo,o] e 5|r| (dist(M(r,t),p_ 00 ) p + |dw (ri i)| p )<iTGft < oo. 

Remark 4.4.2. (1) As p > 2 = dim 5* all w G V4 yl ' p;<5 (M, L) are actually continuous. 
(2) Standard arguments show that for every (u, p) e W 1 ' piS (M, L) we have 



(3) A simple computation shows that there exists 5q > such that for every smooth 
map Ud : (D, dD) — > (M, L), the map u = up o A : (S, dS) — > (M, L) belongs to 
W 1,P ' S (M, L) for every < 8 < So- This follows from the fact that there exists a 
constant C such that \X'(R + it)\ < Ce~^ R \ for \R\ > 0. 

(4) Holder's inequality implies that each u G W 1,P ' S (M, L) has finite energy E{u) = 

Is u * u = Us\ du \Lj < °°- 

We shall now endow W 1 ' P ' S (M, L) with a structure of a Banach manifold. For this 
end fix tm > small enough so that around every y G L there exists a geodesic ball 
B v {tm) C M of radius rjv/- Define a map P : T(L) — > Vector fields(M) in the following 
way: given y G L, t> G T y (L), define the vector field -P(f) by: 



Here x '■ [0, oo) — > [0, 1] is a cutoff function which equals 1 on [0, tm/3] and on [tm/2, oo). 
Pa\ x (v) stands for parallel transport of v along the minimal geodesic that connects y to 
x. Given a map u : S — > M and v G T y (L), define P u (v) : S — > T(M) by P u (v)(r,t) = 
P(v)(u(r,t)). 



lim u(t, t) = p±oo uniformly in t. 



Therefore the p in (u,p) is superfluous as p can be recovered from u. 



(13) 




x G B y {r M ) 
x B y (r M ) 
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Put ss(t) = e* 5 ' 1 "'. Let £ G T(u*T(M) be a section for which the limits £±oo = 
lim^-i-oo £(r, t) exist independently of t. Define: 

mi*., = / s 4 (r) - p u (£_oo)r + iv(£ - p u (e-oo))i*w 

+ / s,(r) (ie - Pu(u\ p + iv(e - p u (eoc))r)^ + + i^r 

./S[0,oo) V 7 

Here and in what follows V stands for the Levi-Civita connection of our metric g^,j,L- 

Proposition 4.4.3 (See [34]). W 1,P ' ,S (M, L) is a Banach manifold with respect to the 
norm || ■ ||i jP ; S4 on its tangent spaces. Its tangent space T^' p ' 5 = T U {W 1,P ' ,5 (M, L)) at u 
consists of all sections £ G T(u*T(M)) such that: 

(2) £(x) G T u ( x ) (L) /or even/ x G dS. 

(^J lim^-i-oo £(r, i) converges to a vector G T p±oc (L) independently oft, where 

p ±00 = lim r ^ ±00 w(r,t). 
M ll£lll.p;« 4 < OO. 

Again, note that since p > 2 = dim 5 all £ G T^' 5 are actually continuous. 
Given u : (S 1 , dS) — > (M, L) we also define the Banach space £®' p ' s consisting of all 
Lf oc -section rj G r(A ' 1 (5) <g> u*T(M)) such that: 

Nlo, p;S5 = / s 5 (t)\t](t, t)\ p drdt < oo. 
Js 

Remark. If < 5 t < 5 2 then W 1,p ' Sl (M, L) D vy 1,p;<52 (M, L), and || ■ || liPWi < || ■ || liP;Sf2 , 
II ■ ||o,p;s 4l < || ■ ||o, P ;s 42 - hi particular for every u G W l ' p ' 52 (M, L) we have T^ p ' Sl D T^ 5 \ 

f0,p;8i ->. cO,p;S2 
°u J6 « 

In what follows we shall need to decrease the size of S several times for various estimates 
to hold. Nevertheless we shall do so only a finite number of times and the final range 
of admissible S's will depend only on (M, L, u, J, g^,j,L) and on our initial J-holomorphic 
disks «i, Uq. 

4.4.1. The linearization of the d operator. In order to linearize the d operator at an 
arbitrary u G W 1,P ' S (M, L) we follow [44]. For this purpose we need to introduce a 
different connection V on T(M) as follows. Let V' be the Levi-Civita connection of the 
metric g U) j (this is the only instance where we use the metric g^j instead of gw,j,L)- Define 
\/ v X = V^X - \J{V V J)X. Note that V preserves J. Define 

T u : T^' P ' S -> E° u ' p -' s , F u {t) = ^y'Uexp^), 
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where : u*T(M) —> exp u (£)*T(M) is defined using parallel transport with respect 

to V. (See [44] for more details.) However, in contrast to [44], the exp is defined here 
with respect to our main metric gu s j,L- With the above notation the linearization of d at 
u is the linearization of T u at £ = 0, i.e. the operator 

D u := dT u (0) : T^ s -> £^ s . 

We have the following expression for D u (see [44]): 

D u { = \(V£ + J(u)V£oj) - lj(u)(V c J)dju, 

where j is the standard complex structure on S. Note that when u is J-holomorphic D u 
does not depend on the choice of the connections. Therefore assumption 4.1 .l-(3) makes 
sense independently of any metric. 

4.4.2. Fredholm property. Without the weights in the norms (i.e. for 5 = 0), the operator 
D u is in general not Fredholm. The reason for this is that D u has degenerate asymptotic 
at the ends of S. The weighted norms || • || ■ \\o,p;s s are introduced mainly in order to 

rectify this problem. Let us briefly explain how the weights are related to Fredholmness. 
To distinguish between 5 > and 6 = denote by V 5 U the operator D u on the spaces 
T^' p '°, T^' p ' 6 respectively. (Here l,p; means that we take 5 = 0, i.e. there is no weight.) 
Let H l u ^° C Tl'P>°, Hl'P' 8 C T^ 5 be the subspaces consisting of all £ with £(±oo) = 0. 
Note that 7i^' p;0 , 7i^' p;<5 have finite codimension, hence Fredholmness is not affected. Define 

Qs : U]f fi - H]f \ Q s (0(r,t) = e-^l/^(r,t), 
p s : S ^' - £° u *-> s , p s (v)(r, t) = e- s ^ V (r, t). 

These maps are bounded isomorphisms between the corresponding Banach spaces. A 
simple computation shows that on S[0, oo) we have: 

(pj 1 o v s u o e 5 )£ = v° u z + 5 -{dr ® c - dt ® JO- 

An analogous formula holds for S(— oo,0]. In other words, we get a perturbation of T>^ 
by a small 0-order operator. This perturbation term gives non-degenerate asymptotic at 
the ends of S and so for generic 5 (and under certain assumptions on u) the operator 
(pj 1 o T> 5 U o 5 ) becomes Fredholm. Thus T> 8 U will be Fredholm too. Moreover for 5 > 
small enough the index of this operator does not depend on 5. We shall not use the 
notation T) & u anymore and continue to denote by D u our operator defined on T^ ,p ' ,s for 
5 > 0. 
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Conditions which assure Fredholmness. Assume that u G W 1,P,S (M, L) has exponential 
decay at the ends of S, (i.e. \du( Ttt )\ < Ce~ c ' T ' when |r| ^> for some constants C,c> 0). 
Then there exists (Wd(^) > such that for every < 5 < <5Frcd( M ), the operator D u is 
Fredholm. Moreover for such S's, index (-D u ) = dimL + //([«]) and the kernel and cokernel 
of D u are independent of 5. The proofs of these statements follow in a straightforward 
way from the theory developed in e.g. [30, 29, 55, 57]. 

An important situation in which we have exponential decay (hence also Fredholmness 
for < 5 <C 1) is when u is J-holomorphic near the ends of S. To see this recall that 
u o A" 1 : (D \ {-1, 1}, dD \ {-1, 1}) (M, L) has finite energy (see Remark 4.4.2-(4)). 
Then by the removal of boundary singularities theorem of Oh [47], mo A -1 extends smoothly 
to D. It follows that u has exponential decay at the ends of S. (See Remark 4.4.2-(3).) 

4.4.3. A simplification. In order to simplify the notation we shall henceforth restrict our- 
selves to the special case when W = W- x W\ x Wo x W + where W± are sumbani- 
folds of L, W±,Wo are submanifolds of M, and furthermore the map h is the inclusion 
W_ x W\ x W x W + c — > L x M x M x L. The proof of the general case is not more 
complicated from the analytic point of view, however the notation becomes heavier. 

In view of the above simplification we denote from now on 

k± = dimW±, fcj = dim Wj, 2 = 1,0. 

Since h is now the inclusion we can write elements of A4(A, J; C(h)) as pairs (u, r) (instead 
of triples (u,r,q)) since q = (u(—l),u(—r),u(r),u(l)) is determined by (u,r). 

Finally, note that the third point in Assumption 4.1.1 can be now simplified to "ev is 
transverse to W- x W\ x diag(L) x W x W+ at the point (u±, u ) £ M (Ai, J)xM (A , J) ". 

4.4.4. Assumption 4-1-1 in the new coordinates. We return to our J-holomorphic disks 
U\,Uq. Put 7~i = ReA _1 (2i), r = ReA~ 1 (2; )- Note that ImA" 1 ^) = \ and A~ 1 (±l) = 
±oo. Replace u±, Uq : (D, dD) — > (M, L) by U\ o A, u$ o A : (S, dS) — > (M, L), respectively. 
We claim that for 5 > small enough Assumption 4.1.1 implies the following one: 

Assumption 4.4.4. (1) m 1 (oo) = n (— oo). 

(2) ui(-oo) E W^, wi(n, \) E W u n (r , |) G W , n (oo) G W+. 

(3) J is regular for both u\ and Uq in the sense that the linearizations D Ul , D uo of the 
d operator at Wi,«o ar e surjective. 

(4) The evaluation map ev : M(Ai, J) x M(A , J) —> L x M x L x L x M x L, 

ev(v u v ) = («i(-oo),i;i(ri, |),vi(oo),uo(-oo),v (ro, |),vo(oo)) 

is transverse to W- x W\ x diag(L) x Wo x W + at the point (u!,u ). (See the 
remarks in Section 4.4.3.) 
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That property (3) follows from the corresponding property in Assumption 4.1.1 is not 
completely obvious. This is because the Banach spaces which are the domains and targets 
of D Ul , D UQ change when we pass from the disk D to the strip S. The other properties 
follow trivially from Assumption 4.1.1. 

Proof that Assumption 4-1-1 ==>- Assumption 4-4-4'(3)- Let up '■ {D,dD) — > (M,L) be a 
J-holomorphic disk and denote u — ud ° A. Let T^ ,p be the space of ^-sections £d of 
the bundle u* D T(M) — > D which satisfy £d(x) G T(L) for every x G dD. Put 

£°* = V(A > 1 (D)®v? D T(M)). 

We have to prove that if D UD : T^ ,p — > is surjective then for 5 > small enough the 
operator _D U : T^' P ' S — > £°' p;<5 is surjective too. 

Choose < 5 < up small enough so that D u is Fredholm. As D u has closed image and 
the subspace of smooth compactly supported sections C^°(A°' 1 (S') ® u*T(M)) C £® ,p ' s is 
dense it is enough to show that this subspace lies in the image of D u . 

Let rj G £®' p ' 5 be a smooth compactly supported section. Put r\ D = (A" 1 )*// G £®' p . By 
assumption 4.1.1 there exists £p G such that D UD ^ D = r\ D . Put ( = o A. Then 

A,£ = o A) = \*D UD i D = X* VD = rj. 

It remains to prove that £ G T^' p;<5 , i.e. ||£||i )P ; S5 < oo. To see this note that by elliptic 
regularity : D — > u* D T(M) is smooth. It follows that for r ^> we have 

(14) |£(r,t) -P u £(ao)| = \£ D o \(r + it) -Pal UDoA(T+it) f D (l)| 
< C7 1 (£ D )|A(r + zt) - 1| < C^e"^, 

where the constants Ci(£d), C[(£d) depend on £d. Similarly, for r 3> we have: 

(15) |V(£(r,t) -P„£(oo))| < C 2 ({ D )|A(r + zt) - 1| < C^e"^, 

for some constants C^^d), C^-d) that depend on £p. Analogous estimates to (14) 
and (15) hold for r too. As 5 < up it easily follows that ||£||i, P ;a 4 < oo. □ 

4.5. Pregluing. Let ui,u : (S,dS) — > (M,L) be two J-holomorphic disks satisfying 
Assumption 4.4.4. Put p = Wi(oo) = u (— oo). At this point it will be convenient 
to reparametrize u\,uq in the following way. Pick r^ hi{t , r s ° hift > very large so that 
m(r + rj- hi y t , t),u (—T — Tg hi f t , t) G P p (r A //2) for every r > 0. Here r M is the radius used 
to define the map P in formula (13) of Section 4.4. We replace «i(t, t), n (r, t) by U\{t + 
Tghift) t), u (t — r s ° hift , t) respectively. In order for the transversality assumption in 4.4.4 to 
continue to hold, replace (n, \) by (n — r^, \) and (r , |) by (r + r s ° hift , |). After these 
replacements we may assume without loss of generality that «i(r, t), u (—t, t) G P p (rM/2) 
for every r > and that the transversality assumption in 4.4.4 holds with (n, |) and 
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(r , \). Moreover, by choosing r^, r s ° hift large enough and so that r s ° hift -r^ = -(t +Ti) 
we may assume that may assume that now we have T\ = — r and that r > 0. We shall 
write from now on r* = To = —T\. 

Let Ci( T ) t), Co( T ) £ ^p(^) be such that ui(r,t) = exp p ((i(t, t)) for every r > and 
u (r, i) = exp (Co(t, t)) for every r < 0. Let a^,a R : R — > [0, 1], i? G R, be a family of 
smooth functions with the properties: 

(1) (? R {j) = for every r > R + 1, a^(r) = 1 for every r < R — 1. 

(2) cr^ (r) < for every r. 

(3) o-+ = 1 - tr^. 

For every R > define w R : (5, 95) -> (M, L) by: 

(Mi(r + 5i?,t) r<-4i?, 
exp^a^^Co^-S^^+^^C^r + Si?,^) |r| < 4i?, 
u (T-5R,t) r>4R. 

Note that UR{r,t) is well defined for i? ^> 0, and that un(T,t) = m (t — 5i?, i) for every 
t > R + 1 while %(r, t) = U\{t + 5i?, t) for every r < — i? — 1. Also note that maps 
dS to L. This is because L is totally geodesic with respect to the metric we use hence 
0(r,0),0(r,l)GT p (L). 

4.5.1. The Fredholm property revisited. There exists 5p re d('Wi, Wo) > and Rq > such 
that for every R < R, < 8 < <Wd(wi, Wo) the operator D UR is Fredholm. Moreover its 
index is dimL + n{A\ + A ). This follows from the arguments in [55, 30]. The reason for 
this independence of 5 on R is roughly speaking as follows. First note that each of the 
urs has exponential decay at the ends of 5" since they are holomorphic near the ends of 
S (see 4.4.2). For a given R, the set of 5's for which D UR is not Fredholm coincides with 
the spectrum of an (unbounded) self-adjoint operator Ar which can be derived from the 
asymptotic behavior of D UR as \r\ — > oo (see [55, 30] for more details. See also [56, 57] for 
expositions of the Fredholm property in the case of cylindrical Floer trajectories). The 
point is that, due to our definition of Ur, the asymptotic operators Ar do not depend 
on R, hence their spectrum remains constant. In this case this spectrum is a discrete set 
(which contains !) hence there exists (Wd( M i, %) > such that (0, S^^Ui, u )] lies in 
its complement. 

4.5.2. Deformed weighted norms. Given R > 1, 8 > define (Xr } s : S — > R by 

e S(\r\-5R) | T | > 5R 



(17) a RjS (r,t) = a Rt s(r) 



e «(5fl-|T|) i r i < 5K 
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Using the weight ocrj we define a new norm on T^ ,p,s by: 



;i8) M\\ P l, P ;a RS = [ « Ri5 (|e-P UH (e-oo)| P +|V(^-P UH (e-oo))| P ) 

JS(-oo,-5R] 

+ / a R ,s{\Z-P UR (U)\ P +\V(Z-Pu R (U)\ p ) 

JS[5R,oo) 

+ / «^(|e-Pal u ^(0,|)| p +|V(e-Pal^(0,i))r) 

JS\-5R,5R] 



We endow £®; p ' s with the weighted norm: 

i/p 



0,p;« fl , 4 = ^ / a -R,(5|?7 

Remark. Using the inequalities from Section 4.9 it is easy to see that || • || i, p;Q!Ji g is equivalent 
to || ■ \\i,p;s s however they are not uniformly equivalent as R — * oo, i.e. it is impossible to 
find one constant C such that || ■ ||i )P;ai j 4 < C\\ ■ ||i )P ; Si for every R. 

4.5.3. Comparison of norms. 

Proposition 4.5.1. Let u G W 1,P ' S (M, L). There exists a constant 5 j > depending 
on (ui, Mo) and on p, but not on i?, 5, such that for every £ G T^ ,p ' ,s , R,5 > 0, we have: 

M\\l°° < c 4.5.lUh,p;ssi llf IU°° < c 4.5.lMh,p;°<R,s- 
Proof. Let x G S[5R, 00). Since a^s > 1, we get from Proposition 4.9.1: 

\^)\<\^)-Pu R (U)(x)\ + \U 

< Q 9 1 (/ c* Ri6 (\z - p ur u\ p + MC - p ur U\ p ) 1/P + \U 

K JS[5R,oo) J 

< CU\\l,p;a R! s, 

where C = 2(64 9 j + 1). 

Let x G S[—5R,5R]. Then by Proposition 4.9.1: 

|^)|<|^)-PaW)^(0,|)| + |e(0,|)| 

< Q.9.1 ( / (1^ - Pa«(0, |)| p + |V(£ - Pal Ufl e(0, |))| p )) 1/P + ie(0, |)|, 

y JS[-5R,5R] 7 

<c|ieili TC . 

In a similar way one shows that for every x G S(—oo, —5R], \£(x)\ < C||^||i,p;a H{ - This 
proves that ||CIU°° < C||£||i, P ;a H s - The proof of the inequality for ||£||i iP;S(S is similar. □ 
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4.5.4. Estimates on ur. 

Proposition 4.5.2. There exists constants S > 0, R > 1, C'^ j 2^1 5 2^'a 5 2 > ® 
that depend only on (m 15 m ) such that for every < S < Sq and Rq < R we have: 

\\djUR\\ 0tP - aRS < C'^sjp 4-5-2 ? Hduiillo^aji^ < c \.5.2^ IM u -rIU°° ^ C \.5.2- 

Outline of the proof. The proof is a straightforward computation combined with the fol- 
lowing points: 

(1) We have an exponential decay estimate for dv,i, i — 1,0, namely there exists con- 
stants C, c > such that \du i( ^ T ^\ < Ce~ c ' T L Similar exponential decay estimates 
hold also for Ci> Co- ft follows that \duof T sR,t)\ < Ce~ c ^ T ~ 5R ^ and \duif T+5Rjt \\ < 

Q e - C \T+5R\_ 

(2) OjUr = outside S[—R — 1,R + 1], thus for estimating ||9jttfl||o lP ;a i j 4 it is enough 
to estimate ||ofatij||o,p ; a fl s on S[— R — 1,R+ 1]. 

(3) There exists K > such that |d(exp p )„| < K for every v G T P (M) with \v\ < e. 
Note that for R large enough the vectors appearing inside the exp p in expres- 
sion (16) have norm < e due to exponential decay of the Ci's. 

□ 

4.6. The main operators. In view of the simplification in Section 4.4.3, fix four smooth 
maps G± : L — > IR n_fc± , d : M — > M. 2n ~ ki , i — 1,0 such that G± are submersions near 
W±, Wi and such that near W±, W< we have G^O) = W±, Gj 1 ^) = W t . Put 

(19) Tlfl = {(6, Co) G Tlf © Tlf | ei(oo) = eo(-oo)}. 

Define the following operator: 

: T uf,u — ► 5 © 3!f a © Kn ~ fc ~ © R2n ~ fcl © R2n_feo © Rn_fc+ , 

KuuoiZi, Co) = (A^Ci, A*£o, dG_£i(-oo), dCiCiC-r*, |), dGo&fa, §), dG + £ (oc)) . 

For brevity denote by E = R n ~ k - © R 2n ~ k ^ © £2n-fc the summand of the last 

four linear spaces in the target of D' Ul . We also write D UljUo (£i, £o) for the first two 
coordinates of D' U1 uo (£i,£o) an d <^?i,o(6-; £o) for its last four coordinates. 

Proposition 4.6.1. Under Assumption 4-4-4> the operator D' is surjective. 

Proof. Let r\i G £°f ;<s , % — 1,0 and ~~a = (a_, a 1; a , a + ) G -E. Choose w_ G T ill (_ 00 )(iy_), 
wi G T 1 (Wi),w eT u(W ), w + G T uo{oo) such that dG±(w±) = a±, dG^Wi) = 

Oi, i = 1,0. 
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Since D Ul , D UQ are surjective there exist £[, £q such that D Ui ^[ = rji. By Assumption 4.4.4 
there exist Q G T Ui (M(Ai, J)) such that 

(Ci(-o°),Ci(-t*, |),Ci(oo),Co(-oo),Co(t*, |),Co(oo)J e(w_,w 1 ,£' 1 (oo),£' (-oo),w ,w + ) 

+ Tx(W- x^x diag(L) x W x 

where x = («i(-oo),Ui(-t*, §), Ui(oo), u (-oo), w (r*, |), uo(oo)). 

Put ^ = & ~Ci,i= 1, 0. Clearly (6, fo) G and I^ 1)ll0 (£i, 6) = (»7i, »7o, □ 

Define a map 

•^a : T «f 5 — ► £ur 5 x Rn_fe_ x M 2n ~ fel x R 2n ~ k ° x M n " fc +, 

= (^ R (0,G_(exp M ^(-oo)),G 1 (exp. ili! e(-5 J R-r,)), 
G (exp UK £(5i2 + r*)), G+(exp Mii £(oo))). 

Let D' = dF' (0) : -> ©£be its linearization at £ = 0. We have D' £ = 

(D UR £,oig R £), where 

= (dG_£(-oo), dG^(-5R - r,, |), dG £(5R + r*, §), dG+£(oo)). 

From now on we shall often endow the space £°' p;<5 © £ with the norm 

(2°) \\(v,~a)\\'o,p; aRtS = \\v\\o, P ;a R , 5 + \~a\- 

Clearly the operators D' u have the same Fredholm properties as D UR as described in 
Sections 4.4.2 and 4.5.1. 

4.7. A right inverse to D UR . 

Proposition 4.7.1. There exist 8q > 0, Rq > such that for every < 5 < Sq, there 
exists a family of operators {Qr : £u R & ® E —> Ro<R , with the following properties: 

(1) D' UR oQ R = l. 

(2) Qr is uniformly bounded in the a.R^-weighted norms, i.e. there exists a constant 
Ci j i(6) > that does not depend on R such that for every R < R, (77, a ) G 

£lf®E we have \\Q R (v,^)\\i,p.,a R>s < C 4.7.l( 5 )(\\vh, P ;a R , s + I^D- 

(3) Qr depends smoothly on R. (See remark below.) 

Remarks. (1) Uniform boundedness of the Qr's does not seem to hold for the sg- 
weighted norms. 

(2) In order to make sense of the smooth dependence of Qr on R one has to identify 
the spaces T^ R ]S for nearby R's. This can be done using parallel transport along 
short geodesies. 
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The rest of this section is devoted to the proof of Proposition 4.7.1. The reader who 
wishes to get a less technical account of the gluing may skip to Section 4.8 in which the 
proof of Theorem 4.1.2 is carried out. 

4.7.1. Some auxiliary operators. Put 

r£g = m, Co) e Tlf © Tlf | &(oo) = e (-oo)}. 

Define a linear map I R : T^f^ a — > T^' 5 

'£i(r + 5R,t), r < —4/2, 

Pa\ UR{T ,t)(y + at R (Pa\ P (Ur ~ $R,t)) - v) + ^ (Pal^r + 5/2, t)) -v)), |r| < 4/2, 
£o(T-5/2,f) r>4/2, 

where: 

(1) p = Mi(oo) = Ito(-Oo). 

(2) v = £ 1 (oo) =£o(-oo). 

(3) Pal x (r)) is defined for every x G B p {r M ) and every 77 G T y (M), y G B p {r M ). It is 
the parallel transport of 77 along the minimal geodesic connecting y to x. 

Define also the following maps: 

: £°uf - C'> J oX r ' *) = Pa W,*) (^(r)^(r - 5/2, *)) 

J& : 5°f 5 - Zuf, Ji R Mr, t) = Pal Wfl(T , t) (a JJ (r)r / (r + 5/2, f)) 

Note that J R *r)(T,t) = 77 (r — 5/2, t) for every r > /2 + 1 while J^r](T,t) = for every 
r < — /2 — 1. Similarly define 

^0 = - J *X r ' *) = Pa W) (^h(t + 5i?)^(r + 5/?, t)) 

^1 : - = Pa W>*) - 5/2)r/(r - 5/2, t)) 

Note that J R r](T,t) = 77 (r + 5/2, i) for every r > —4/2 + 1. The following identities are 
easily verified: 

(21) = « 

We now have the following estimate: 
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Proposition 4.7.2. There exist constants y ,g(-R) > ; with lim^oo y ,g(-R) = 
and such that: 

\\D UR oI R (^x,^ ) - J^D Uo £ - Jj^A^ilkp;^ < C^ 7 2( R )(Uh,p;ss + 

The proof is a straightforward computation, based on the definition of the weighted 
norms ss^rj. See [34] for more details. 

4.7.2. The approximate right inverse. Let Q' : £®f ' S © ^uf ' S © E ~ > ^ufu De a bounded 
right inverse to D' Ul uo (see Proposition 4.6.1). Write Q' as 

(22) Q'o(Vu Vo, ~a) = Qo(vi, Vo) + A(~a). 
Define Q R : ££f © E - T^ p;5 by 

(23) =/ fi (Qo(^ (^). JJM) +^))- 

Proposition 4.7.3. There exist constants Rq,So > and constants y ^(5) swc/i i/iai 
/or every R < R, < 5 < 5 , r\ G ~a E E we have 

,p;Q/i,4 + I a I)- 

Proof of Proposition 4-7.3. A simple computation shows that: 
Lemma 4.7.4. There exists C ^ y / > snc/i i/iai /or even/ i? ^> 0: 

11^0(^)110,^ < C^ 7 ^\\r]\\o )P]aR:S , 
\\J*i(<roV)\\ojr,st < c 4.7.4\\v\\o, P ; aR>6 
To prove Proposition 4.7.3 it suffices to prove the following: 

Proposition 4.7.5. There exist constants Rq, 5q > and y j(<5) swc/i that for every 
Ro<R,0<5<5 , (£i,£o) e T^, we /icve 

||^(£l,£o)||l )P ;c*H, 5 < C^.7.5( 5 )(ll^llll,K^ + ||£o||l,pw)- 

□ 

Proof of Proposition 4-7.5. Put £ new = -/^(^i, £o); ^ = £o(~ 00 ) — It is easy to see 

that 



/ a R J\^ cw - PuM°°)\ P + |V(£new " ^0(00))^ 

^5[5fl,oo) V 7 

+ / (l^new - PuM-°°)\ P + I Vfeew " ("«0 ) | P ) 

Js(-oo,5R] v 7 



r 5(-oo,5H] 
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It remains to prove that 

(24) I := / a* l(5 (|£new - Pal Ufl £ ncw (0, |)p> + | V(£ ncw - Pal Ui{ £ new (0, |))| p ) 

JS[~5R,5R] V 7 

+ ienew(o,|)r<c 1 (ii^oiii, p;S5 + iieiiii, P ; S j, 

for some constant C\ that does not depend on R. Note that due to the reparametrization 
we have made in the beginning of Section 4.5 we can write Pal Uj? in the two terms under 
the integral of (24) instead of P UR . Now 

(25) /<<72(/l + /2 + |&ew(0,|)| P ), 

for some constant C*2 > 0, where 



h= I aR,8\ |£ncw - Pal„ fl f | p + |V(£ ncw - Pal Ufl u)| p ), 

JS[-5R,5R] V 7 

^2 = / a/?,«5 ( |Pal UH £ new (0, \) - Val UR v\ p + | V(Pal Ui j£ new (0, |) - PaL^w) 



'S[-5ii,5fl] 

We begin by estimating 7 2 - Put = Pal Ujj ,(a;)^ n ew(0, |) — PaLj^^v. Then, by the 

definition of £ ncw we have: 

V(x) = Pal Uij(x) Pal i Pal p ^o(-5 J R, \) + Pal Ufl(:r )Pal i Palp^i(5i?, \) 

- (Pal Mii(a;) w + Pal^Pal^^-t;). 

Using the fact that for every (r, t) e S[-5R, 5R] we have dist (it fl (r, t), p) < C 3 e~ ca( - 5R ^ 
for some constants 6*3,03 > (that do not depend on R) we obtain by standard arguments 
from ode's that: 

(26) \V(r,t)\ < ^(-^^-P^^vl + M^ 

for some constants C4, C4 > 0. Similar arguments show that: 

(27) |W(r,i)| <C 5 (M-^ \) ~ ™ M - 5R lf\ + M 5R > I) " Pa U^) u| + H) 

+C , 5e -c s( 5i i - H ) ( | eo( _ 5jR) lj| + |6(5jR; lj| + 

for some constants C 5 , c 5 > 0. Note that in both (26) and (27) the constants C4, C4, C5, C5 
do not depend on R. 

We claim that there exists a constant Sq > 0, independent of i?, such that for every 
< 5 < 5 there exists C 6 = C 6 (5) (independent of i?) such that: 

(28) I 2 = / a^dVI* + |W|*) < C 6 (||£o||i, p;s , + 116111^- + M P )- 

JS[-5R,5R] 
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Indeed, by (26), (27) there exist constants 6*7,07 (independent of R and of 5) such that: 



(29) / a R , s (\V\ p + \VV\ P ) 

JS[-5R,5R] 

<c 7 (\u-5 Rl i) - pai uo( _ 5fil) ,r + 16(5*, \) - pai^^r) SZ aRAr)dT 

/5R 
e -c?(m-\T\) aRs ^ dT 
-5R 

1C 

<^ R (M-5R, I) - Pal uo( _ 5Ri|) ,r + 16(5*, \) - Pal^i.O 

e _ c7(5jR _| T | )+5(5il _| T | )(ir _ 

-5.R 

Now j"^ e -c7(6B-|T|)+«(6Ji-|T|) dT = _2_( 1 _ e (5-c7)5ii) ) hence j f we take Sq = Cy / 2 we obtain 
from (29) that for every < 5 < So' 

(30) / a R , s (\V\ p +\VV\ p ) 

JS[-5R,5R] 

+(ie (-5 J R,i)r+i6(5*,i)r+kr)^. 

C7 

Applying Proposition 4.9.1 to (30) we obtain for every < 5 < So' 
(31) 

<xr, s {\V\ p + \VV\ p ) 

S[-5R,5R] 

4.9.1 i 

S[-5R-l,-5«] 



< ^e^Q 9 1 / (|f (r,t) - Pal. ilo(Tit) < + |V(^o - Pal u ^)|^)e f5 ^l- 5 ^cZrcZt 

° JS[-5R-1,-5R] 

+ 7kR Ca g x / (| 6(rjt) _ V&\ Ui{tA v\p + |V(6 - Pal^^e^l-^W^ 

JS\5R,5R+1] 



>S[5R,5R+1] 

.(\^(-5R,l)\ p + U5R,l)\ p +\v\ p ) 
2C 7 

°4.9.1 , 

I S[-5R-1,-5R] 



4CV 
c 7 



C 4 9 1 / (|Co(t,0 - Pal Uo(r , 4) t;| p + |V(£ - Pa\ Uo v)\ p )ss(r)dTdt 

J S[-5R-1,-5R] 

2c r 

9 1 / (I6(r,t) - ?&K{T,t)v\ p + |V(6 - Pa\ Ul v)\ p )s s (r)dTdt 

° Js\5R,5R+l] 



>S[5R,5R+1] 

.(\^(-5R } l)\ p + \^(5R,l)\ p + \v\ p ) 



4C 7 
c 7 ' 
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By Corollary 4.9.1 

lG>(-5i2,|)| < |6(-5i2, |) - ^ o( _ 5iii I^I + M < C 4 .9.llKo||i, P;Sa + H, 
16(5^,1)1 < M^l)- p Ul{5R lf\ + M < C4.9.lll6Hta + M 

Hence we obtain from (31) 

/ «^(|VT + |W|') < Cadieoll?^, + 11611?,^ + M P ), 

JS[-5R,5R] 

for some Cq = Cq(6). This proves inequality (28) which estimates I 2 - 
We turn to estimating |£ new (0, |)|: 

(32) |£new(0, |)| = |Pal itfl(o i ) (Pal p eo(-5 J R, \) + Pal^^, |)) - Pal^ (Q ^1 

< |£ (-5^|)| + |£i(5i?,|)| + M 

< M-5R, §) - P^^i^l + \) ~ Pal ui(5Ji) i } ^ + 3, 
<(C4.9.1 + 3)(ll6)||i* w +liei||i«., + H). 

Finally we estimate I\. 

^ncw(r, t) - Ya\ UR{T)t) v = Pal Ur(rit) (a+ i? (Pal p ^ (r - 5i2, *) - v) + o^(Pal p £i(r + 5i? 7 £) - v )) 

Now Pal tlfl ( rit) (Palp^o(^ - 5JS, t) - u) = Pal Ufl(rit) Pal p (^ (r - 5/2, t) - Pal Uo(r _ 5iJit) w) and 
similarly for the term involving £ 1; hence we have: 

|£ new - Pal„ H(Tit )| < |f (r - 5i2,t) - Pal Uo(T „ 5jR>t) t;| + |^(r + 5i2,t) - Pal Ul ( T+5Ji)t )?;|. 

Using that fact that ||dw.R||.L°o is uniformly bounded (see Proposition 4.5.2), a straight- 
forward computation shows that on S[—5R, 5R] we have: 

\V(£ Qew -Pal UR v)(T,t)\ 
<C 8 (\£ (T-5R,t)-Pal 

t)i>\ + \£i(r + 5R,t) - Pal ul (T+5R,t)v\ 
+ |V(£o(r - 5R,t) - P&\ U0 (T-5R,t)v)\ + |V(ei(r + 5R,t) - Pal Ul(r+5 fl,t)^)|) , 
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where Cg does not depend on R. Therefore 



h = / a^ifl&Hw - Pal« fl w| p + |V(£ ncw - Pa\ UR v)\ p ) 

C 9 ( / at RtS (T)(\£ (T - 5R, t) - Pal uo(r _ 5Ji); 



(33) 



■,t) v \ 

+ |V(^o(r - 5R,t) - Pa\ Uo{r - 5R , t) v)\ p )dTdt 
+ / / a RiS (T)(\^(T + 5R,t) -Pa\ Ul{T+5Rtt) v\ p 

JO J-5R 

+ |V(Ci(r + 5R,t) - P a \ Ul{T+5R , t )v)\ p )dTdt) 

^Crodieoi^ + naiiLj, 



for some constants Cg, C\q. The last inequality here follows by comparing the weights s$ 
and a R>s . 

Summing up, we obtain from (25), (28), (32), (33) the desired inequality (24). This 
completes the proof of Proposition 4.7.5, hence also of Proposition 4.7.3. □ 

Proof of Proposition 4-7.1. Fix 5 > small enough (so that all the previous estimates 
hold for this 5). We first claim that \\D' o Q R — l||g p . a — > when R — > oo. To see 
this, we start with the following identities that easily follow from (22): 

(34) D UuUo oQ = l, D UuUo oA = 

dQi,o ° Qo = 0, dQi fi o A = i. 

Let r) G i^f' 5 , ~a G E. A simple computation gives: 

(35) 

d 'u r Qr(V, ~a) ~ (V, ~a) = 

[D UR o J R o Qo(«/*>o~?7, ^Vo + ^) - »7 + A* ° /* o A(7f), 

Using the definition of I R and (34) we have 

dQ R o I R oQ = dQifl o Q = 0, <iC?ij o J R o A('a') = dQ li0 o A(~a) = a . 
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Substituting this in (35) we see that we have to estimate only the first component of (35). 
For the last term in the first component we have: 



(36) \\D UR oI R oA{-J 



rR „ A I jR n ^ tR 



<\\D UR o J" o A(lt) - (J* D Ul © J^D U0 ) o A(^)||o w 
+ \\(JtD Ul © J^D U0 ) oA(-J)\\ 0>PW 

By (34) the last term in (36) is 0. Applying Proposition 4.7.2 to the first summand of 
inequality (36) we get: 

(37) ||D UiJ oJ«oA(^)||o w <C 47 . 2 (it;)||^|||^| 

for some constants C4 7 2^) ^ na * satisfy hrnji-^oo C4 7 = ®- 

As for the first two terms in the first component of (35) we have by Proposition 4.7.2: 

(38) \\D UR O Q R (7], ) - v\\o,p;a R , s = \\D UR 0l R QoiJ^oV, J^O V) - V\\o,p;a R , 5 

<W*. © Jo,*) D ui,u Qo{J*i<roV, J&oV) - v\Vp W 

+ ^4.7.2(^)11^0(^1^, ^V^)l|l,p; Sa 
<ll^lV*Vo~?7 + Jo,J^oV - V\\o,p;a R , s 

+ C4.7.2(^)ll<5o|| S5 (||«/*Vo^llo,p ;s , + \\J^oV\\o, P ;s s ). 

By the 3'rd identity in (21) the first term in the second to last line of (38) is 0, hence by 
Lemma 4.7.4 we now get 

\\D UR ° QrV 

This together with (37) proves that lim^oo \\D' UR o Q R — V\\ Q , p . aR = 0. 

Let Ro > be large enough so that \\D' Ur o Q r — l||o p . a < \ for every R> Rq. Define 

00 

Q R : S° u f ®E-> T*f, Q R = Q R o £(1 - ^ o Q fi ) fc . 

fc=0 

Clearly Q R is a right inverse to D' Ur and ||Qfl|| ajli4 < 2\\Q R \\ aR5 < 2C^ ^{8) for R > 0, 
i.e. Qij is uniformly bounded. □ 

4.8. The implicit function theorem. 

Theorem 4.8.1 (See Proposition A. 3. 4 from [44]). Let X,Y be Banach spaces, U C X 
an open subset and f : U — > Y a C x -map. Let xq G U be such that df(xo) : X — > Y 
is surjective and has a bounded right inverse Q : Y — > X . Let r, K > be such that 
B xo (r) cW, \\Q\\ < K and such that: 

(1) \\x - x \\ < r => \\df(x) - df(x )\\ < 
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(2) ||/(x )||<^. 
Then there exists x G X with the following properties: 

(1) f{x) = 0. 

(2) \\x — Xq\\ <r. 

In fact we have \\x — xq\\ <2K\\f{xo)\\. 

4.8.1. Quadratic estimates. In the following proposition we endow the space £u R ' 5 © E 
with the norm \\(r),~a)\\o, P ; aRiS = \\v\\o, P ;a R , s + \~a\. 

Proposition 4.8.2 (See Proposition 3.5.3 and Remark 3.5.5 in [44]). For every cq > 
there exist constants C/g2 = C/g #(co) > 0, i?o = -Ro(co) > 1, #o = ^o(co) > such 
that for every < S < So, R > Ro, £ G T^ ;<5 luzt/i ||CIU°° < c o we /jai>e: 

(39) ||rf^(or - D' UR i't m < c 4 .8.e\\t\\iw*tWh**w ^' e T i p;5 - 

In oi/ier words, the norm of the operator d!F' UR {£) — D' UR (with respect to \\ • \\i tP - aRS and 
II ■ \\o,p; a n, s ) satiS fi es \\ d K R (0 ~ D uJ < c 4.8.2\\€hjr, aR , s whenever \\£\\ LOO < c . 

Moreover, whenever £ , £ G T^' 5 satisfy \\£o\\l°° < c o we have for every R > R , 

0<5< 5 : 

(40) \\K R (Zo + - " ^(£o)£llo TO < ^.o!l£lU~ll£lk w 

Outline of the proof. The proof of the estimate (39) is essentially given in [44] (Proposi- 
tion 3.5.3). To adapt that proof to our case we use the following additional ingredients: 

(1) In [44] the pointwise norms | ■ | are taken with respect to the metric g^j but we 
work with the metric guj,j,L- However L is compact and guj,j,L = gu>,j outside a 
small neighbourhood of L hence the two pointwise norms are comparable. 

(2) ||(iwi?||o 1 p ;ai j 4 , ||g^_r||l°° are uniformly bounded in R by Proposition 4.5.2. 

(3) Due to Proposition 4.5.1 we have || • < C4 5 \ \\ • \\i,p-,a R5 - 

(4) Standard arguments involving ode's show that for every ^ G T„ 1 ( 00 )(L) we have 
I VP U/ j^oo(r, t) I < C 1 e _Cl ( T_5 ^|^ 00 | for every r > 5R for some constants G\,c\ that 
do not depend on R. An analogous estimate holds for | VP Ur £-oo{t, t)\. 

It follows that |Vf(r,t)| < |V(f - P UR U(r,t))\ + C^ 01 ^-^^ for every r > 5R. 
By a simple computation it now follows that f s < 5R ;oo s &r,s\ V£| p < C^H^Hi^o^ f° r some 
constant C2 that does not depend on R. A similar estimate holds for the integral over 
S(—oo, —5R]. The rest of the proof is as in [44] using the additional estimates 1-4. The 
proof of estimate (40) is similar (see Remark 3.5.5 in [44]). □ 
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4.8.2. Proof of Theorem J^.l.2. 

Proof of the existence statement of Theorem 4-1-2. Fix 5 > small enough so that all 
the previous estimates hold for this 5. By Proposition 4.7.1 there exists K > such that 
HQiilloRs < K for R ^> 0. Applying Proposition 4.8.2 with Co = K we obtain a constant 
C{K) such that for every > we have 

(41) iieiu- < c{k) ii^jo - £>uu, s < cw neiiiw 

By Proposition 4.5.1, there exists C4 5 ]_ > such that ||£||z,°° < C4 5 for 
every R > 0, £ e T^f. Fix < r < minl^^y,^^}. If < r then 

||CIU°° < C4.5.1 r o < ^ hence 

11^(0 " ^Uk* < C{K)\\ih w < 
Note that for i? > 0, ^(0) = (~8ju R , 0), hence by Proposition 4.5.2 

(42) ll^(0)ir 0w = \\dju R \\ 0m < C' 4 5 2 e- C '^.2 R 

for some constants ^4 5 2' c 4 5 2 > ®" Thus by taking > we may assume that 
H^uflWHdpjQflf — Ik- ^ e now a PP^y Theorem 4.8.1 with: 

U = X=(Tlf ) \\-\\ lw ) 1 Y=(£°f®E,\\.\\' 0w ), x = 0, f = T' UR . 

By Theorem 4.8.1 we obtain £ R G with HGdkp;^ < r such that F' Ur {£r) = (0,0), 

i.e. v fl = exp UK (^) satisfies: 

(1) djVR = 0. 

(2) G±M±oo))=0. 

(3) C7 1 K(-5i? - r„ I)) = 0, Gf («fl(5i2 + r„ §)) = 0. 

By elliptic regularity Vr is actually smooth. Note that v R has finite energy (see Re- 
mark 4.4.2-(4)) hence by the removal of boundary singularities theorem of Oh [47], vroX^ 1 
extends smoothly to D. 

Next, note that by Theorem 4.8.1 we actually have HCrIIi^oh,* < 2i<r||^ B (0)||d p;Q , HJ . 

From (42) we obtain ||£r||i,p ;QJ j 4 ► 0. It follows from Proposition 4.5.1 that we also 

have Ur\\l°° > 0. Clearly for R > 0, [v R ] = [u R ] = A 1 + A G H 2 (M, L). 

R— »oo 

We claim that for R > we have v R (±oo) G W±, v R (— 5R— r*, |) G Wi, i>ij(5.R+T*, |) G 
Wo- Indeed, since ||£r||l°° ► then for R 3> the points wr(— 00), v R (—5R — r*, |), 

R^oo 

v R (5R + r#, o), Wit (00) he in arbitrarily small neighbourhoods of Ui(— 00), ui(— r#, 5); 
n (r*, 5), u (oo) respectively. By the definition of G±, Gi, Go (see Section 4.6) it follows 
that v R (±oo) G W±, v R (-5R - n, §) G Wi, v R {5R + r*, §) G W . 



54 



PAUL BIRAN AND OCTAV CORNEA 



Put s R = A _1 (5i2 + r*, i) G D. Then s R ► 1 and (v R o A" 1 , s R ) G J; C(h)) 

R^oo 

for i2 > 0. 

To complete the proof of the existence part of the theorem it remains to show that vr 
together with the marked points (— oo, (— 5i2 — r*, |), (5-R + r*, ~), oo) converges to (iti, u ) 
with the marked points (— oo, (— r*, |)), ((r*, |), oo) in the Gromov topology as i2 — > oo. 
(See [32] for more details on Gromov compactness for disks.) 

For this aim we have to find biholomorphisms p R , p R : S —* S such that: 

(v-1) Vr o p R > ui, vr o p R > u uniformly on compact subsets of S \ {oo}, of 

R— »oo R—^oo 

S \ {— oo} respectively. 
(v-2) (Pr)' 1 o p R > oo, (p/j) -1 o p)j ► — oo uniformly on compact subsets of 

R— >oo ij— >oo 

5* \ {— oo}, of S* \ {oo} respectively. 
M) * - r,, |) — - (-t„ |). 

R^oo R— >oo 



[v-A) W'Hoo) — oo, (^rHSfl + r.,! 



R->oo ' 2^ fl^oo *' 2/" 

To prove this define p R (r, t) = (r — 5R,t), p R (r, t) = (r + 5/2, t). Clearly p R ,p R 
satisfy properties (u-2)-(u-4) above. Property (f-1) follows easily from the definition of 

ur (see (16) in Section 4.5) and the fact that vr = exp u (£r) with ||£r||i,<x> > 0. This 

concludes the proof of the existence statement in Theorem 4.1.2. 

□ 



Proof of the uniqueness statement of Theorem ^.1.2. We continue to use the notation in- 
troduced above in the proof of the existence part. 

Let (w n , T n ) G Ai(A, J;C(h)) be a sequence that converges with the marked points 
(-oo, (-r n , |), (r„, |), oo) to (ui,u ) with the marked points (-oo, (— r#, -)), ((r*, ~), oo) 
in the Gromov topology. We shall prove that for every large enough n we have (w n , r n ) = 
(vR n , 5R n + r*) for some i2 n 's with i2 n ► oo. 

n— >oo 

The implicit function Theorem 4.8.1 is not enough to prove this statement although 
there is an extension of Theorem 4.8.1 which states that the solution x is unique among 
solutions that satisfy x G image Q and x G B XQ (r). In our case this would require to 
prove that w n = exp for some ^ G T}f' s with lld^lkp;^ s > 0- Instead, 

tin tin n, n — >QG 

we shall prove a similar statement in the C°-topology and use the quadratic estimates of 
Proposition 4.8.2 to deduce the uniqueness. 

We first fix 6 > small enough so that all the previous estimates hold for this 5 and 
such that all the operators D' u , R 3> 0, are Fredholm for this 5 (see Section 4.5.1.) Note 
that ur, Vr, w n , all extend smoothly to S ~ D hence they belong to W 1,p ' 5 for every small 
enough 5 > 0. (See Remark 4.4.2-(3).) 
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By the definition of Gromov convergence with marked points (see e.g. [32]) we have 
two sequences of biholomorphisms (p\, tp® : S — > S such that: 
(w-l) w n o (p x n > m, w n o ip^ >■ uq uniformly on compact subsets of S \ {oo}, of 

n— »oo n-^oo 

S \ {—00} respectively. 
(w-2) (<^) _1 V^n, > °°j (^n) -1 fn > ~°° uniformly on compact subsets of 

n— >oo n— >oo 

5* \ {—00}, of 5 \ {00} respectively. 
0-3) (^) -1 (-oo) ► -00, (y^J-^oo) ► 00. 

n— >oo n— >oo 

(w-4) M^K,!) > (-r.,§), M~Vn,§) > (t.,±). 

n— >oo n— »oo 

Define 

-Rn = — so that 5i? n + r* = r n . 

5 

We have: 

n — ► oo ti — »-oo 

• M _1 pSu(~) ► 00, ((pi)' 1 o p o jr„ |) > (n, |). 

A simple argument involving Mobius transformations implies that 

(43) (ti)- 1 o fa >U, (p^op ^ ► ! uniformly. 

Moreover, it follows from (w-2) that R n , r n > 00. 

n— »oo 

We now have the following 

Lemma 4.8.3. sup p edist(w n (^), Ur^(z)) >0. 

We defer the proof of this lemma to Section 4.8.3 and continue with the proof of our 
theorem. By Lemma 4.8.3, for n ^> 1 there exist £^ G T^f' 6 with ||£„ ||z/x> ► such 

that w n = exp Ufl (£i 1 "' ) ). We shall prove that £n = £r„ for n ^> 1, hence u> n = v Rn . 
We start with the observation that for n ^> 1 the operator Or : £®<p< s Q) E ^ T}' P]S 

1 ^ n a Rn a Rn 

is bijective. To see this, recall that D' : T} ,p ' ,s — > £°' p;<s © is Fredholm and its index 

° a Rn a Rn a Rn 

is fi(Ai + A ) + + k + + ki + k — 5 dimL which by our assumptions is 0. As D' UR is 
surjective for n ^> 1 it must be bijective, hence its inverse Q URn is bijective too. 

To finish the proof, we use an argument due to McDuff and Salamon (see the proof 
of Corollary 3.5.6 in [44]). Put & = & ] - £ Rn . Since Q URn is bijective we have £' n = 
Qu Rn oD' UR J' n and KnS^Rn) = 0, K^ifa+O = 0- By Proposition 4.7.1 there exists 
a constant C4 J \ such that: 

(44) llClli^,<Q.7.lWII^CIIo, P;Qfl „, 

^4.7.1 i^WK^Rn + C) - K^Rn) ~ d K Rn ^R n )Q\'o,p; aRntS 



56 PAUL BIRAN AND OCTAV CORNEA 

Applying Proposition 4.8.2 to both terms of the very right-hand side of (44) we get 

( 45 ) HCIkpmw < ^4.7.1 ( S ) C 4.8.2 (IICIU 00 + ll^nl|l,P;afl ?l ,JllClll,P;aij n ,i 

< G 4 .7.l(*)C , 4.8.2(ll6 w) lli» + + ll^lli^Oll^lli^,,- 

Recall that ||£rJU<», ||6dkp;cm„ , ► 0. Therefore for n > 1, 

n— >oo 

It immediately follows from (45) that H^Hi^o^ s — for n 1. This completes the proof 
of the uniqueness statement of Theorem 4.1.2 (modulo the proof of Lemma 4.8.3). □ 

4.8.3. Proof of Lemma 4-8.3. We first claim that for every 06I: 

(46) sup dist (w n (z),u Rn (z)) > 0, 

cr. , n— >oo 

z€A[— 00,— 5-ftn+aJ 

(47) sup dist K(z), ub„ (2)) >-0. 

2gi[5itn— a,oo] 

Proof of (46), (47). We start with the inequality: 
(48) 

sup dist(w n (z),v Rn (z)) 

< sup dist(w n (z) 1 u 1 o (ipl)- 1 ^)) + sup dist(w/j n (2),Mi o (p^)-^^)) 

+ sup dist(«i o («),«! o (p^J _1 (z)). 

The last term in the right-hand side of this inequality equals 

sup dist(«i o (^ly 1 o p l Rn {z),u 1 {z)), 

zGS[— 00, a] 

hence by (43) it tends to as n — > 00. Similarly by (v-1) the second term in the right- 
hand side of (48) tends to too as n — > 00. As for the first term, due to (43) we have 
Pn n (S[— 00, a]) C (Pn(S[— 00, a + 1]) for n> 1, therefore 

sup dist(w n (z),tti o (<£>*) -1 (z)) 
ze -PRn(§[-<x>,a]) 

< sup dist(iu n (z), Mi o (</?*) _1 (z)) = sup dist (w n o ip n (z), uAz)) > 0. 

«6vi(S[-oo,o+l]) 2G5[-oo,a+l] 

It follows that 

sup dist (w n (2), ^(2)) = sup dist ^(z)) — — > 0. 

zGS[— 00,— 5-R„+a] z^p^ 00, a]) 
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But sup sdist(vR n (z), u Rn (z)) ► 0, hence (46) follows. The proof of (47) is analo- 

gous. This concludes the proof of (46), (47). □ 

In the rest of the proof we shall need to use some estimates concerning energy of pseudo- 
holomorphic strips. Given a subset T C S and a pseudo-holomorphic map u defined in 
a neighbourhood of T we denote by E(u; T) = J T u*u the energy of u along T. We first 
claim that: 



Ai+A 



(49) lim lim E(w n ; S[-5R n + d, 5R n - d}) = 0, 

d^oo n— >oo 

(50) lim lim E(v Rn ; S[-5R n + d, 5R n - d}) = 0. 

d— >oo n^oo 

Proof of (49), (50). To prove (49), write E d>n = E(w n ; S[-5R n + d,5R n - d}). Recall 
that Ai, A e H 2 (M, L) are the classes of the disks u±, uo respectively. We have: 

(51) E d n = j lo - E(w n ; S[-oo, -5R n + d\) - E(w n ; S[5R n - d, oo]) 

JA t +A 

uj - E(w n o ip l n - (iply 1 o PRn (S[-oo, d])) 
By (43) we have for n ^> 1: 

(^n)- 1 O PRn (S[-OC,d\) D £[-00, d ~ 1], 
(V^n)" 1 O P° R JS[-d, OO]) D 5[-d + 1, OO]. 

Putting this together with (51) we obtain: 

E d , n < / u-E(w n o(pl l -S[-oo,d-l])+ / u - E(w n o tp°;S[-d + 1, oo]) 

It follows from (iu-1) that 

lim E'dn < S'fd - 1, oo]) + E(u ; 5 [-00, —d + 1]), 

n— too 

hence lim^oo lim^oo E dyn = 0. This proves (49). The proof of (50) is similar. □ 

We shall now need the following estimate relating the "variation" of a pseudo-holomorphic 
strip to its energy: 

Lemma 4.8.4 (See Lemma A. 6 in [32], Lemma 4.7.3 in [44]). There exist positive con- 
stants 8 4 = ^4 8 AMi u iJ)>C^ g 1 such that every J-holomorphic curve u : S[ri, r 2 ] — > 
M with w([ri,r 2 ] x {0} U [ri,r 2 ] x {1}) C L and with E n>r2 = E(u; S[ri, r 2 ]) < ^4.8.4 
satisfies: 

sup dist (u(z),u(z')) < Cjt g i^E rur2 . 

z,z'eS[ ri +l,r 2 -l] 
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The final step in the proof of Lemma 4-8.3. In view of (46), (47), in order to prove Lemma 4.8.3 
it is enough to prove the following: For every e > there exists a = cto( e ) an d N = N (e) 
such that for every n > No we have: 

(52) sup dist (w n (z),u Rn (z)) < e. 

zeS[— 5R„+ao,5R n -a ] 

We prove (52). Let e > 0. By (49), (50) there exists a = a (e) and A" = N (e) such 
that for every n > N : 

(53) E[w n ] S[-5Rn + a - 1, 5R n - a + 1]) < min^ <5 4 g 4, — ^ \, 

' ' 9G 4.8.4 J 

(54) E(v Rn ; S[-5R n + a - 1, 5R n - a + 1]) < min^ 5 4 g 4, — ^ \. 

' ' 9G 4.8.4 J 

We have for every z G S[—5R n + a , 5i?„ — do]: 

(55) dist(w n (z), Wr„(z)) <dist(u>„(z), w n (-5R n + a , -)) 

+ dist(w;„(-5-R n + a , |), u Rn (-5R n + a , §)) 
+ dist(u jRn (-5^„ + a , |), Wb„(z)). 

By (53) and Lemma 4.8.4, the first term in the right-hand side of (55) satisfies: 

(56) dist (w n (z),w n (-5R n + a , |)) < |, Vz G S[-5.R n + a , 5R n - a ], \/n > N Q . 

Increasing A^ if necessary 1 we have from (46) that the second term in the right-hand side 
of (55) satisfies: 

(57) dist(w n (-5i? n + a , \),u Rn {-hR n + a , |)) < |, Vn > A" . 
As for the last term in the right-hand side of (55) we have: 

dist (u Rn (-5R n + a ,^),u Rn (z)) 

< 2swpdist(v Rn (z),u Rn (z)) + dist(v Rn (-5R n + a ,±),v Rn (z)). 

Recall that v Rn = exp (£/?„) with ||0?JU°° > 0. Thus increasing A" once more if 

necessary, and by (54) and Lemma 4.8.4 we obtain 

(58) dist(uR n (-5i? n + a , \),u Rn (z)) < ^, Vz G S[—5R n + a , 5i? n — a ], Vn > A" . 

Substituting the estimates (56), (57), (58) in (55) proves (52), hence concludes the proof 
of Lemma 4.8.3. □ 



1 This increase may depend on a = Oo(e) which however has already been fixed. 
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4.9. An auxiliary inequality. Fix p > 2. Let E — > S be a vector bundle endowed with 
a Riemannian metric with norm | • | and let V be a metric connection on E. 

Proposition 4.9.1. There exists a constant g i such that for every -section rj : 
S — > E and every x G S 

\v(x)\<C l9J ([ \r)\ P +\Vv\ p ) 1/P , 

J K x 

where K x can be taken to be either S[x,x + 1] or S[x — l,x]. 

Proof. The proof for the case of a trivial vector bundle with trivial connection and stan- 
dard metric is essentially contained in the proof of Lemma B.1.16 in [44]. To adapt the 
proof to the case of a general connection use Remark 3.5.1 in [44]. □ 

5. Proof of the main algebraic statement. 

This section contains the proofs of the results stated in §2. Each of the first eight sub- 
sections below is focused on a part of the relations to be verified. Each such verification is 
based on three steps. First, appropriate moduli spaces are defined. Then, some regularity 
properties are established for these spaces along the lines in §3. Finally, by making use 
of the gluing results in §4, the desired relations are deduced out of the description of the 
boundary of the compactification of the moduli spaces. As many types (more than a 
dozen) moduli spaces will appear in these verifications it is useful to shortly summarize 
here the basic idea in the construction of all of them. Very likely, this construction will 
appear quite familiar to the reader in view of the "bubble tree" description of bubbling 
as it appears in [44] and, even more so, given the cluster moduli spaces as introduced in 
[23] . It is obviously a construction that naturally extends that of the pearl moduli spaces 
already introduced in §3. 

All the moduli spaces used below consist of configurations modeled on planar trees with 
oriented edges with, roughly, the following properties. Each of the edges corresponds to 
a negative gradient trajectory of a Morse function. This Morse function might be defined 
on L or, sometimes, might be a Morse function defined on the ambient manifold M and 
more than a single Morse function can be used in the same tree. Each edge carries a 
marking indicating which function is used along that edge. The orientation of the edge 
corresponds to that of the negative gradient flow. The tree might have several entries but 
has a single exit. The entries and the exit are the only vertices of valence one and each 
of them corresponds to a critical point of the function marking the edge ending there. 
Each internal vertex has a marking by a certain Maslov class and corresponds to either 
a J-holomorphic disk with boundary on L or to a J holomorphic sphere in that class 
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together with a number of marked points (situated on the boundary or the interior) equal 
in number to the valence of the vertex. These marked points correspond to the ends of 
the edges reaching the corresponding vertex so that the boundary marked points are ends 
of edges labeled by functions defined on L and the interior marked points are ends of 
edges labeled by functions defined on M. Depending on the valence and on the particular 
moduli spaces in question, specific incidence relations describe at which explicit marked 
point on the disk arrives which edge. Finally, constant J spheres and disks are allowed as 
long as they are stable in the sense that, the valence of the corresponding vertex is at least 
three if it corresponds to a sphere and, if this valence is two, then the vertex corresponds 
to a disk with one marked point in the interior and one on the boundary. All the vertices 
in this paper have valence at most 4. 

a be 

I 



d 

FIGURE 6. The functions f,g,h:L^R,a,de Crit(f),b G Crit(g),c G 
Crit(h); the three disks are of Maslov indexes, respectively, a, (3 and e. 

This general setup allows for a variety of moduli spaces but the basic rules are simple: a 
differential or a morphism is defined by using moduli spaces with one entry, an operation 
requires two entries, associativity requires three, the structures involving the ambient 
quantum homology require some internal marked points etc. 

The proofs given below are very explicit in a number of cases, in the sense that the 
relevant moduli spaces are described in all detail as well as the related compactness argu- 
ments. This happens for the pearl moduli spaces in §5.1 as well as for the module structure 
in §5.3. In these cases the "tree" language summarized above is not explicitly used. How- 
ever, this language does appear in the description of many of the other moduli spaces. 
In those cases, we only generally give the relevant special incidence relations needed and 
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indicate what variants of the standard arguments used in §5.1, §5.3 are necessary in the 
proof. 

5.1. The pearl complex. We recall that we have fixed an almost complex structure J 
which is compatible with to in the sense that u(X, JY) is a Riemannian metric We also 
fix a Morse function / : L — > R together with a metric p on L so that the pair (/, p) 
is Morse-Smale. The induced negative gradient flow of / is denoted by 7. We start by 
reformulating (in a slightly more general context) a definition from §3.1. 

Definition 5.1.1. Given two points a, b £ L we consider the moduli space Ai(a, b, A; J, /, p) 
whose elements are objects (t , u , ti, ui, t 2 , ■ ■ ■ Uf., tk+i), k £ N so that: 

i. For < % < k, Ui is a non-constant J-holomorphic disk : (D, 3D) — > (M, L). 

ii. 52.[ui]=\eH 2 (M,L;Z). 

hi. For 1 < i < k, £ (0, +00), to^fc+i G (0, +00], so that if we put a« = Uj(— 1), 
bi = Mj(l), then 7^(61-1) = a« for all i < k, moreover 7t fe+1 (&fe) = b and 7_ to (ai) = a 
(of course, if to is infinite this means that a is a critical point of / and similarly 
for t k+ i ). 

We then let V(x, y, A; J, /, p) the moduli space obtained by dividing A4(x, y, A; J, /, p) 
by the action of the obvious reparametrization group. It is understood in the description 
above that k is not fixed. As a matter of convention we also want to include in our moduli 
spaces objects for k — — 1: these are just the usual negative flow lines joining x to y. We 
will mostly use these moduli spaces when x, y £ Crit(f) and in this case this definition is 
coherent with that in §3.1. We will drop the decorations J, /, p when they are clear from 
the context. 

We now define 

C + (L;f,p, J) = (Z/2(Crit(f))®A + ,d) 

with the grading induced by |x| = indf(x) for all x £ Crit(f) and with the differential 
defined by 

dx= J2 ^ 2 V(x,y,X)yt !lW ■ 

\y\ = \x\+fi(\)-l 

The next proposition obviously implies the main part of point i. of Theorem 2.1.1 - we 
will discuss the augmentation issue at the end of the section. 

Proposition 5.1.2. For a generic choice of J the map d is well defined and is a dif- 
ferential. Two generic choices (f,p,J) and (f',p',J') produce chain complexes whose 
homologies are canonically isomorphic. 
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The proof of this proposition occupies the rest of the section. The main ingredients are 
the transversality results in §3, the gluing results in §4 as well as the Gromov compactness 
theorem for holomorphic disks as described by Frauenfelder in [32]. 

We will use further the notation of section §3. In particular, we have: 

(59) V(x,y,\;J,f,p) = \J V(x, y, A; J, /, p) . 

k,A=(A ,...,A k ) 
£A l= A 

When 5 = \x\ — \y\ + /i(A) — 1 < 1 and for a generic J, we see from Proposition 
3.1.3 that the spaces V(x,y,A; J,f,p) are manifolds of dimension 5 and, in case 5 = 0, 
these manifolds are already compact. By Gromov compactness there are only finitely 
many sequences A = (A , . . . , A k ) of non zero homology classes so that Ai contains a 
J-holomorphic disk < i < k and "Y^Ai = A. This means that the sum in the definition 
of the differential d is finite and so this sum is well defined. For further use we denote by 
V{x, y, 0) = V{x, y, 0; J, /, p) the moduli space of negative flow lines of / joining x to y. 
We will also use the notaion V(x, y, (A', A"); J, /, p) introduced in §3 

5.1.1. Verification ofd 2 = 0. Here is the main ingredient in showing that d is a differential: 

Lemma 5.1.3. Fix 5=1 and A = (Aq, . . . ,Ak). For a generic J, the natural Gromov 
compactification V(x,y,A) is a topological 1- dimensional manifold whose boundary is 
described by: 

(60) &P(x,y,A)= |J V(x, z, A') x V(z, y, A") UTUf . 

z,A=(A',A") 

Where the terms T and T are given by: 

r= |J V(x,y,A',A") 

A=(A',A"), A'A'Y0 

and 

T'= |J V{x, y, (A 0: . . . 4), (Al A i+1 , . . . A k )) . 

i ; Ai=A'+A", A'A"M 

We emphasize that in the first term of formula (60), in the decomposition A = (A ; , A") 
it is possible that A' = or A" = 0. 

We first remark that the lemma immediately implies d 2 = 0. Indeed, notice that, by 
the lemma, each term: 

V(x,y,A',A") 

with A' = (Aq, . . . , A,^, A" = (A i+ i, . . . , Ak) appears as a boundary in precisely two 
moduli spaces: V(x, y, (A', A")) and V(x, y,(A . . ., A4-1, A { + A i+1 , A i+2 , A k )). 
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This means that if we define: 

V(x,y,X) = ]J V(x,y,A) , 

then 

= #z 2 (<9P(x,y,A)) = # Z2 ( |J V(x, z, A') x V(z,y,X")) 

z,\'+X"=X 

which clearly means d 2 = 0. 

Proof of Lemma 5.1.3. We start by making precise the compactification V(x,y, A). 
We denote by Vl the space of continuous paths {7 : [0, b] — > L : b > 0}. We consider 
the subspace Vf )P C Vl of those paths 7 : [0,6] — > L which are flow lines of —V g f 
reparametrized so that f{^{t)) = 7(7(0)) — t. We allow that one or both of the ends 
of such of a flow line be a critical point of /. Exponential convergence close to critical 
points insures that this choice of parametrization is continuous when defined on the usual 
moduli space of negative flow lines (parametrized by time). The space V/ )P has a natural 
compactification V t p formed by adding all broken flow lines to Vf tP . 

We now notice that V(x, y, A) is included in: 

£ = V fjP x M(A Q , J)/GU,i x V flP x M(A l7 J)/G_i,i x ■ • ■ V fjP x M(A h J)/GL M x V f>p . 

There is a natural compactification L of L obtained by compactifying each term A4(Ai, J) 
in the sense of Gromov and by replacing Vf iP by Vf tP - We take on V(x, y, A) the induced 
topology and define its compactification to be the closure of this space inside C 

I. Structure of the compactification. The first part of the proof is to show that, for 
5 = 1 and a generic J, if u £ V(x, y, A)\V(x, y, A) then u has the one of the forms 
given in the right hand side of (60). It is clear that u = (70, «o, 7i, • • • Mfc, 7fc+i) with 
Ui G A4(Ai, J)/G-\ t i, 7i G Vf jP . To proceed with the proof it is useful to reinterpret in 
more combinatorial terms Propositions 3.1.3 and 3.1.6. Let V(x, y, A, s) C V(x,y,A) be 
the moduli space whose definition is identical with that of V(x, y, A) except that s of 
the flow lines 7, are of length 0. Proposition 3.1.3 shows that, generically, if 8 < 1, then 
dim(P(x, y, A, 0)) = 5 and Proposition 3.1.6 shows that dim(V(x, y, A, 1)) = 6 — 1 (both 
spaces being void if the respective dimension is negative). The same argument also shows 
that V(x, y, A, s) = whenever s > 2. 

Returning to our u G V(x,y, A), denote by the end of 7^ and by $ the beginning 
of 7i+i. Clearly, 0^,$ G Image(ui). The structure of iij is described by a bubbling tree 
(see [32] and [44]) which carries two marked points which are mapped to and It 
is important to notice that these two marked points are distinct but they might both lie 
on a "ghost" (or constant) disk. We will denote these two marked points by —1 and +1 
respectively (by a slight abuse in notation). In this tree let u~ x and u^ 1 be the two curves 
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carrying —1 and +1 respectively, and consider the path of minimal length which joins the 
vertices u~ x and uf . In case on ^ (3i we denote by V{ the nodal curve formed by the union 
of all the vertices along this path. If a.i = (3^ we let V{ be the constant map from the disk 
equal to a^. We notice that Vi may be assumed not to contain any sphere component. 
Moreover u){vi) < u(ui) with equality if and only if the tree is linear with uj and uf 1 at 
its ends. We notice that v = (70, v , . . . Vk, Jk+i) £ "P(x, y, B) where B = ([i>o], • • • , [vk])- 
Let li be the number of components in v% less one. Let 6, be the number of breaks in 7, 
and let s be the number of flow lines jj which are of length 0. Our statement follows if 
we show, Wi u(vi) = uj{uj) and Y k + X) ^ + s — 1- 

The key observation is that, because the components of the v^s are disks, we may 
rewrite in a unique way: 

v e V{x, z u Bi, si) x . . . x V(z r , y, B r+1 , s r+1 ) 

and, in this case, s r — X) h + s ! h = r. 
We also have 

2 = 5 + 1 > (|z| -\zi\ + //(Si)) + I - I22I + /x(S 2 )) + . . . + - |y| + ii{B r+1 )) 

with equality if and only if [v] = [u] . Now notice that it is not possible that r > 1 because 
in that case at least one of the parenthesis in the sum above would need to be < which 
implies that the respective space is void. We are thus left with two cases. The first is 
r = 1 and (\x\ — \z\ \ + fi(Bi)) = 1, (\zi \ — \y\ + = 1. But this implies that S\ — 

and S2 = and [v] = [u]. The last case is r = 0. Then, as Nl = 2, we obtain [v] = [u] 
and, as u V(x, y, A) we get Si = 1. 

//. Gluing. The fact that dV(x,y, A) is contained in the union appearing on the right 
side of (60) follows from Gromov compactness combined with standard arguments from 
Morse theory. 

Next, we need to show that each element appearing on the right side of (60) is a 
boundary point of V(x, y, A) and moreover, that each such element corresponds to a 
unique end of the 1-dimensional manifold V(x, y, A) (hence V(x, y, A) is indeed a compact 
manifold with boundary). 

By the results in §3 we have that for a generic choice of J we have V(x, y, A) = 
V*' d (x, y, A) for all x, y, A so that \x\ — \y\ + /i(A) — 1 < 1. This implies by standard 
Morse theory that the elements in the first term of the decomposition (60) can be glued 
in the obvious way. The uniqueness statement is also standard in this case. 

The elements in T' are also seen as boundary points by first applying the results in §3 to 
show that the transversality necessary for the gluing described in §4 is achieved generically 
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and then gluing as there. The uniqueness statement follows too from the results in §4. 
(See Corollary 4.2.1.) 

Finally, we are left to deal with the elements in T. Consider one such element u = 
(70,1*0,71, ••• ,Ui,u i+ i, .. .ttfe,7fe+i) G V(x,y,A',A") with A' = (A ,...A) and A" = 
(A i+ i, . . . , Afe). The transversality proved in §3 implies immediately the result in this case 
if p(u) = Ui(+1) = Ui + \{— 1) ^ Crit(f). But, again for a generic choice of J, it follows by 
inspecting the definition of V(x, y, A', A") that p(u) avoids the finite set Crit(f) whenever 
6<1. □ 

5.1.2. Invariance. The purpose of this subsection is to show that for two generic sets of 
data (J, /, p) and (J', /', p') we can define a chain morphism 

0:C+(L;/,p, J)^C + (L;f,p>,J>) 

which induces an isomorphism in homology. This morphism <fi = <p J ' F ' G depends on 
auxiliary data: a generic homotopy of almost complex structures J joining J to J' and 
a Morse cobordism (F, G) relating (/, p) to (/', p') (see [25] for the formal definition of 
Morse cobordisms). Of course, all this construction is typical for invariance proofs in 
Morse or Floer theories and, after defining the relevant moduli spaces, we will only sketch 
the rest of the proof as there are no new transversality issues compared with the last 
section and the gluing arguments are analogous to the ones before. 

We now fix a smooth family of almost complex structures J = J t , t G [0, 1] so that 
Jq = J and J i = J'. We also fix a Riemannian metric Gonix [0, 1] so that G|lx{o} — P 
and G\lx{i} — p' a s well as a Morse function H : L x [0, 1] — > R so that H\l x { }(x) = 
f(x) + h (for some constant h) H\l x ^{x) = f'(x), (H, G) is Morse-Smale with Criti(H) = 
Criti_i(f) x {0}UCriti(f) x {1} and, finally, (dH/dt)(x,t) = for t = 0, 1, (dH/dt)(x,t) < 
for t G (0, 1). It is easy to see how to construct such (if, J) (we refer to [25] for an 
explicit such construction). 

Given two critical points x G Crit(f) and y' G Crit(f') we define the moduli space 
Ai(x, y', A; J, H, G) by using a slightly modified version of Definition 5.1.1. The only 
changes are listed below: 

i'. The Uj's are so that for each Ui there is some G [0,1] with Ui : (D,dD) — > 
(M, L) x {rj} C (M, L) x [0, 1] and Ui is J r .-holomorphic. 

iii'. The incidence relations at point iii. take place inside L x [0, 1] with the flow of 
— VgH on L x [0, 1] taking the place of the flow — V p (/). 

We denote by V(x, y', A; J, H, G) the resulting moduli space after division by the reparametriza- 
tion group. By inspecting the construction and proofs in §3 it is easy to see that all the 
arguments carry over when replacing the moduli spaces M. (A, J) with moduli spaces 
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Ai(A, J) which are made of disks that are J r -holomorphic, r G [0,1] (and in the class 
A G A) and, for each such disk, the relevant evaluation maps take values in L x {r}. The 
key reason for this is that Lemmas 3.2.2 and 3.2.3 still apply when J is replaced with a 
generic one parametric family of almost complex structures J and this implies that the 
analogue of Proposition 3.1.3 remains true in this setting (the same remains true in fact 
even if for higher parametric families) . 

The conclusion is that for a generic choice of J, H and G, if 8 = \x\ — \y'\ + p(X) then, 
for 8 < 1, the moduli space V(x, y', A) is a manifold of dimension 8, is compact if 8 = 
and is void if 8 < — 1. The compactification V(x, y', A) of V(x, y', A) can then be defined 
as in the last section and, by the same method as there, we see that when 8 = 1, we have: 

= ^{&P{x, y', A)) = # Z2 ( |J P(x, z, A') x V(z, y', A")) + 

zGCrit(f),A'+A"=A 

(61) +#z 2 ( |J V{x,z',\')xV{z',y',\")) 

z'eCrit(f'),A'+A"=A 

where in both unions we take into account the cases when A' or A" is null (in that case 
the relevant moduli spaces are just the usual moduli spaces of Morse trajectories). Of 
course, this identity also depends on a gluing argument in which J is no longer constant. 
However, this is a reasonably straightforward adaptation of the argument in §4 and so, 
for brevity, we will not make it explicit here. 
For x G Crit(f) we now put: 

f,F,G {x) = #z 2 (V(x, y', A; J, H, G))yt^ . 

y'eCrit(f'), A ; |x|-|y'|+/x(A)=0 

For generic choices of the data, formula (61) implies that cj) J ' H ^ G is a chain morphism. 

It is very easy to see that this chain morphism induces an isomorphism in homol- 
ogy. Indeed, both the pearl complex differential and the morphism clearly respect 
the degree filtration. Therefore, <j) induces a morphism between the spectral sequences 
E{4>) '■ E(J,f,p) — * (E'( J', /', p') associated to the two filtered complexes C + (L; J, /, p) 
and C + (L; J', /', p'). It is clear that the E° terms in these spectral sequences only involve 
moduli spaces of Morse trajectories so that E l ((ft) is already an isomorphism. But this 
means that i?*(0) is an isomorphism. 

The argument needed to prove that this isomorphism is canonical - while essentially 
standard - is more complicated. First, we need to notice that if / = /', J is the constant 
family J T = J, G is also the constant metric G T = p and H is a trivial homotopy in 
the sense that H(x,t) = f(x) + h(t) for some appropriate function h : [0, 1] — > K), then 
(j) J ' H ' G = id. This is easily seen because on one hand these constant choices of homotopies 
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are regular and, on the other hand, the only moduli spaces appearing in the definition 
of (j) J - H > G which are O-dimensional are the flow lines in L x [0, 1] which project to L on 
constant paths (equal to critical points of /). 

We now fix a second set of homotopies (H r , G', J) relating (/, p, J) and (/', p', J') 
in the same way as above and we intend to show that the two morphisms ifi J ' H ' G and 
<p J < H '' G ' are chain homotopic. The construction of this chain homotopy is perfectly similar 
to the construction of the chain morphism (p J > H < G . We start with a Morse homotopy 
F : L X [0, 1] X [0, 1] — > M. relating H to H' so that F(x, t, 0) = H(x, t) + k, F(x, t, 1) = 
H'(x,t) + k' (with k and k! appropriate constants) , F(x, 0,r) and F(x, l,r) are trivial 
homotopies (of / and of /', respectively). The critical points of F verify Crit k (F) = 
Crit k _ 2 (f) x {0, 0} U Crit k _i(f) x {1, 0} U Crit k _i(g) x {0, 1} U Crit k (g) x {1, 1} (see [25] 
for the construction of such an F). We also consider homotopies J t T between J and J 
as well as G between G and G' . We now define pearl type moduli spaces in the same way 
as just above except that points i' and in' are replaced by: 



i". The Wj's are so that for each Ui there is some (t;,Tj) G [0,1] x [0,1] with Ui : 
(D, 3D) -> (M, L) x {(t h r 4 )} c (M, L) x [0, 1] x [0, 1] and m is J tiiTi -holomorphic. 
iii". The incidence relations at point iii. take place inside L x [0, 1] x [0, 1] with the 
flow of —VqF on L x [0, 1] x [0, 1] taking the place of the flow — V p (/). 



It is easy to see that a generic choice of G and J suffice for the transversality required 
to give the resulting moduli spaces V(x, y'; J, F, G) a structure of manifold of dimension 
1^1 — \q\ + M'M — 1 where x G Crit k (F), y' G Crit q (F) and A is the total homotopy class in 
7r 2 (M, L) of the configuration. Let £ be the A + -module morphism obtained by counting the 
elements in the 0-dimensional such moduli spaces when x G Crit k (f) = Crit k+ 2(F)| Lx {( 0i0 )}. 
and y G Crit k+1 (f') = Crit k+1 (F)| Lx {(i,i)}- We want to remark that £ is precisely the 
wanted chain homotopy. 
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The verticals in this picture correspond to Lx the coordinate in the 
horizontal square; F is defined on the whole cube; trivial Morse ho- 
motopies are defined on the left and right vertical faces; the Morse 
homotopy H is defined on the back face and H' is defined on the front 
face. 

For this we need to analyze the boundary of the compactification of the 1- dimensional 
moduli spaces V(x, y'\ J, F, G) (clearly, we use here both Gromov compactness and an 
appropriate variant of the gluing results in §4) and we see that the only boundary elements 
which count are of four types. Indeed, in one- dimensional such moduli spaces side bubbling 
is not possible and, by applying the exact same method as that used in §5.1.1 to show 
d 2 = 0, we see that, for generic choices of data, the only remaining terms correspond to a 
pearl configuration breaking at some critical point of F. Thus there are four possibilities: 
a break in z G Crit(f) x {(0, 0)} - this corresponds to an element in V(x, z; J, f, p) followed 
by one counted in £; a break in z' G Crit(f') x {(1,0)}- this corresponds to an element in 
V(x, z'] J, H, G) followed by one associated to the trivial homotopy -F|lx{i}x[o,i]> a break 
in z" G Crit(f) x {(0,1)} - this corresponds to aan elelement associated to the trivial 
homotopy -F|lx{o}x[o,i] followed by an element in V(z",y'; J ,H',G'); finally, an element 
z'" G Crit(f') x {(1, 1)} which corresponds to an element counted in £ followed by an 
element of V(z'", y'\ J', p'). Puting all of this together we obtain: 



where both Ii, I 2 are induced by trivial homotopies. Given that trivial homotopies induce 
the identity at the level of the pearl complexes we obtain the claim. 



J,H,G 



+ 0' 



y,H',G' 



Remark 5.1.4. a. In the proof of the invariance we may avoid entirely the use of spectral 
sequences by proving - again by constructing an appropriate chain homotopy - that given 
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two homotopies H from / to /' and H' from /' to /" and assuming H" = Hj^H' is the 
concatenated homotopy from / to /", then <p H " is chain homotopic to <f) H ' o <fi H " . 

b. A useful feature of the pearl complex is the following. Let / be a Morse function 
on L with a single maximum, x n . Then any non-void moduli space Ai(x n ,x; A), \x n \ — 
\x\ + fi(X) < 2, is of dimension at least 1 when A ^ 0. This means that in each of the 
complexes C + (L; J,f), C(L; J, f) we have dx n = (similarly, it is easy to see that the 
minimum of /, if it is unique, can not be a boundary in this complex). This has the 
following interpretation: if L as before has the property that there exists a point p G L 
and some J so that no J-disk passes through p, then QH^L) ^ 0. Indeed, in this case, 
we may assume that p is the maximum x n of some function / and that C(L; f, J) is 
defined so that we know dx n = 0. If no J-disk goes through x n , then x n can not be a 
boundary. Using point v. of Theorem 2.1.1 this means in particular that if HF*(L) = 
(for example if L is displaceable by a Hamiltonian diffeomorphism) , then through each 
point in L passes a J-holomorphic disk. 

c. It is easy to see that Q + H*(L) can never vanish. Indeed, assume that / is a function 
with a single maximum m. In that case, as before, dm = in the (positive) pearl complex 
but m can never be a boundary in C + (L; f) (it obviously can be in C(L; /)). 

5.1.3. Augmentation. We now want to remark that there exists a chain morphism: 

e LJ :C + (L;f)^A+ 

where the differential in the target is trivial. Moreover, this morphism will be easily seen 
to commute with the comparison maps constructed above so that the induced map in 
homology is canonical and will be denoted by e^. The definition of e^j is simple: it is 
a A + -module map so that €lj(x) = for all x G Crit(f), |x| > and eij(z) = 1 for all 
z G Crit(f), \l\ = 0. The reason this definition produces a chain morphism is similar to 
the point b. in Remark 5.1.4. Indeed it is easy to see that for a minimum xq G Crit (f) if a 
moduli space V(x, Xq] A) is non-void and x ^ Xq,X ^ 0, then the dimension of this moduli 
space is at least 1. Given the form of our differential it follows that a minimum can only 
appear in the Morse part of the differential of a critical point. But, in that part minima 
always appear in pairs (because, for a critical point of index 1 the Morse differential is 
always an even sum of minima). This implies that is a chain map as claimed. To 
prove the invariance of e^j it is enough to notice that if <fi : C + (L; f) — > C + (L; f) is the 
morphism constructed in the last section, then we have e^ji o <fi = e^j. This happens 
because in a way similar as above we see that a "comparison" moduli space V(x, x' Q ; X) 
with x' G Crito(f') x G Crit(f) can be 0-dimensional and non-void only if x G Crito(f) 
and A = 0. 
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5.2. The quantum product. We construct here an operation 

* : C+(L; /, J) ® C+(L; /', J) - C+ +l _ n (L; f", J) 

where /' and /" are generic small deformations of the Morse function /. To simplify 
notation we will assume that the critical points of both /' and /" coincide with those of 
/. This morphism of chain complexes is defined by: 

(63) x * y = #z 2 (^(x, y, z; A, J))zt^ x \ 

where the moduli space V(x, y, z\ A, J) is described as: 
V(x,y,z;X,J) = {(h,l 2 ,h,u) : 

(h, k, h) e V{x, a u A x ; f, J) x V(y, a 3 , A 3 ; f, J) x V(a 2 , z, A 2 ; J) , 
u : (D, dD) -> (M, L) , 9 jM = 0, u(e 2ik7T / 3 ) = a k , ke {1, 2, 3} , 
Ai + A 2 + A 3 + [u] = A } . 

Here, of course, the spaces V(a, b, A; /, J) are pearl moduli spaces which join the points a 
and b in L. The sum above is taken only for those elements so that |x| + |t/|+/z(A) — \z\— n = 

. Notice that we do allow in this description that u be the constant map. 

Proposition 5.2.1. For generic choices of data, the operation defined in equation (63) 
is well defined and a chain map. It induces in homology an associative product 

Q + H k (L) <g> QH^(L) - Q + H k+1 _ n (L) 

which is independent of the choices made in the construction. 

Proof. We start the proof by describing the moduli spaces involved in a more precise way. 
We will use the notation of §3. Fix three sequences of nonvanishing homology classes: 
A = (A u A 2 , ■ ■ ■ A h ), A' = (Ai, A' 2 , . . . A' k ,), A" = (A", A' 2 ', . . . Ay) together with another 
homology class U which can also be null. We now define: 

V(x, y, z, A, A', A", U; f, /', /", J) = {(u, u', u", v) e V(x, a u A) x 

1 ' xV(y,a 3 ,A') xV{a 2 ,z,A") x M(U, J) : a k = v(e 2mk '*), k= 1,2,3} 

It is clear that the moduli space V(x, y, z; A, J) is the union of the one given above when 
Y] Aj + Aj ■ + A" + U = A. As the notation for all these moduli spaces will rapidly 
become hard to manipulate we will sometimes denote by P(64) a moduli space as defined in 
equation (64). We will denote by the moduli space defined as in (64) but so that all 
the J-disks involved are simple and absolutely distinct. For an element (u, u', u", v) G 
we will call the disk v the core of the configuration. 

With these notation the first part of the proof is to show that: 
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Lemma 5.2.2. For a generic set of almost complex structures J we have 

P (64) = 

whenever 5' = \x\ + \y\ — \z\ + fi(A + A' + A" + U) — n < 1. 

If this is true it follows that V^i) is a manifold of dimension 5' when 5' = 0, 1 and is 
void when 5' < 0. Moreover, by Gromov compactness it also follows that for 5' = this 
space is compact so that the sum in (63) is well defined. 

Proof of Lemma 5.2.2. This is a straightforward adaptation of Proposition 3.1.3 and 
we will only indicate here the specific additional verifications that are needed in this case. 
Clearly, an analogue of Proposition 3.1.6 is also needed - obviously the relevant moduli 
space in this case is defined in the same way as in V(qa) except that precisely one of the 
edges (or flow lines of one of /, /' or /") is required to have length 0. The dimension of 
these moduli spaces is controlled by 5' — 1. To show them, Lemma 3.2.3 can be expanded 
in the sense that, in the statement, the roots of order 2 of unity, +/ — 1, may be replaced 
with the roots of order 3 of 1 - the reason for that is, of course, that any three points on 
the boundary of a pseudo-holomorphic disk may be carried by reparametrization to the 
roots of order 3. Compared with the proof of Lemma 3.2.3 the only additional remark is 
that the cyclic order of the three points z\, Z2, Z3 on the disk v! so that u'(zk) = u(e 2mk ) 
is the same as the cyclic order of the corresponding three roots of the unity on u. It 
is also needed to show that, generically, we may assume that the cores of the elements 
in our moduli spaces send the three roots of the unity to distinct points - this is again 
a simple exercise. This argument covers the reduction to simple disks in the proof of 
Proposition 3.1.3. To pursue with the reduction to absolutely distinct disks it turns 
out that it is convenient to work with moduli spaces more general that those defined in 
equation (64): they are again formed by (u,u' ,u" ,v) except that the pearls u, u', u" are 
more general in the sense that along each of their edges we may use any one of the negative 
gradient flows —V/, —V/', —V/". More precisely, for the definition of the (u, it', it") in 
the incidence relation iii. in Definition 5.1.1 anyone of these three flows may be allowed 
with the assumption that, at the core, the two "entry" flow lines correspond to different 
flows. To see why these more general moduli spaces are needed recall the principle behind 
the reduction to absolutely distinct disks in Case 2 in §3.3 (for n > 3). We assume that 
some disks are not absolutely distinct for some element of our moduli space and we show 
that, in this case, there exists a configuration of Maslov index lower by at least two and 
with the same ends. To obtain this new configuration recall from Lemma 3.2.2 that, if 
the disks are not absolutely distinct, then the image of one disk is included in that of 
some other and we replace the smaller disk with the bigger one. We then argue that this 
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configuration belongs to a moduli space of negative virtual dimension and strictly lower 
Maslov class than the initial one and, by induction, such a configuration can not exist 
which leads to a contradiction. Coming back to our moduli spaces V(ra) we see that if 
we assume that some disks in an element of this moduli space are not absolutely distinct, 
then the reduction described in Case 2 §3.3 leads to a configuration of lower Maslov 
class which does not necessarily lie in P(64) but is an element of the more general moduli 
spaces introduced above. With these more general moduli spaces the reduction to simple 
disks mentioned above still works without problems and, additionally, the combinatorial 
argument in Case 2 in the proof of Proposition 3.1.3 also adapts in an obvious way and 
this proves the statement when dim(L) = n > 3. In the case n < 2 it is important to 
note that the only Maslov indexes involved are still 2 and 4. This allows for the last part 
- valid for n < 2 - of the proof of Proposition 3.1.3 to adapt to this case. □ 
The second step of the proof of the proposition is to show by using the previous lemma 
that the operation * provides a chain map. To do this we need to consider the compacti- 
fication P(64) of our moduli spaces and we need to show the appropriate analogue of the 
Lemma 5.1.3. Here is the statement. 

Lemma 5.2.3. Forx,y,z £ Crit(f), 5' = 1 and a generic almost complex structure J, 
the space V(Q4)(x, y, z) = V(x, y, z, A, A', A", U\ f, f, f", J) is a compact, 1- dimensional 
manifold whose boundary verifies: 

(65) dV (M)( x ' V' z ) = U x >V(x, x ') x 0', V, z) U 

U U y ,V(y, y') x V m (x, y', z) U U*/P (64 ) (a;, y, z') x P(z', z)UTZun'U K" 

Where TZ assembles the terms £ = (u,u',u",v) so that one edge in one ofu,u',u" is of 
length 0; TV assembles the terms in which one of the disks in one of the classes A4, A'p A'l 
splits in two (each piece being a non-constant disk carrying two incidence points); 1Z" 
assembles the terms in which the core splits in two ( with possibly one of the pieces being 
a stable ghost disk and each piece carrying two incidence points). The unions in the first 
three terms are taken over all possible splittings such as to respect the homology classes 
A, A', A", U (these classes have been omitted in the notation). 

The proof of this lemma is very similar to that of Lemma 5.1.3 so that we will omit 
the details besides indicating the points where some differences occur. Of course, the 
condition Nl > 2 is crucial in insuring that if bubbling off of some disk occurs each piece 
will carry at least two incidence points. The main difference concerns the set TZ" . This 
set consists of configurations associated to the bubbling off of the core. It is important 
to notice that as the core carries three marked points (which geometrically correspond to 
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the three attachment points a,i,i = 1,2,3) the bubbling off of a "ghost" disk has to be 
allowed as long as this disk is stable. 

Given this result we proceed to show that * induces a chain map. For this it is enough 
to show that the number of elements in dV(x, y, z; A) is the same as the sum 5 of the 
number of elements in the first three terms in (65) when A, A', A", U vary such that 



Indeed, this implies that 5 = which gives precisely the algebraic identity equivalent to * 
being a chain map. Thus the proof is reduced to showing that each element coming from 
the terms TZ, TZ', TZ" appears twice when A, A', A", U vary as above. To check this, again, 
the only case which is different from the proof of Proposition 5.1.2 concerns the terms of 
type TZ". But it is easy to see that the condition Nl > 2 insures that each element of 
type TZ" can also be viewed as an element in a set of type TZ obtained in a configuration 
with a trivial core when one of the flow lines attached to the core is of length zero. For 
this argument it is useful to notice that, generically, the elements of type TZ" have the 
property that if a ghost disk has bubbled off in the core then this ghost disk carries at 
most two of the marked points. 

Therefore, * is a chain map and thus induces an operation in homology. By using the 
same techniques as above combined with the invariance proof from §5.1.2 we obtain that 
at the homology level this product is independent of the choices made in its definition. 

Lemma 5.2.4. There exists a canonical element wl £ Q + H n (L) (resp. QH n (L)) which 
is a unit with respect to the quantum cap product, i.e. wl* a = a for every a £ Q + H(L) 
(resp. a £ QH(L) ). 

Proof. It is easy to see that we may take /" = /' in the definition of the product as 
before. Assume now that / has a single maximum, x n , and take generic J so that the 
pearl complexes are defined. By Remark 5.1.4, x n is always a cycle and we will denote its 
homology class by wl- Under these assumptions it is easy to see that, at the chain level, 
we have x n * y = y for all critical points y £ Crit(f') . This means that wl is the unit for 
our product *. 

By standard (essentially Morse-theoretic) arguments it follows that wl is indeed canon- 
ical in the sense that when we change our Morse function the identification morphism </> 
(described in §5.1.2) preserves that homology class. □ 

Remark 5.2.5. a. In view of the proof of Lemma 5.2.4 we will sometimes denote wl by 
abuse of notation also as [L] . 
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b. Let / be a Morse function with a single maximum x n . Since wl = [x n ] is the 
unit it follows that QH^(L) = iff X IS 3i boundary in C(L; f, J). Indeed, suppose that 
x n = d{rj) and let a be a cycle. Then we have a = x n * a = (drj) * a = d(r) * a) (see also 
Remark 2.2.6 for the same statement in the context of the minimal models). 

c. It is useful to note that the product described above is not commutative (even in 
the graded sense) in general. See Proposition 6.2.3 in §6.2.1 for a concrete example. 

The only point left to conclude the proof of Proposition 5.2.1 is that, in homology, this 
product is associative. 

Lemma 5.2.6. The product 

* : Q + H k (L) g> Q + H t (L) Q + H, l+k „ n (L) 

is associative. 

Proof of Lemma 5.2.6. To prove this result some new moduli spaces need to be used. 
We remark that the pearl moduli spaces V(x, y, A) may be viewed as modeled over linear 
trees (with oriented edges). Similarly, the moduli spaces V(x,y, z; A) used to define the 
product are modeled over trees with two entries and one exit (and hence with a single 
vertex of valence three). 

The moduli spaces needed to prove the associativity are modeled over more general 
trees and we describe them rigorously now. 

We consider trees T with oriented edges embedded in M x [0, 1] C K 2 with three entries 
lying on the line Rx {1} and one exit on the line Kx {0} and so that the edges strictly 
decrease the ^/-coordinate. The vertices of the tree - except for the entries and the exit 
- are labeled by elements of H 2 (M, L; Z) and the label of each such vertex will be called 
its class. The entries are labeled in order by the three critical points x, y, z and the exit 
is labeled by w. Each edge is labeled by an element of the set {1,2,3}. Clearly, such 
a tree T has either two vertices of valence three or one vertex of valence four and each 
internal vertex has a single exit. Fixing x, y, z,w e Crit(f) and such a tree T we denote 
the associated moduli space by Vr(x, y, z, w) (the rule here is that the last critical point 
is the exit; this is coherent with previous notation). An element of this moduli space 
consists of a family of J-holomorphic disks one for each vertex of the tree, in the class 
of that vertex, together with a family of strictly positive real numbers, one for each edge 
in the tree, so that for each edge we have an incidence relation like the one in Definition 
5.1.1 iii. This relates the vertices joined by the respective edge but instead of the flow 
7 one might use any one of the negative gradient flows 71 = 7, 72 induced by — V/' or 
73 induced by — V/" so that the flow 7$ is used precisely when the label of the edge is 
i. The incidence points are as follows: for the vertices of valence two they are the points 
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— 1, +1 so that the entry corresponds to —1 and the exit to +1; for the vertices of valence 
three they are, in cyclic order, the roots of unity of order 3 so that e 2i7r / 3 corresponds to 
the the entry at the left, e it7T ^ 3 corresponds to the exit, 1 corresponds to the entry on the 
right; the incidence points Zi, z^, £3, £4 on a disk of valence four are - in order - so that 
Zi, z 2 , z± are the roots of unity of order 3, (z± — e 2 " 1 "/ 3 ), z% is a point strictly in between z 2 
and Z4 and z±, 23, 24 are, from left to right, the entries and z 2 is the exit. All the J-disks 
are stable in the sense that if a disk is trivial then it carries at least three incidence (or 
marked) points and, moreover, the labeling of the edges arriving at any vertex are pairwise 
distinct. Finally, a last condition is necessary in defining Vr{x,y, z,w): 

the labeling of the edges arriving at each vertex respects 
the planar order; the label of the exiting edge equals the 

(66 J 

smallest of the labels of the arriving edges; the edge starting in x has label 1, 
the edge starting in y has label 2 and the edge starting in z has label 3. 

This last condition implies that the labeling of the edges of a tree T is completely 
determined by its topological type. It will be useful in the arguments below to also 
consider moduli spaces defined exactly as above but without imposing condition (66). 
These more general moduli spaces will be denoted by Qr(x, y, z, w). 

Remark 5.2.7. Notice that these more general moduli spaces have already appeared - in 
the case of just two entries - in the proof of Lemma 5.2.2. Clearly, the definition described 
above easily extends to trees with more entries. 

The way to proceed from this point is clear: we first define moduli spaces V^ d (x, y, z, w) 
which are as above except that all the J-disks involved are simple and absolutely distinct. 
Similarly we define moduli spaces Q^ d (x, y, z, w). By arguments similar to those in §3 and 
in the proof of Lemma 5.2.2 it is not difficult to see that for n > 3 and a generic choice 
of almost complex structure J 

Qr(x, y, z, w) = G^ d (x, y, z, w) 

whenever 5" = \x\ + \y\ + \z\ +/i(T) — \w\ — 2n + 1 < 1 where fi(T) is the sum of the Maslov 
classes of all the labels of the internal vertices in T. Moreover, Q^ d (x, y, z, w) is a manifold 
of dimension 5". The same combinatorial arguments as in the proof of Proposition 3.1.3 
case n < 2 are sufficient to also show the same statement for n = 2 when Nl > 3. For 
n = 2 and Nl = 2 a more involved argument is needed because we need to consider the 
case of /x(T) = 6. In all cases, we deduce that for a generic J and 5" < 1 

(67) Vr(x,y,z,w) = V% d (x,y, z,w) 

and this moduli space is a manifold of dimension 5". 
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It is then needed to consider the compactifications Vr(x, y, z, w) and establish a bound- 
ary formula as in Lemma 5.2.3. We will not state this formula explicitly as it is very similar 
to the ones before but we will describe the boundary terms. They are defined as the usual 
elements in Vr{x,y, z,w) except for precisely one modification which fits into one of the 
following categories: 

%r- One of the edges in T corresponds to a flow line of length. 

iif. One of the disks corresponding to a vertex in T is replaced by a cusp curve with 
two components (due to bubbling off); the bubbling off of a ghost disk is possible 
if the vertex in question is of valence at least 3. Each of the pieces appearing in a 
cusp curve carries at least two incidence points, 
my. One of the edges in T corresponds to a flow line which is broken once. 

Notice that, in this description, the coincidence of two marked points (which clearly 
may occur on a vertex of valence four) corresponds to the bubbling off of a ghost disk 
and, clearly, the reason why each component in a cusp curve as in iiq- carries at least two 
incidence points is that Ni > 2 and 5" < 1. 

The purpose of this construction is, of course, to define a chain homotopy: 

£ : C + (L; f, J) ® C + (L; /', J) ® C+(L; f , J) - C + (L; f, J) 
so that £ : ((— * — ) * — ) ~ (— * (— * — )). The definition of £ is clear: 

£{x®y®z) = #z 2 {V T {x,y,z,w))we x 

A, \T\=X, w 

where the sum is over all those terms so that 5" = \x\ + \y\ + \z\ — \w\ + 1 — 2n + /x(A) = 
and the sum of all the labels of the internal vertices of T is denoted by |T|. We now use 
the description of the boundary of Vt(%, y, z, w) given above to justify 

(68) (d£ + £d) (x ® y <g> z) = (x * y) * z — x * (y * z) . 

We let 

V(x,y,z,w; A) 

be the (disjoint) union of all the spaces Vt(x, y, z, w) where T runs over all the topological 
types of trees so that \T\ = A . To prove (68) we start by noticing that the coefficients 
of wt^^ in this equation are in bijection with the union of the terms m-r- Indeed, the 
terms on the left in (68) correspond to those elements in which the break in the flow 
line disconnects the tree so that one of the remaining pieces is a linear tree (in the sense 
that it does not contain any vertex of valence three or more) and the terms on the right 
correspond precisely to those elements in which the tree is broken in two parts none of 
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which is linear. Thus, to finish the proof it is enough to notice that the terms of type z'r 
and %%r all cancel out when T varies. 

For this we look at a configuration of type %r and remark that if one of the edges of T 
becomes of zero length, then, generically, this configuration also appears as a configuration 
of type iir> corresponding to a tree T so that in T is obtained from T by replacing the 
edge in question together with the two bounding vertices by a single vertex. The fact 
that the labeling of the edges of each topological type of tree is unique is essential here 
as it implies that this tree T is unique. Therefore, all elements of type ir and iir cancel 
and this proves the lemma and concludes the proof of the proposition. 

□ 

5.3. The quantum module structure. In this section we define an operation 

* : Q + H k (M) ® Q + H S (L) -> Q + H k+s „ 2n (L), a <g> x i — ► a * x, 

which will make Q + H*(L) an algebra over Q + H*(M). 

Let h : M — ► R, / : L IR be Morse functions and pm, Pl Riemannian metrics on M, 
L. From now on we will make the following assumptions on (/, pi) and (h, pm)'- 

Assumption 5.3.1. Each of the pairs (/, pi) and (h, p M ) is Morse-Smale and h has a 
single maximum. Furthermore: 

(1) For every a G Crit(/i) the unstable submanifold W% is transverse to L. 

(2) For every a G Crit(/i), x,y <E Crit(/), is transverse to W£ and W*. 

5.3.1. The external operation. We will describe here the relevant moduli spaces very ex- 
plicitly and without using the "tree" model which has been used at the end of the previous 
section. 

Let J G J7"(M, uj) and A G H 2 (M, L\ Z). Define the following evaluation maps: 

ev_!,i : M(A, J) -> L x L, eu_i j0 ,i :M(i,J)^LxM xL, 
ew.^^n) = (n(-l), u(l)), eu_i |0 ,i(u) = «(0), «(1)). 

Let A = (Ai, . . . , Ai) be a vector of non-zero classes in H 2 (M, L\HA. Put 
A* (A, J) = M(A U J) x • • • x J), 

eu : M(A, J) L x2L , ev(u h . . . ,u t ) = (ev-i tl (ui), . . . , ev-i A (ui)). 
Given x, y G Crit(/) recall from previous sections the notation for the pearl moduli-spaces: 

M(x, y; A, J) = ev-\W: x Qf p f x Wfr V(x, y- A, J) = A^(a;, y; A, J)/G, 
where G = G_i ; i x • ■ ■ x G-i t i (see figure 1). 
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Now, given 1 < k < I define the evaluation map: 
ev (k) : M(A, J) -> L x(2fc ~^ x M x L^ 2l ~ 2k+1 \ 

ev( k )(ui, ...,ui) = (ef_i,i(ui), . . . , eu_i ) i(w fc _i) ) eu_i j o,i(itfc), eu_i j i(w fc+ i) ) . . . , eu_i,i(itj)). 
Given x,y G Crit(/) and a G Crit(/i) put 

(69) 7Ma,x,|,; (A, fc), J) = x Q*^ x W u a x Q*^ x W;)/G k , 

i 

(70) P 7 (a, x, y; A, J) = (J ^(a, x, (A, fc), J), 

fc=i 

where G& is taken here to be (G_i i i) xfc with the fc'th factor replaced by the trivial group. 
See figure 7. For each element u G Vi(a, x, y\ (A, k), J) we will call the disk u k the center 
of u. 




Figure 7. An element of Vi(a, x, y\ (A, k), J) 

Denote by <E> 4 : L — > L, £ G R, the negative gradient flow of (f,pi) (i-e. the flow of the 
vector field — grad pi /). Consider the (non-proper) embedding 

(L \ Crit(/)) x ]R >0 x ]R >0 < — ► L x L x L, (x, t, s) i— > (x, $ t (x), $ t+s (x)). 

Denote the image of this embedding by Qj PL G L x L x L. We will also need the subset 
Qf, PL C L x L defined by (5) in §3.1. 

Let A = (Ai, . . . ,Ai) be a vector of non-zero classes, < k < I, x, y G Crit(/) and 
a G Crit(/i). Define the following space (see figure 8): 

P P (a,x,y; (A, k), J) = 

{{u,p) G V(x,y; A, J) x (W a u nL) | (« fc (l),p,u fc+1 (-l)) G Q^J if < k < I, 

{(u,p)eV(x,y;A,J) x (f;n^) | (p,u 1 (-l)) G if k = 0, 

{(u,p) G 7>(x,y; A, J) x (W? n W*) | (^(l),p) G if fc = I 

i 

Pp(a,x,y;A,J) = [jP r (a,x,y; (A, k), J). 

k=0 
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X 




Figure 8. An element of Vp(a, x, y; (A, k), J) 

Remark 5.3.2. It is clear that we could as well define the space Vp{ ) as a subspace of 

Vi( ) consisting of those configurations so that their center is the constant disk. 

Proposition 5.3.3. Let (/, pi), (h, pm) be as above. There exists a second category 
subset jTrcg C J{M,uj) with the following properties. For every J £ J rC g, A as above, and 
every x, y £ Crit(/), a £ Crit(/i) with \a\ + \x\ — \y\ + /x(A) — 2n = each of the spaces 
Vi(a, x, y; A, J), Vp(a, x, y; A, J) is a compact O-dimensional manifold, hence a finite set. 
Furthermore, each element of these spaces consists of simple and absolutely distinct disks. 

The proof is given in Section 5.3.5 below. 
In case \a\ + \x\ — \y\ + /i(A) — 2n = put: 

n/(a, x, y; A, J) = # Z2 P 7 (a, x, y; A, J), n P (a,x,y;A, J) = # Za 7V(a, x, y; A, J), 
n(a, x, y; A, J) = n 7 (a, x, y; A, J) + n//(a, x, y; A, J). 

Finally, in case \a\ + |x| - \y\ - 2n = put n(a, x, y) = #22(^0 H fl W°). 

Denote by (C*(/i), the Morse complex of (M; /i, pa/) and by (C+, 0^) the pearl com- 
plex associated to (L; /, pl, J). Define an operation: 

(71) * : C k (h) ® C+ ^ C+ +k _ 2nJ 
by the formula 

(72) a * x = n ( a > x > y)y + n ( a > X; y] A; J )y tKA) > 

y y,A 

where the first sum is taken over all y £ Crit(/) with \a\ + |x| — |y| — 2n = and the 
second sum over all y, A with \a\ + \x\ — |y| + /x(A) — 2n = 0. Note that the first sum 
is the Morse theoretic interpretation of the classical cap product operation of H*(M) on 
H*(L). 

Proposition 5.3.4. The homomorphism (71) is a chain map, namely 

d^(a * x) = d h (a) * x + a * d^(x). 
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In particular it induces a well defined operation: 

* : Q + H k (M) ® Q + H S (L) -> Q + H k+s _ 2n (L). 
The proof of Proposition 5.3.4 will occupy Sections 5.3.2 - 5.3.11 below. 

5.3.2. Moduli spaces related to the external operation. In order to prove Proposition 5.3.4 
we will need to introduce several types of moduli spaces. 

Type II. Let A be a vector of non-zero classes and 1 < k < I. Define the following spaces 
(see figure 9): 

V Ih (a,x,y;(A,k),J) = {u G V(x, y; A, J) | u k (-l) G W?}, 

V Il2 {a,x,y;{A,k),J) = {u G V(x, y; A, J) | u k (l) eC}, 

i i 
Vi h (a,x,y;A,J) = (J Vi h (a, x, y; (A, k),J), P Ih (a,x,y;A, J) = [JVi h (a,x,y; (A, k), J). 

k=l k=l 






Figure 9. Elements of the spaces Vmifli x i V\ (A, /c), J), Vn 2 (a,x,y; (A,k),J). 

Type III. Let B' = (B[, . . . , B' v ), B" = (B'{, . . . , B"„) be two vectors of non-zero classes in 
H 2 {M, L; Z). Let 1 < k' < V and 1 < fc" < I". Put A = (B', B") = (B[, . . . , B[„ B'{, B'{„ 
Define 



P JJJl (a J x,j/;(B / J A/),B ,, J J) 



(73) 



x g^'- 1 ) x W: x Q*^" x diag(L) x Q*^> x W#/G mi 



,x(r-fe') 



x C"-i) v W«> 



(fc 



P IIh (a,x,y;B',(B",k"),J) 



ev, 



x g^;- 1 ) x diag(L) x g;^;- ij x w u a x g 



X 



W y ')/G 



I//2- 
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Here Gm x (respectively Gin 2 ) is the group G_\ 1 with the k th (respectively (/' + 
fc")'th) component replaced by the trivial group. Finally put 

v 

Vn h (a,x,y;B',B",J) = \J Vnh(a, x, y, (B', k'), B", J), 

fc'=i 
i" 

P m2 (a,x,y;B',B",J)= |J P/// 2 (a, x, y\ B', (B", fc"), J). 

k"=i 

See figure 10. 




Figure 10. Elements of the spaces Vm^a, x, y; (B', k'), B", J), 
V nh {a,x,y;B',(B",k"),J). 



Type III'. Let B' = (B[, . . . , B' [f ), B" = (£>", . . . , B'/,,) be two vectors of non-zero classes. 
Given x,y G Crit(/) put 

P(x,y;B',B", J) = etT 1 ^ x x diag(L) x x ^ S )/G, 

where eu : A^((B', B"), J) — > £ x ( 2/ '+ 2 H i§ the evaluation map from Section 5.3.1 and 
G = G x ( /,+r ) 

Let < k' < I'. Define the following space: 

V in[ (a,x,y- (B',k'),B",J) = 

{(u») G V(x, y; B', B", J) x (W?nL) | K,(l),p, G Q' /)P J if fc' > 0, 

{ (u', u", p) G "P(x, y; B', B", J) x (W™fl^) | (p, Ui(-l)) G if A:' = 0. 
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Let < k" < I". Define: 
V in ,(a,x,y;B',(B",k"),J) = 

{(u',u» E V(x, y; B', B", J) x n L) \ «„(l),p, u' k „ +1 ) E Q' f>PL } if k" < I", 
{(u', u",p) e V(x, y; B', B", J) x (W? n W°) \ (u,»(l),p) e Q f , PL } if k" = I". 

Finally put: 

I'-i 

V IIl!L (a,x,y;B',B",J) = \J V IH[ (a, x, y; (B', k'), B", J), 

fc'=0 

z" 

P m ,(a,x,y;B',B",J) = |J Vm^a, x, y; B', (B", fc"), J). 

fe"=i 

See figure 11. 




Figure 11. Elements of the spaces P ffl ;(a, x, y; (B', k'), B", J), 
P m ,(a,x,2/;B', (B", *"), J). 

Proposition 5.3.5. There exists a second category subset J~ TCg C J{M,lS) such that for 
every J <G J rcg the following holds: 

(1) For every a, x, y and every vector A of non-zero classes with \a\ + \x\ — \y\+n(A) — 
2n = 1 each of the spaces Vii t {a, x, y; A, J), i — 1, 2, is a compact 0- dimensional 
manifold, hence a finite set. Moreover, every . . . ,u{) in this space consists of 
simple and absolutely distinct disks. 

(2) For every a,x,y and every two vectors B' , B" of non-zero classes with \a\ + 
\ x \ ~ \y\ + M^') + MB") — 2n = 1 each of the spaces Vm^a, x, y; B', B", J), 
T J iir.{0'i x, y \ B', B", J), i = 1,2, is a compact ^-dimensional manifold, hence a fi- 
nite set. Moreover, every (u[, . . . , u' v , u", . . . , u",,) in this space consists of simple 
and absolutely distinct disks. 
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We put 

n n .(a,x,y; A, J) = # Z2 "P 7/i (a, x, y; A, J), 

n in .(a, x, y; B', B", J) = #z 2 7 ? m I (a, I/; B', B", J), 

n 777i (a, x, y; B', B", J) = #z 2 V in fa, x, y; B', B", J), 

whenever |a| + |x| — \y\ + /i(A) — 2n = 1 or |a| + |x| — |y| + p(B') + p(B") — 2n = 1. 



5.3.3. Identities. Given a, a' G Crit(/i) with |a'| = |a|-l, set n(a,a') = #z 2 (^" nM ^a')/ R > 
i.e. the number modulo 2 of (negative gradient) trajectories of h going from a to a'. 
Similarly for x, x' G Crit(J) we have n(x,x'). In order to simplify the notation we will 
omit the J's from n/(a, x, y; A, J)'s and from the nj/s, rim's etc. Given two vectors of 
non-zero classes B' = (B[, B' v ), B" = (B'{, B",,) write 

B>4l~D" — ( T3 1 R' R' _l r" R" R" 

Proposition 5.3.6. Lei (/, pl), (h, pm) be as above. There exists a second category subset 
jTrcg C i7(M, cj) snc/i £/ia£ /or every J G J7~ re g, every x, y G Crit(/), a G Crit(/i) and A 
wif/i |a] + |x| — \y\ + p(A) — 2n = 1 the following two identities hold: 

^2 n(x,x')m(a,a?,y;A) + n/(a, x, y'; A)n(y', y) + 

\x'\=\x\-l \y'\ = \y\+l 

n(a, a!)ni(a', x, y; A) + n(x, x'; A')rii(a, x', y; A") + 



(74) 



|a'|=|a|-l (A',A")=A 

\x'\=\x\+/j,(A')-1 

^2 m(a, x, y'; A')n(y', y; A") + n Ih (a, x, y; A) + n Ih (a, x, y; A) + 

(A',A")=A 
|y'| = |yi- M (A")+l 

^2 ( nin i ( a ' x > f ; B '> B ") + niii z ( a ' x ' ^ B '' B ")) + 

(B',B")=A 
C'#C"=A 



(75) 
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^2 n ( x i x ') n r («» x '> Vi A ) + ^2 nv x ' y/; A ) ra (^' y) + 

|i'|=|x|— i |y'l = |y|+i 

n(a, a')np(a', x, y; A) + n(x, x'; A')n//(a, a/, ?/; A") + 

|o'|=|o|-l (A',A")=A 

|x'| = |x|+^(A')-l 

n r (a,x,y';A')n{y',y;A") + n Ih (a, x, y; A) + n Il2 (a, x, y; A)+ 



(A',A")=A 
|y'|=M-M(A")+l 



J] (n m / (a, x, y; B', B") + n m / (a, x, y; B', B")) + 

(B',B")=A 

^2 ( nin i ( a ' x ' ^ c '' c ") + nin 2 ( a ' x ' ^ c '' c ")) = °- 

C'#C"=A 

Proof of Proposition 5.3.4- Let a G Crit(/i), x G Crit(/). As we work with Z, 2 -coefficients 
we have to show that d*{a * x) + d h (a) * x + a * d*(x) = 0. Write 

d f (a * x) + d h (a) * x + a * d f (x) = V] my^yt^ , 6 Z 2 . 

/i(A)=|a| + |a;| — 2n— 1 

Fix A with |y| — ju(A) = |a| + |x| — 2n — 1. We will show below that the coefficient m Vt \ 
of yt^) in this sum is 0. Note that for A = this follows from standard arguments from 
Morse theory (see e.g. [58]). Therefore we assume from now on that A ^ 0. 

Take the sum of identities (74) and (75), then sum up the result over all possible vectors 
A = (A%, . . . , Ai) (of all possible lengths I) with ^ Ai = \. 

First note that the summands nu 1 (a, x, y; A) + nn 2 (a, x, y; A) being present in both 
identities (74) and (75) cancel out. Next, note that when summing over all possible 
A's the summands of the type nm^a, x, y; B', B") and n ini (a, x, y; C, C") are in 1 — 1 
correspondence: whenever the first one appears for (B', B") = A the second one appears 
when summing over A = B'^B" and vice versa. The same holds for the summands of 
the type njn 2 , n in i, n in ». Thus after summing over all A's these summands cancel out 
and we obtain: 

S ( 2 n(x,x')n(a,x',y;A) + ^ n (°' x -> v'\ A M2/'> V) + 

A,E^,=A \x'\=\x\-l \y'\ = \y\+i 

n(a, a')n(a', x, y\ A) + ^2 n(x, x'; A')n(a, x', y\ A") + 

(76) |o'l=|a|-l (A',A")=A 

\x r \=\x\+(i(A>)-l 



^2 n ( a > X; y '> A ') n (y'' y> A ") ) = 



(A',A")=A 
|2/'|=|y|- M (A")+l 
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Note that the right-hand side of identity (76) is exactly the coefficient m y ^\ of the term 

d?(a * x) + d h (a) * x + a * d^(x). 

□ 

5.3.4. Proof of Proposition 5.3.6. We will give two different proofs for identity (74). 
The first proof is based on a natural compactification of the 1-dimensional manifolds 
Vi(a, x, y\ A, J) when \a\ + \x\ — \y\ + /Lt(A) — In = 1. This approach is quite straight- 
forward but has the drawback that it proves identity (74) only under the assumption 
that Nl > 3. The reason for this restriction comes from transversality issues. (As for 
identity (75), this proof works well for every Nl > 2). In Sections 5.3.6 - 5.3.11 we will 
give an alternative proof for identity (74) that works for every Nl > 2. This approach is 
based on Hamiltonian perturbations. Although the second proof is more general we found 
it worth presenting the first proof too since it is more geometric and is closer in spirit to 
the theory of J-holomorphic disks. 

We start with the first proof. An important ingredient in this proof is the next propo- 
sition. 

Proposition 5.3.7. There exists a second category subset J~ TCg C JiM^io) such that for 
every J G J tBg , a G Crit(/i) ; x, y G Crit(/) and every vector A of non-zero classes with 
\a\ + \x\ — \y\ + /Lt(A) — 2n = 1 the following holds: 

(1) If Nl > 3 then the space Vi(a, x, y; J, A) is a smooth 1-dimensional manifold. 
Moreover every (ui, . . . ,U[) in this space consists of simple and absolutely distinct 
disks. 

(2) If Nl > 2 then the space Vi>(a, x, y; J, A) is a smooth 1-dimensional manifold. 
Moreover every (ui, . . . ,ui) in this space consists of simple and absolutely distinct 
disks. 

We defer the proof of this proposition to Section 5.3.5. Note that statement (1) of 
Proposition 5.3.7 assumes N L > 3. 

Proof of Proposition 5.3.6. We start with identity (74). For brevity we omit the J from 
the notation of the moduli spaces Vi etc. 

By Proposition 5.3.7 the space Vi(a,x,y; A) is a 1-dimensional manifold. We claim 
that it admits a compactification, in the Gromov topology, into a compact 1-dimensional 
manifold with boundary Vi(a, x, y; A) whose boundary points consists of the following 
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disjoint union: 



&Pi(a, x, y; A) = V I (a, x, y; A) \ V^a, x, y; A) = 

( |J V(x',y)xV I (a,x',y;A)) ]J ( \J V I (a,x,y';A)xV(y',y))]J 



(77) 



|x'|=|x|— 1 |y'l=|y|+i 



( |J ?(a,a')xP/(a>,l/;A))[] 

|a'|=|a|-l 

( |J P(x,a/;A')xP I ( k a,x',y;A") S j]l 

(A',A")=A 
\x'\=\x\+n(A')-l 



(A',A")=A 
|2/| = M-M(A")+1 



Pr/i (a, s, J/; A) H 7>u a (a, x, y; A) ]J 

|J (p mi (a,x,y;B',B") ]J Vni 2 (a, x, y; B', B")) ]J 

(B',B")=A 

U (^(a^^iCC'OlIPm^a.x^iCC")). 



C'#C"=A 



Note that this immediately proves identity (74) since the number of points in dVi(a, x, y\ A) 
is on the one hand exactly the left-hand side of the identity (74) while on the other hand 
the number of boundary points of a compact 1-dimensional manifold is always even. 

We turn to proving (77). We claim that the boundary dVi(a,x,y; A) is included in 
the union that appears in (77). To see this let u^ n ^ = (ui , . . . , u\ ; ) be a sequence of 
elements in Vi(a,x,y;A). By compactness there exists a subsequence, still denoted by 
u( n ) that converges in the Gromov topology. Assume by contradiction that the limit of 
this subsequence is not an element of the spaces in the right-hand side of (77). With- 
out loss of generality we may assume that the whole sequence u^ n ^ lies in the space 
Vi(a, x, y; (A, k), J) for the same 1 < k < I. (See (69) for the definition of this space). As 
u^) does not converge to an element of the right-hand side of (77) one of the following 
occurs for the limit of u^: 

(1) More than one breaking occurs at the gradient trajectories involved in the defini- 
tion of Vi(a, x, y; A). 

(2) More than two gradient trajectories connecting two consecutive disks in u^ n ^ shrink 
to a point. 

(3) Bubbling of a J-holomorphic sphere occurs at a point on one of the disks in u^ n \ 
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(4) Bubbling of a holomorphic disk occurs at a point p ^ —1,1 on the boundary of 
one of the disks Uj. See figures 12, 13. 

(5) Bubbling of a holomorphic disk occurs at a point p = — 1 or p = 1 but the marked 
point p corresponds in the limit to the attaching point of the two bubble disks. 

(6) converges in the Gromov topology to a configuration of disks with at least 
two disks bubbling. 

(7) A combination of the above. 

Possibilities (1),(2),(3) and (6) can be ruled out by a dimension count. Indeed, using the 
techniques of section 3 (See also Section 5.3.5 below) it follows that for generic J each 
of the configurations in (1),(2),(3) and (6) must have negative dimension, hence cannot 
occur. We turn to possibility (4). Assume first that j ^ k, i.e. the bubbling occurs in one 
of the disks that is not connected to the gradient trajectory going from a G Crit(/i) (See 
figure 12.) It follows that one of the components of the limit is an element of Vi(a, x, y; A') 
for some A' with /i(A') < /i(A) — Nl- Again, the techniques of section 3 and a dimension 
computation show that this configuration has negative dimension, hence impossible for 
generic J. Finally, assume that j = k. Recall that u ( ^\o) G for every n. Note 
that the points —1,0,1 G D lie on the same hyperbolic geodesic. Since the conformal 
structure of the disks is preserved when passing to limits in the Gromov topology, the 
marked points —1,0, 1 on must converge to the same bubble disk. (Thus the right- 
hand side of figure 13 is impossible.) It follows that one of the components of the limit of 
ir n ) is an element of Vi(a,x,y; A') for some A' with /i(A') < //(A) — Nl and we arrive 
at contradiction as before (See the left-hand side of picture 13.) This rules out possibility 
(4). Possibility (5) is ruled out in a similar way. Finally, possibility (6) is ruled out by a 
combination of the above arguments. 




Figure 12. Limit u°° of u (n) in possibility (4) with j ^ k. 
Finally we have to prove the following statement: 
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Figure 13. Possibility (4) for j = k. 

5.3.8. Every point in the spaces from the right-hand side of (77) is indeed a limit of a 
sequence of elements from Vi(a, x, y; A). Moreover every such element corresponds to 
exactly one end of the 1-dimensional manifold Vi(a, x, y; A). 

We start with the spaces appearing in the first 6 lines of the union on the right-hand 
side of (77). In each of these 6 cases, Statement 5.3.8 follows from general transversality 
arguments and gluing theorems in the framework of Morse theory. (In each of these 
cases one has to add boundary components to the submanifold Qf, PL to include either a 
breaking of a gradient trajectory or to add parts of diag(L \ Crit)(/) to Qf tPL and then 
make the suitable evaluation maps transverse to this enlarged manifold with boundary). 

Finally, it remains to prove Statement 5.3.8 for elements from Vm^a, x, y; C, C"), i = 
1, 2, where C'#C" = A. This follows from the gluing procedure described in Section 4.2.2 
(see Corollary 4.2.2 there). Note that we need here both the existence and uniqueness 
results of Corollary 4.2.2. 

We now turn to the proof of identity (75). The proof is very similar to the proof 
of the identity (74), but there are two slight changes. First of all, we are using now 
statement (2) of Proposition 5.3.7 which assumes only Ni > 2 and therefore the proof 
works well for every Nl > 2. The second change is when \a\ — In. In this case the spaces 
Vi'(a, x, y; (A, k)), for k = and k = I have additional boundary points. Indeed, we may 
have a sequence (u^ n \p n ) E Vp(a, x, y; (A, 0)) with p n — > x as n — > oo. Similarly we may 
have (u( n \p n ) e Vr{a,x,y] (A,/)) with p n — >• y as n — > oo. Therefore the boundary of 
Vr(a, x, y; A) contains the following additional points: 

(78) (V(x, y; A) x {x}) ]J (v(x, y; A) x {y}) . 

As before, standard transversality arguments show that all the points in (78) can indeed 
be realized as boundary points of Vi>(a, x, y; A) and that each of them corresponds to 
exactly one end of this 1-dimensional manifold. 
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Note that since \a\ = 2n we have |x| — \y\ + //(A) = 1 hence V(x,y;A) is a finite set. 
Finally note that the number of points appearing in (78) is even (due to our assumption 
that h has a single maximum) hence their appearance will not change our identity. □ 

5.3.5. Proof of Propositions 5.3.3, 5.3.5 and 5.3.7. 

Proof of Proposition 5.3.3. Denote by Pj?' d (a, x, y; A, J) C Vi(a, x, y; A, J) the subspace 
of sequences of disks that are simple and absolutely distinct. By standard arguments, for 
generic J this space is a smooth manifold of dimension 0. We claim that Vj' d (a, x, y; A, J) = 
Vi(a,x,y;A,J). 

The main idea is that the dimension of a configuration of disks in Vi(a, x, y; A, J) that 
is not simple or not absolutely distinct is negative, hence such configurations cannot occur 
for generic J. Most of the arguments are very similar to those appearing in Section 3 
therefore we will only give an outline of the proof explaining how to adjust the arguments 
from Section 3 to work in the present situation. 

As in Section 3 we separate the proof to the cases n = dimL > 3 and n = dimL < 2. 
We start with n > 3. The proof in this case can be carried out in a similar way to the 
proof of Proposition 3.1.3 from Section 3, with Lemmas 3.2.2 and 3.2.3 being the main 
tools. The only adjustment needed is when applying Lemma 3.2.3 to the fc'th disk in 
u = (ui, . . . ,ui) where u G Vi(a,x,y;((A),k), J). Indeed, suppose (by contradiction) 
that Uk is not simple. Then by Lemma 3.2.3 we obtain a new disk u' k with the same image 
as u, with u' k (— 1) = u k (— 1), u' k (l) = u k {l) and fJ>[u' k ] < /uQujs;]) — N L , but we cannot 
assume that u' k (0) = itfc(0) anymore. Therefore the sequence of disks u' obtained from 
u by replacing u k by u' k is not necessarily an element of Vi(a, x, y; A', J), where A' is 
the vector of classes of u'. However, Lemma 3.2.3 still implies that there exists a point 
p G Int (D) such that u' k (p) = ttfc(0) G W%- Consider the space of disks v = . . . ,vi) 
in V(x, y; A', J) with the additional condition that there exists a point q G Int (D) with 
Vk{q) G W™. A simple computation shows that the dimension of this space is 

(79) \a\ + |x| - \y\ - 2n + fi{A') + 1 < 

\a\ + \x\ - \y\ -2n + /i(A) - N L + 1 = -N L + 1 < 0. 

On the other hand u' belongs to this space, a contradiction. It remains to show that the 
disks present in the configurations of Vi(a,x,y; A, J) are also absolutely distinct. Under 
the assumption n > 3 we may apply Lemma 3.2.2. Assuming that two disks u\ and 
«2 in a configuration u G Vi(a, x, y; A, J) are not absolutely distinct, this result allows 
us to eliminate the "smallest" of the two disks - say u\ - by u 2 thus reducing the total 
energy of the configuration. It is easy to see that this replacement can always be done 
in such a way that the resulting object v! is still modeled on a tree. However, it is also 
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easy to notice that u' might not be in any of the spaces V-(a,x,y; A', J) but only in a 
more general type of moduli space. These moduli spaces consist of configurations modeled 
on a tree with two entries and one exit - as before - so that one of the entering edges 
corresponds to a flow line of h, all the other edges are flow lines of / and the vertex of 
valence three can be the end of the flow line of h or, in contrast to the cases described 
before, it is also allowed to have its two entering edges correspond to flow lines of /. To 
achieve transversality, an important point is to notice that if the attaching points of the 
two entering edges happen to coincide in this last case, then the respective configuration 
can be rewritten as an element of the same type of moduli space only modeled on a tree 
in which one of these edges (the shortest one) is eliminated and a new vertex of valence 
three is introduced. This vertex corresponds to a ghost (or constant) disk to which one 
of the branches of the tree is attached by an edge of length 0. Now we apply the proof 
before to first show that the disks present in these configurations are all simple for those 
moduli spaces whose virtual dimension is or 1 and then we notice that the replacement 
argument before allows to show by recurrence on total energy that the disks are also 
absolutely distinct for a second category subset of J's in the same range of dimensions. 
The condition Ni > 3 is used again in the "replacement" argument as in this process the 
incidence condition for the flow line of h with the center of the disk at its end might not 
be preserved. 

We now turn to the case n = dimL = 2. Since \a\ + \x\ — \y\ — 2n + /i(A) = we must 
have /x(A) < 6. Therefore the number of disks / in an element of Vi(a, x, y; A, J) is < 3. 
Consider the case I = 1 first. We have to show that for generic J every J-holomorphic 
disk u with «(-l) e «(1) e W*, u(0) G and with \a\ + \x\ - \y\ -2n + a(A) = 
must be simple. 

Suppose by contradiction that u is a J-holomorphic disk as above which is not simple. 
Applying Theorem 3.2.1 we obtain domains Di, . . . ,T) r C D and J-holomorphic disks 
vi, . . . , v r through which u factors on each of the domains Denote by rrii the degree of 
the map Hi : D-i — > D for which = v j o -n i . As Nl > 2 and /i(A) < 6 we have r < 3. 

Case 1. / = 1, r = 3. In this case we have three simple disks v%, V2, V3 each of them with 
Maslov number 2. In this case n(A) = 6 and mi = m 2 = m 3 = 1. By assumption we have 
l x l — \y\ = ~ 2 — \a\ < —2. We may assume that u(—l) 7^ u(l) (for otherwise by omitting 
u we obtain a negative gradient trajectory of / going from x to y which is impossible). 

Assume first that the three disks ^1,^2,^3 are absolutely distinct. Note that there 
are several possibilities as to how the three points —1,0,1 are distributed among the 
domains Si, S) 2) S)3- in case the points —1, 1 lie in the same domain, say D\ we can 
omit the other two disks V2, 1)3 and after reparametrizing v\ obtain an element of the 
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space Vj ,d (x,y; B) where fi(B) = 2. Note that this is impossible since the dimension 
of this space is \x\ — \y\ + fi(B) — 1 < —1. Therefore we assume that —1, 1 lie in 
different domains, say —1 G !Di, 1 G T>2- If the point lies in interior of Di then after 
reparametrizing V\ we may assume that V\{— 1) G W™, ^i(O) G W™. On the other hand, 
a simple computation shows that the space of such disks (with fi = 2) has dimension 
\x\ + \a\ — 2. But \x\ + \a\ — 2 = —4 + \y\ < 0. A contradiction. A similar argument shows 
that it is impossible for to lie on the boundary of ®i. The same arguments applied to 
V2 show that it is impossible for to lie neither in Int T>2 nor on the boundary of this 
domain. We are left with the case G Int Q3. Note that the boundary of Q3 must have 
a non-trivial intersection with the boundary of at least one of the domains T>i, 2)2- (In 
fact this intersection must be at least 1-dimensional.) Without loss of generality assume 
that such an intersection occurs with the boundary oi D\. 

Reparametrizing Vi,v 3 we may assume that V\{— 1) G W", ^3(0) G and i>i(l) = 
v 3 (— 1). Put B' = [vi], B" = [v 3 ]. It follows that the space 

(80) {(w',w") G M(B',J)/G- ltl x M(B",J) w'(-l) G W£,w"(0) G W^, 
w'(l) = w"(—l), (w',w") are simple and absolutely distinct j 

is not empty. On the other hand a simple computation shows that the dimension of this 
space is \x\ + \a\ — 1 = —3 + \y\ < 0, a contradiction. 

Remark 5.3.9. It is worth noting that the pair (vi, V3) in fact gives rise to a 1-parametric 
family of elements in the space in (80) since the boundary of at least one of the domains 
Di, X>2 must intersect the boundary of £>3 along a 1-dimensional piece. Therefore there 
is a 1-parametric family of reparametrizations of (^1,^3) which lies in the space in (80). 
Here we have not used this fact as we got contradiction by showing that the dimension of 
this space is negative. However, this observation can used to rule out other configurations 
below. 

This concludes the proof of case 1 when v%, ^2,^3 are absolutely distinct. It remains to 
deal with the case when these three disks are not absolutely distinct. Again, there are 
several subcases to be considered: 

• Vi(D) C v 2 (D) U v 3 (D) but 1*2,^3 are absolutely distinct. 

• v 1 {D),v 2 (D)cv 3 {D). 

In each of these two subcases one has to deal with all possible distribution of the three 
points —1,0, 1. Ruling out these possibilities is made by similar arguments to the above 
and we will not give the details here. 
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Case 2. / = 1, r = 2. Here we have two simple disks v\, v 2 and two multiplicities mi, m 2 . 
As /x(A) < 6 we may assume that one of the following holds: 



• MM) 


= 2, 


m\ 


= 1, /^(M) 


= 2, m 2 


= i; MA) 


= 4, a + x — 


\y\ 


• MM) 


= 2, 


mi 


= !> ^(M) 


= 2, m 2 


= 2; MA) 


= 6, a + x — 


\y\ 


• MM) 


= 2, 


m>i 


= i, MM 


= 4, m 2 


= l; MA) 


= 6, a + x — 


\y\ 



Again, by arguments similar to those used above one can extract in each of these three 
cases a configuration which has negative dimension, hence deduce that it cannot occur 
for generic J. 

Case 3. I = 1, r = 1. In this case the disk u is multiply covered, say with multiplicity 
m > 2. We denote by v its reduction. By assumption \a\ + \x\ — \y\ = 4 — mfi([v]) < 0. 
First note that u{— 1) 7^ «(1) for otherwise we would get a negative gradient trajectory 
of / going from x to y which is impossible since \x\ < \y\. Let p',p" G dD be points such 
that v(p') = u(— 1), = w(l)- As p' 7^ p" we can reparametrize f so that v(—l) G W", 
v (1) G W 7 ^. Let g G -D a point such that f(g) G W 7 ^ (note that we cannot assume anymore 
that g = 0). Put B = [v]. Assume first that q G Int D. Then (v, q) belongs to the space 

{(w,p) e(M*(B,J) x Int £>)/GU,i I G M^ tt ,«;(p) G W:,w(l) G 

On the other hand a simple computation shows that the dimension of this space is: 

-3 + |x| + \a\ - \y\ + fi(B) = 1 - (m - l)fi(B) < 0, 

where the last inequality follows from m > 2, /i(5) > 2. A contradiction. This concludes 
the proof for the case 1 = 1. 

The remaining cases are I = 2, 3. The proofs for these cases are again similar to the 
preceding ones hence we omit the details. Let us only list the variety of configurations 
needed to be ruled out. In the case / = 2 we have two disks Ui,u 2 and there are four 
possibilities to be ruled out: 

(1) Ui is simple with MMD = 2- MM]) = 4 and u 2 is double covered. 

(2) ui is simple with MMD = 2- MMD = 4 an d u 2 can be decomposed into two 
simple disks v 2 ,v 2 ' each with fx = 2. 

(3) Ui,u 2 are both simple with MMD = 2, MMD = 4, but u\(D) C u 2 (D). 

(4) Ui, u 2 are both simple with M M i) = M M 2) — 2 but u 1 , u 2 are not absolutely distinct, 
i.e. Ui(D) C u 2 (D) or w 2 (£>) C u x (D). 

Finally, in case I = 3 we have three disks with ^([iti]) = /i([u 2 ]) = yu([u 3 ]) = 2 hence 
they are all simple. In this case one has to rule out the possibility that they are not 
absolutely distinct. This concludes the proof for the case n = dimL = 2. 
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Finally, in case n = dimL = 1 there is nothing to prove. Indeed, the assumption 
\a\ + |x| — \y\ — 2n + //(A) = implies that we have //(A) < 3 hence every element 
u G Vi(a, x, y; A, J) consists of exactly one simple disk. 

Next, we turn to compactness of the space Vi(a, x, y; A, J) (under the assumption 
|a| + |x| — \y\ — 2n + yu(A) = 0). The main argument is again a combination of Gromov 
compactness theorem with a dimension count. One lists all the possible limits, in the 
Gromov topology, of sequences G Vi(a, x, y; A, J) as in (77). (As in the proof of 
Proposition 5.3.6 one first has to show that none of the possibilities (l)-(7) listed there 
can appear.) Then using the same methods as above one shows that under the assumption 
|a| + |a;| — \y\ — 2n + fi(A) = all the elements in the spaces appearing in the spaces in (77) 
are simple and absolutely distinct. Finally, a dimension computation shows that when 
|a| + |x| — \ y\— 2n + yu(A) = all these spaces have negative dimension hence empty. This 
completes the proof of the statement on compactness, hence the proof Proposition 5.3.3 
for the space Vi(a, x, y; A, J). 

The proof for the space Vi'(a,x,y; A, J) is similar (and in fact simpler since all disks 
in this space have only two marked points). □ 

The proof of Proposition 5.3.5 is similar to the proof of Proposition 5.3.3, hence we 
omit it. 

Outline of proof of Proposition 5. 3. 7. The proof goes along the same lines as the proof 
of Proposition 5.3.3 with one main difference for the space Vi(a,x,y; A, J). While in 
Proposition 5.3.3 we had the assumption \a\ + |x| — \y\ + /x(A) — 2n = now we have 
\a\ + \x\ — \y\ + ju(A) — 2n = 1. This is the reason that we have to assume that Ni > 3 
rather than just Nl > 2. The point is that when Nl = 2 non-simple disks might appear in 
Vi(a,x,y; A, J) but not for Nl > 3. For example, the computation of dimension in (79) 
gives us in the present situation: 

\a\ + \x\ - \y\ -2n + fi(A') + 1 < 

\a\ + |x| - \y\ -2n + //(A) - N L + 1 = -N L + 2. 

In order for this number to be negative we need Nl > 3. 

The rest of the proof continues in an analogous way to the proof of Proposition 5.3.3. □ 

5.3.6. A more general proof for identity (74) of Proposition 5.3.6. Below is an alternative 
proof of identity 5.3.6 which works under the more general assumption Nl > 2. 
This approach consists of the following 3 steps. 



94 



PAUL BIRAN AND OCTAV CORNEA 



Step 1. We perturb the Cauchy-Riemann equation to a non- homogeneous equation 
by adding a perturbation term H (generated by Hamiltonian functions). The perturba- 
tion procedure is applied to elements of the spaces Vi, Vn^Vnii in the following way. In 
each element of these spaces, which is a chain of disks, we perturb only the single disk 
in the chain which has 3 marked points. All the other disks in the chain are left un- 
perturbed hence remain J-holomorphic. The result of this procedure is "perturbations" 
Vi{-, H),VnX-, H),Vnii(-, H) of the original spaces Vi, V H% , V nh . 

Step 2. By counting the number of points in these spaces we obtain "perturbed" 
versions H), n Hi (-, H), n nii (-, H) of the numbers n/(-),n// j (-),n/i-/ < (-). The 

advantage of the above perturbations is that now it is easy to achieve transversality for the 
perturbed disk (without any simplicity requirements). Therefore, by similar arguments 
to those from the older proof of identity (74) we conclude that identity (74) holds (for 
N L > 2) with the rii, nn ir nm^s replaced by their perturbed analogues. 

Step 3. Finally, we prove that for small enough perturbations H the numbers nj(—, H), 
nn^—jH), mu^—jH) coincide with the numbers ni(—),nn i (—),nni i (—) hence iden- 
tity (74) in fact holds in its original form. 

We now turn to the implementation of the proof. 

5.3.7. Hamiltonian perturbations. Here we briefly summarize the necessary ingredients 
from the theory of Hamiltonian perturbations that will be needed later. The material 
of this section is mostly based on [3, 44]. We refer the reader to these texts for the 
foundations and more details. 

Let H e tt\D, CjJ°(M)) be a 1-form on the disk D with values in Cg°(M). If (s, t) are 
coordinates on D we can write H as 

H = Fds + Gait 

for some compactly supported smooth functions F,G : D x M — > R. Denote by yru '■ 
D x M — > M, pr£> : D x M — > D the projections. We write F s>t {x) = F(s,t,x) and 
G s ,t( x ) — G(s,t,x). Define the following 2-form oeDx M: 

u H = pr* M u -alH = pr* M u - al'F A als - al'G A dt + (d t F - d s G)ds A dt, 

where d' stands for exterior derivative in the M-direction. Henceforth we will work with 
if' s that have the following additional property: 

(81) ^H\T(dDxL) = 0. 

We denote by TC the space of all H satisfying (81). 
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Note that the form ljh may be degenerate however for k > large enough the form 
(82) Wh, k — £>h + P r l)( K ds A dt) 

is symplectic and dD x L is still Lagrangian with respect to it. How large should k be 
taken for this purpose is determined by the curvature function Rh '■ D x M — > 1R: 

R H (s, t, x) = d s G - d t F + {F Sjt , C7 Sit }, 

where {•, •} is the Poisson bracket on (M, u). A simple calculation (see [44, 3]) shows that 
if k > Rfj(s,t,x) for every (s,t,x) G D x M then Uh, k is symplectic. 

Let Xp st be the Hamiltonian vector field corresponding to the function F s j- Put 
Xp(s,t,x) = XF st {x), (s,t,x) G D x M. Similarly we have G Stt , Xa st and Xa(s,t,x). 
Given an ^-compatible almost complex structure J on M, consider the following elliptic 
boundary value problem: 



53) 



u : (D,dD) -> (M,L) 

9 s n + J{u)d t u = —X F (s, t, u) — J(u)X G (s, t, u) 



Solutions u of this equation will be called (J, H)-holomorphic disks. We denote by 
At (A, J, H) the space of (J, if )-holomorphic disks u with «*([£>]) = A G fr 2 (M, L; Z). 

As noted by Gromov [36] solutions of (83) are in 1-1 correspondence with J-holomorphic 
disks inDxM for some J. To describe this correspondence define the following endo- 
morphism J H : T(D x M) -> T(D x M): 

/ -1 o\ 



54) Jh 



1 

\jXp — Xq jxq + Ap ^ y 



Proposition 5.3.10 (See [44]). (1) Jh is an almost complex structure on D x M. 
Moreover, if k > Rh{s, t, x) for every (s, t,x) G D x M i/ien is compatible with 

(2) u : (D, dD) —> (M, L) is a solution of (83) if and only if its graph u : (D, dD) —> 
(D x M,dD x L) defined by u(z) = (z,u(z)) is J u-holomorphic. 

(3) There exists a subset H TC g C H of second category such that for every H EH and 
every A G H 2 (M, L; Z) the space Ai(A, J, H) is either empty or a smooth manifold 
of dimension n + fi(A). 

Remark 5.3.11. (1) In contrast to the case of genuine J-holomorphic disks, (J,H)- 
holomorphic disks in the class G H 2 (M,L]7j) are not constant for general H. 
Thus we may have a (non-constant) ( J, if )-holomorphic disk u with u;([w]) = 0. 
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(2) In contrast to the case of genuinely J-holomorphic disks we do not have to require 
the (J, if )-holomorphic disks to be simple in order for Ai(A, J, H) to be a smooth 
manifold. See [44] for more details. 

Given c > put 

(85) H c = {H G Ti | R H (s, t, x) < c, V (s, t,x) <EDx M}. 

Define 

A L = M{u(A) | A G tt 2 (M, L), a (A) > 0}. 
Note that when L is monotone the inf is attained and Al > 0. 

Proposition 5.3.12. Suppose L C (M,u) is monotone. Let c < ^ and H G 7i c - Then 
for every (J, H) -holomorphic disk u we have ct>([«]) > and //([«]) > 0. 

Proof. Pick c < k < — . Then the form ujh, k is symplectic and Jh is compatible with 
it. Let u : (D,dD) — > (M,L) be a ( J, if)-holomorphic disk and let S = be its 

graph. Then a is a non-constant J#-holomorphic disk with boundary on dD x L hence 

o < uj h , k ([u\) = v([u]) + 7T^- 

It follows that w([w]) > — 7tk > —Ai, hence u;([w]) > 0. The statement on \x follows from 
monotonicity. □ 

5.3.8. Compactness. Let u v be a sequence in A4(A, J, H). Then either there exists a C°°- 
convergent subsequence or there exists a subsequence u Uk that converges in the sense of 
Gromov to a bubble tree consisting of maps Vo, v±, . . . ,vi : (D, dD) — > (M, L), wi, . . . , w r : 
CP 1 — > M, where vq is (J, if)-holomorphic, v±, . . . , vi, w±, . . . , w r are J-holomorphic, at 
least one of I, r is > 1 and [v ] + [v±] + . . . + [v{\ + j*[wi] + . . . + j*[w r ] = A G H 2 (M, L; Z). 
Here : if 2 (M;Z) — > H 2 (M, L;Z) is the natural homomorphism. The root of the tree 
can be thought of as t>o- 

The relation to Gromov's compactness theorem for genuine pseudo-holomorphic disks 
can be understood as follows. Let u u : (D, dD) — > (D x M, dD x L) be the sequence 
of J^-holomorphic disks obtained as graphs of the u v J s. Note that [u u ] = [D] + A G 
B.2[D x M,dD x L; Z) for every v. If m v does not have a C°°-convergent subsequence 
then by Gromov compactness theorem there exists a subsequence u Vk which converges in 
the Gromov topology to a bubble tree consisting of J^-holomorphic disks Vq, . . . ,vi and 

J//-holomorphic spheres wii, . . . , w r such that \v ] + \vi] H h \vi] +jl[wi] + • • • + j*[^v] = 

[D] + A, where f : H 2 (D x M;Z) ^ H 2 (D x M, dD x L; Z) is the natural map. As 
pro '■ {D x M, Jh) (D, i) is holomorphic it follows that exactly one of the say Uo, 
projects surjectively to D while each of v\, . . . , Vi, wi, . . . , w r have constant projection to 
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D. It follows that all the disks and spheres but vq are in fact J-holomorphic maps lying 
in fibres of pr^. Moreover it is easy to see that vq is, after a suitable reparametrization, 
of the form v with Vq being (J, if )-holomorphic. 

5.3.9. Perturbation of the spaces Vi,Vn,Vm . Let J £ J~(M,u) and H £ 7{. We will 
perturb each of the spaces Vi, Vu^ Vnu, i = 1,2 by requiring that in every chain of 
disks forming an element of these spaces the (single) disk that has 3 marked points is 
(J, if )-holomorphic. All the other disks in each chain will remain J-holomorphic. 

We start with the spaces Vi- Let A = {A\, . . . , Af) be a vector of non-zero classes and 
1 < k < I. Let x, y £ Crit(/), a £ Crit(/i). Define Vi(a, x, y; (A, k), J, if) to be the space 
of all (ui, . . . , u{) such that: 

(1) Ui £ M(Ai, J)/G_i ; i for every % ^ k. 

(2) u k eM(A k , J,H). 

(3) £ W«, u,(l) £ 

(4) ( Ui (l),u i+1 (-1)) £ g /iPi for every 1 < % < I - 1, u k (0) £ W«. 

In other words elements . . . , it/) of Vi(a, x, y\ (A, k), J, H) are the same as those of 
Vi(a, x, y\ (A, k), J) only that now u k is (J, if )-holomorphic. Put 

P/(a, x, y; A, J,H)= [J P/(a, x, y; (A, fc), J, H). 

k=l 

Next define Vu^ ( a , ^, 2/j (A, k), J, H) to be the space of all {u\, . . . , u k -i, v, u k , . . . ,ui) 
such that: 

(1) u { £ M(A U J)/G- lf i for every 1 < i < l 

(2) u £ M(0,J,H). 

(3) e^ (fe) ( Wl , . . . , u fc _!, v,u k ,..., ui) £ W« x Qf*~ l) x x diag(L) x Q^; k) x M^, 
where evi k ) is the evaluation map defined in Section 5.3.1. 

Note that there are (/ + 1) disks in every element of this space and the disk v which has 3 
marked points is in the class 0. The relation to the unperturbed space Vu x (a, x, y; (A, k), J) 
is the following. In the unperturbed space the disk v corresponds to a constant disks, 
namely a point, where this point lies on the boundary of the disk u k and is connected by 
a gradient trajectory coming from a. (See figure 9.) 

Similarly define Vir 2 (a, x, y; (A, k), J, H) to be the space of all 
(«!, . . . , u k , v, u k+ \, . . . ,ui) such that: 

(1) ^ £ M(A i7 J)/C7_i i i for every 1 < i < I. 

(2) v £ M(0,J,H). 

(3) ev (k+1) ( Ul , ...,u k ,v, u k+1 , ..., Ul )eW?x Qf pi x diag(L) x W% x Q^~ k ~ l) x W*. 
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Finally for 2 = 1,2 put 

i 

V Ih {a, x, y- A, J, H) = |J P /7i (a, x, y; (A, fc), J, H). 

k=l 

We now turn to the spaces V IH . Let B' = (B[, . . . , B[), B" = (B'{, B'{„) two vectors 
of non-zero classes. Let 1 < k! < I', 1 < k" < I". We define V IIh {a, x, y; (B', k'), B", J, H) 
(resp. Vm^ia, x, y; (B', &'), B", J, if)) in the same way as in (73) only that now u' k , (resp. 
) is (J, if )-holomorphic. Put 

v 

? mi (a,a;, 2 /;B',B",J,F) = \J Vin x {a, x, y; (B', k'), B", J, if) 

k'=l 
I" 

V H i 2 (a, x, y- B', B", J,H)=\J V IIh (a, x, y- B', (B", k"), J, H). 

k"=l 

Note that the space Vu x (a, 2/; (A, k), J, if) could be viewed as a special case of the space 
Vin 1 (a,x,y; (B', /'),B", J,H) if we would have allowed the /"th class B' v in B' to be 0. 
Namely the space Vu x (a, V, (A, k), J, if) is the same as Vm^a, x, y; (B', I'), B", J, if) 
with B' = (Ai, . . . , Ak_x, 0), B" = (A^, . . . , A;). A similar remark holds for the pertur- 
bations of Vn 2 and Vni 2 - Nevertheless it will be more convenient for us to work with 
vectors B', B" of non-zero classes, hence separate the perturbations of Vn { from those of 
Til* 

The following proposition is analogous to Propositions 5.3.3 and 5.3.5. 

Proposition 5.3.13. Let (/, pi), (h, pm) be as in assumption 5.3.1. Then there exists a 
second category subset J vcg C J{M, u>) such that for every J G there exists a second 
category subset 7f rcg (f) C H with the following properties. For every x, y G Crit(/) ; 
a G Crit(/i) and every vectors of non-zero classes A, B' , B" the following holds: 

(1) If H + \x\ — \y\ +/Lt(A) — In = then Vi(a, x, y; A, J, if) is a compact ^-dimensional 
manifold. 

(2) If \a\ + \x\ — \y\ + /Lt(A) — 2n = 1 then each of VuJ^a, x, y; A, J, H), i = 1, 2, is a 
compact ^-dimensional manifold. 

(3) if\a\ + \x\ - \y\ + /i(B') + p{B") - 2n = 1 then each ofVm^a, x, y; B', B", J, H), 
i = 1,2, is a compact ^-dimensional manifold. 

Moreover, in each of the above three cases the J -holomorphic part of every element of 
these spaces consist of simple and absolutely distinct disks. 

The proof is very similar to that of Propositions 5.3.3, 5.3.5 hence we omit it. 
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In view of Proposition 5.3.13, for J G Jreg, H G 7Y rcg (J) define: 

ni(a, x, y; A, H) = #z 2 7M a > x i V\ A, </, H), when \a\ + |x| — \y\ + p(A) — 2n = 0, 

n ni (a,x,y;A,H) = #z 2 ^// 4 (a, x,y;A, J, H) , when |a| + |x| - \y\ + p(A) - 2n = 1, 

w///i(a, V, B', B", #) = #z 2 Vi ni (a, x, y; B', B", J, if), 

when |a| + |x| - |y| + /i(B') + A*(B") - 2n = 1. 

(For simplicity we have suppressed here the J's from the notation.) 

We will also need the following analogue of statement (1) of Proposition 5.3.7. Note 
however that now we do not require Nl to be > 3 anymore. 

Proposition 5.3.14. Let (/, pz,), (h, pm) be as in assumption 5.3.1. Then there exists 
a second category subset J rcg C J{M, lo) such that for every J G J Te& the following 
holds. There exists a second category subset 7i rcg (J) C Ti such that for every H G 
7~Lrcg{J), every vector of non-zero classes A and every x, y G Crit(/), a G Crit(/i) with 
\a\ + |x| — \y\ + /i(A) — 2n = 1 the space Vi(a, x, y; A, J, H) is a smooth 1-dimensional 
manifold. Moreover, the J -holomorphic part of every element of this space consist of 
simple and absolutely distinct disks. 

Proof. The proof is very similar to that of Propositions 5.3.7 and 5.3.3 however in contrast 
to Proposition 5.3.7 we do not need to assume here that Nl > 3 anymore (i.e. Nl > 2 
is enough). The point is that in order to assure that the space Vi(a,x,y; (A, k), J, H) 
is a smooth manifold it is enough to require that the disks (iti, . . . , Uk-i, Wfe+i, ■ ■ ■ , u{) 
are simple and absolutely distinct without any requirement on the (perturbed) disk Uk- 
Recall that it was due to this disk that we had to assume in Proposition 5.3.7 that 
Nl > 3 in order to assure simplicity. Finally note that absolutely distinctiveness of the 
J-holomorphic part of each element of Vi(a, x, y; A, J, H) does not require Nl > 3 either 
and can be proved in a similar way as in Proposition 5.3.7. □ 

5.3.10. Identities for the perturbed spaces. 

Proposition 5.3.15. Let (/, pl), (h, pm) be as in assumption 5.3.1. Then there exists a 
second category subset J rcg C J7(M, u) such that for every J G J7 reg there exists a second 
category subset 7i reg (J) C Ti with the following property. For every H G Ti. TCg (J), every 
ije Crit(/) ; a G Crit(/i) and A with \a\ + |x| — \y\ + p(A) — 2n = 1 identity (74) holds 
withn^-) replaced by n/(-, H) n Ih (-) byn Hi (-,H) and n IHi {-) by n IIh (-,H). 

Proof. The proof is very similar to that of Proposition 5.3.6 with the following two 
slight changes. Now we use the compactness statement from Section 5.3.8 rather than 
compactness for genuinely pseudo-holomorphic disks. The second difference is that the 
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gluing procedure between a J-holomorphic disk u' and a (J, ^T)-holomorphic disks u" 
with u'(l) = u"(—l) is now carried out in D x M. Namely we consider u' as a Jh- 
holomorphic disk in the fibre { — 1} x M and glue it to the J^-holomorphic section u" 
corresponding to u". Standard arguments imply that the result of the gluing is (after a 
suitable reparametrization) again a ( J^-holomorphic) section hence descends to a (J, H)- 
holomorphic disk. The precise details of this type of gluing are given in Section 4.2.3. 
The rest of the proof is a straightforward adaption of the proof of Proposition 5.3.6 □ 

Proposition 5.3.16. Let (/, pz,), (h, pm) be as in assumption 5.3.1. Then there exists 
a second category subset J rcg C J~(M,u) and a neighbourhood (in the C°° -topology) IA of 
G H. such that for every J G J TCg there exists a second category subset 7i reg (J) C Ti with 
the following properties. For every H G 7i rcg (J) D U, every x, y G Crit(/), a G Crit(/i) 
and every vectors A, B' , B" of non-zero classes the following holds: 

(1) If\a\ + \x\ — \y\ + p(A) — 2n = then ni(a, x, y; A, H) = ni(a, x, y\ A). 

(2) If \a\ + \x\ — \y\ + p(A) — 2n = 1 then nn^a, x, y\ A, H) = nn^a, x,y;A), % = 1,2. 

(3) If \a\ + |z| - \y\ + p(B') + p(B") - 2n = I 

then n nii (a,x,y;B',B",H) = n n .(a,x,y;B',B"), i = 1,2. 

Proof. The proof is based on a standard cobordism argument. We outline the main ideas. 
Suppose that we are under the assumption appearing in statement (1) of the Proposition. 
We define the set J vcg to be the intersection of all the J veg s from the previous propositions 
and require in addition that for every J G J rcg the following holds: 

(i) For every two vectors C, C" of non-zero classes and every x',y' G Crit(/), a' G 
Crit(/i) with \a'\ + \x'\-\y'\+fx(C')+fi(C")-2n < the spaces V Uh (a', x', y'\ C, C", J), 
i = 1,2, are empty. 

(ii) For every vector of non-zero classes A' and every x', G Crit(/), a G Crit(/i) with 
|a'| + \x'\ — \y'\ +/i(A') — 2n < the spaces Vn^a! ', x', y'\ A', J), i = 1, 2, are empty. 

Standard arguments imply that the resulting set J reg is of second category. We now claim 
the following: 

5.3.17. There exists a neighbourhood U of G 7i such that for every H £W and every 
a,x,y, A with \a\ + |x| — \y\ + p(A) — 2n < £/ie following holds: 

(1) For every splitting A = (C, C") o/A mto iwo vectors C, C" of non-zero classes 
we have Vm^a, x, y; C, C", J,H) = $ for i = 1,2. 
(a, x, i/; A, J, F) = 0, /or i = 1, 2. 

We prove 5.3.17. Indeed, if the contrary to statement 5.3.17 happens then there ex- 
ists a sequence H v G TC with H u — ► in the C°°-topology and elements in either 
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Vniiiav, x u , y u ; C' v , C", J, H v ) or Vii i (a v ,x 1 ,,y v ; A v , J, H v ), where x u ,y u ,a u , A u , C' v , C" 
satisfy \a„\ + \x„\ — \y„\ + /i(A„) — 2n < or \a u \ + \x„\ — \y u \ + fi(C' u ) + /i(C") — 2n < 0. 
Viewing the disks in \i y as J# iy -holomorphic disks inDxM (one as a section and the others 
lying in the fibres of D x M — > D) it is easy to see that their energy is uniformly bounded 
for symplectic forms of the type ^Jh„,k with fixed k. (See (82) and Proposition 5.3.12). 
Therefore by Gromov compactness theorem, after passing to a subsequence, the sequence 
converges to a chain of bubble trees all of whose elements are (J, 0)-holomorphic 
(i.e. genuinely J-holomorphic) disks and spheres. As J G J TC gi by a dimension count 
argument we can rule out all possible configurations for except of maybe the cases 
Uoo G Vi Ui {a,x,y\ C, C", J) or G V Ih {a, x, y; A', J) for some a', x', y', A or C',C" 
that satisfy \a'\ + \x'\ - \y'\ + jj(C') + /i(C") - 2n < or \a'\ + \x'\ - \y'\ + /i(A') - 2n < 0. 
However these two last cases are again impossible by the definition of J reg in (i) and (ii) 
above. This proves statement 5.3.17. 

We continue with the proof of Proposition 5.3.16. Fix J G J TCZ and let 7i reg (J) be 
the intersection of all the TC Teg (jys from the previous Propositions. Let U be the neigh- 
bourhood of G H defined by statement 5.3.17. Replace U if needed by its connected 
component containing 0. Let H G 7Y rcg (J) fW. Take a generic path {H\}o<\<i in U with 
H = H and H x = 0. Then 

Vi{a, x, y; A, J, {H x }) = {(A, u) | < A < 1, u G Vi{a, x, y; A, J, H x )} 

is a 1-dimensional smooth manifold whose boundary is 

(86) dV^a, x, y; A, J, {/J A }) = Vi(a, x, y; A, J, H ) ]J Vi{a, x, y; A, J). 

It is important to note here that the space lying over A = 1, namely P/(a, x, y; A, J) 
consists of chains of disks that are simple and absolutely distinct. This is assured by 
Proposition 5.3.3 (which holds for Nl > 2). 

We claim that the 1-dimensional manifold Vi(a, x, y; A, J, {H\}) is compact. This 
follows form a straightforward dimension count. Indeed occurrence of bubbling of spheres 
reduces the dimension by at least 2 hence cannot appear in a generic 1-dimensional family. 
Similarly, bubbling of a J-holomorphic disk at a point p G 3D with p ^ —1,1 also yields 
negative dimension since Nl > 2. It remains to rule out the following three cases: 

• Shrinking to a point of a gradient trajectory connecting two consecutive disks in 
P/(a,x,?/;A, J,{H X }). 

• Bubbling of a J-holomorphic disk at p = — 1 or p = 1 in one of the disks partici- 
pating in P/(a, x, y\ A, J, {H x }). 

• Breaking of a gradient trajectories (of / or h) involved in Vi(a, x, y; A, J, {H x }). 
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The first possibility is ruled out by (1) of statement 5.3.17. The second possibility is ruled 
out by (1) and (2) of statement 5.3.17. Note that we have to apply statement 5.3.17 for 
a different A here. Namely we have to take the C, C" coming from the bubbling and 
change A to be (C, C"). Also note that when bubbling of a disk occurs in the perturbed 
disk, the remaining perturbed component might have now \i = 0. This is why we needed 
also (2) in statement 5.3.17. The third possibility can be ruled out in a similar way to 
the first one. This completes the proof that Vi(a, x, y\ A, J, {H\}) is compact. 

To conclude the proof of Proposition 5.3.16 note that since Vi(a,x,y; A, J, {H\}) is 
compact it follows from (86) that rii(a, x, y; A, H) = n/(a, x, y; A). 

The proofs of statements (2) and (3) are similar. □ 

5.3.11. Conclusion of the Proof of identity (74) for every > 2. Identity (74) follows 
now immediately by combining Propositions 5.3.15 and 5.3.16. 

By similar methods, it is not difficult to see that, in homology, the operation defined 
by formula (72) is independent of the choices made in its definition. 

5.3.12. Module structure. The purpose of this section is to show the following identities: 

Proposition 5.3.18. For any a G Q + H*(L), a, b G Q + H*(M) we have 

(1) (a * b) * a = a * (b * a) . 

(2) [M]*a = a. (Recall that [M] G Q + H 2n (M) is the unit with respect to the quantum 
cap product). 

We will present first the proof of point (1) in a particular case: when Nl > 4. The proof 
in this case is the cleanest as it does not require the use of perturbations. The case when 
Nl < 4 will be treated later. It is also useful to note that if using the full Novikov ring 
instead of Q + H(—), the formula in point (1) of the Proposition follows (for any Nl > 2) 
from the comparison with Floer homology described in the next section. 

Proof. We start with the proof of point (1). The proof is very similar to the one for the 
associativity of the quantum product as described in the proof of Lemma §5.2.6. One 
important point which is useful to note before going further is that it is essential for this 
formula that the product used on Q + H*(M) is the quantum cap product (rather than the 
classical cap-product). 

We now proceed with the description of the necessary moduli spaces (this is, obviously, 
independent of our restriction on Nl)- 
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It is again useful to use the language of trees as we already did in the section on the 
quantum product §5.2. We first notice that the moduli spaces in the first subsections of 
§5.3 can all be described in these terms. For example Vi(a, x, y; A, J) is modeled on a 
tree with two entries so that one of the entries is connected by an edge to the unique 
vertex of valence three which is labeled by a non-zero element of H 2 (M, L; Z). This edge 
corresponds to a flow line of the function h. It is useful to consider the edges of the tree 
being labeled by either the function / or the function h. The same type of description 
applies to the other moduli spaces each of which is obtained by adding some auxiliary 
conditions: Vp(a, x, y; A, J) has the same description as Vi(a, x, y; A, J) except that the 
vertex of valence three is a constant disk (in other words the labeling of this vertex is 
by the element G H 2 (M, L;Z). Further, the two moduli spaces Vu^a, x, y; A, J) and 
Vu 2 (a, x, y; A, J) are both obtained as before but with the additional conditions that 
one of the edges labeled by / is of length and one of the two adjacent vertices of 
this edge is a constant disk of valence three. For the moduli spaces Vm^a, x, y; A, J), 
'Pni 2 (a,x,y; A, J) the requirement is that one of the edges labeled by / is of length 
and, finally, the spaces Vm' (a, x, y; A, J) and Vjjj^(a, x, y; A, J) are characterized by the 
fact that one edge labeled by / is of length and the vertex of valence three is a constant 
disk. 

We now start to discuss the specific moduli spaces required in the proof. These moduli 
spaces are similar to the one used to show the associativity of the quantum product in 
§5.2. As there, they are modeled on trees with three entries and one exit. We will also 
need to use two Morse-Smale functions on M, hi and h 2 , together with the Morse function 
/ on L. We will assume that hi and h 2 have the same critical points and are in generic 
position. We consider planar trees T with three entries and one exit and which are labeled 
as follows: each edge is labeled by a number from {1, 2, 3} and each vertex is labeled by 
an element of H 2 (M, L; Z). 

For each topological type of such a tree, T, and for a,b G Crit(hi), x,y G Crit(f) we 
denote by Vt{o>, b, x, y\ J) the moduli space of configurations which satisfy: 

(1) There are four vertices of valence 1, the three entries and the single exit. The 
graph is planar with the three entry points on the line Kx{l} the i-th entry point 
(along this line) is the origin of an edge labeled by i, the edge arriving in the exit 
point is labeled by 3. 

(2) Each vertex corresponds to a pseudo-holomorphic disk with boundary on L or to 
a J-holomorphic sphere. 
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(3) Each edge corresponds to a flow line (of non-zero length) so that if the label of 
that edge is 1, the corresponding function is h\, if the label is 2 the function is h,2 
and if the label is 3 then the function is /. 

(4) A vertex of valence 2 corresponds to a pseudo-holomorphic disk of non- vanishing 
class. 

(5) For each vertex of valence 2 the incidence relations are as in the definition of the 
moduli spaces used in the pearl complex, in particular, both the entry and exit 
edges are labeled by 3. 

(6) Any vertex of trivial class is at least of valence 3 

(7) If a vertex is of valence 3 and is a pseudo-holomorphic disk, then one of the entering 
edges and the exit edge are labeled by 3 and the incidence relations at this vertex 
are as in the definition of the moduli space Vi{ ). 

(8) If a vertex of valence 3 corresponds to a pseudo-holomorphic sphere, then the two 
entry edges are labeled by 1 and 2 and the exit edge by 1 so that the incidence 
points are 1 - which is the attaching point for the entering edge labeled by 1, e 27Tl ^ 3 
- which corresponds to the exit edge and e 47rl//3 - which is the attaching point of 
the edge labeled by 3 (we view here S 2 as CU {oo}). 

(9) If a vertex is of valence 4, then it corresponds to a J-holomorphic disk with bound- 
ary on L and the incidence relations are so that the point —1 is the attaching point 
of an entering flow line of /, the point +1 is the attaching point of the exiting edge 
which is again a flow line of /, the point is the attaching point of an entering flow 
line corresponding to hi, there is a real point of coordinates (x, 0) with < x < 1 
which is the attaching point of a flow line of h\. 

Notice that, with this definition, there can not be more than a single J-holomorphic 
sphere in such a configuration and, moreover, if such a sphere appears there are a /^-flow 
line starting from a and a /i 2 -flow line starting from b which both arrive at the sphere as 
as well as an exiting /^-flow line which starts from the sphere and ends at the center of 
a disk with boundary on L (this disk might be constant). 

These moduli spaces will be used to define a chain homotopy £ so that we have: 

(87) (df + fd)(a ® b ® x) = (a * b) * x + a * (b * x) . 

For this we need to first study the regularity properties of our moduli spaces, Vr(a, b, x, y). 
To do so we let V^ d (a,b,x,y) be the subset of Vr(a,b,x,y) which is constituted by the 
configurations in which each disk and sphere is simple and they are all absolutely distinct. 
It is clear, by the standard transversality arguments used earlier in the paper that, for a 
generic almost complex structure J, V^ d (a,b,x,y) is a manifold of dimension \a\ + \b\ + 
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\x\-\y\-4n+l+n(T). We denote 5"' = 6"'(a,b,x,y,T) = |a| + |&| + |x|-|y|-4n+l+/i(T) 
and we intend to show: 

Lemma 5.3.19. For 5'" < 1 and if > 4, and a generic choice of almost complex 
structure, we have: 

V r (a, b, x, y) = V^ d (a, 6, x, y) . 

Proof of Lemma 5.3.19. The first step is to reduce to the case of simple disks and spheres. 
The argument is very similar to the proof of the associativity for the quantum product 
combined with some arguments already used to show that the external product is a chain 
map. First we notice that as spheres are either simple or multiple covered it is easy to see 
that we may assume that the sphere appearing in a configuration u G Vr{a,b,x,y) for 
8"' < 1 is simple. So we are left with proving that all the disks can also be assumed to be 
simple and that all the objects involved are absolutely distinct. In the proof we also need 
a type of slightly more general moduli spaces than the ones described before. They will 
be denoted by V^-(a,b,x,y) and they are characterized by the the fact that in condition 
(7) above we allow for the interior marked point (inside the disk) to be different from 
and, similarly, in condition (9) the two marked points are again allowed to be arbitrary. 
The virtual dimension of this moduli space is 5"' + 2. The proof proceeds by recurrence: 
we intend to show by induction over fi(T) that if 5"' = 1, then the claim is true. For 
this we will need to also show that if 6"' — 2 < 0, then T" r (a, b, x, y) can only contain 
configurations made out of simple, absolutely distinct curves and thus V' r {a, b, x,y) =0 
in this case. As mentioned before, we may already assume that the spheres appearing 
in the configurations described above are simple. To shorten notation we will denote in 
the paragraph below: V = Vr(a,b,x,y) and V = V!j-(a,b,x,y). To prove our claim we 
will actually need to work with a type of even more general moduli spaces (this is similar 
to the first part of the proof of Proposition). We will denote these moduli spaces by 
Q = Gr(o,,b,x,y), Q' = Q' T (a,b,x,y) they consist of configurations as those in V and, 
respectively, in V except that: condition (5) is modified so as to allow vertices of valence 
two so that the entering edge is labeled by 1 or 2 and the exit one by 3; condition (7) 
and (8) are modified so that vertices of valence three or four (which correspond to disks) 
are allowed to have more than one (possibly even three) entering edges labeled by 3 (the 
incidence points on such a disk are assumed distinct, two of them being +1 and —1). We 
intend to show that, for a generic J, these moduli spaces are formed by configurations 
containing only simple absolutely distinct curves. This obviously implies the statement 
for V and V . 

We now consider a configuration u that might appear either in Q or in Q', we assume 
that 6"' < 1 if it is in Q and that 5"' — 2 < in the second case. We also assume the 
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statement proved for the moduli spaces with u(T) < k so that we take here fi(T) = k. 
Suppose that one disk w appearing in u is not simple. There are two cases to consider. 
The first is when n = dimL > 3 so that we may use Lemma 3.2.3. Assuming now that 
u is in Q' we see that we may replace Uq by another disk u' which is simple so that 
it (— 1/ + 1) = u' (— 1/ + 1), u (D) = u' (D) and n([u' ]) < fi([u }). and so, by replacing u 
by Uq, we obtain a configuration of lower Maslov class than that of u and which belongs 
to Q' which contradicts the induction hypothesis. Suppose now that u £ Q. It is only 
here that the hypothesis Nl > 4 intervenes. Indeed, we suppose again that the disk 
Uo appearing in u is not simple and we let u' Q be the simple disk provided as above by 
the Lemma 3.2.3. We consider the configuration u' obtained by replacing uq by u' . We 
obviously have /x(w') < n(u) — Nl < M M ) — 4. The key remark is that, in general, u' is not 
an element in Q but is an element of Q' T , (for a suitable tree T'). The virtual dimension 
of this last moduli space is 

\a\ + \b\ + \x\-\y\-4n+3+j2(u) < |a|+|6|+|a:|-|j/|-4n+3+/i(«)-4 = 6"' (a, 6, x, y, T)-2 < -1. 

As u(T') < k we again see that this leads to a contradiction and so all disks may be 
assumed simple at least for n > 3. We pursue under this assumption to show that all 
the curves involved may also be assumed to be absolutely distinct. Lemma 3.2.2 plays an 
important role here. Indeed, it implies that if the curves are not absolutely distinct, then 
there are two disks u\ and 112 so that U\{D) C ^(-D) and the same relation is valid for the 
respective boundaries. We intend to use this fact to eliminate u\ from the tree. It is not 
difficult to see that by appropriately replacing u\ by u 2 in the tree and possibly eliminating 
the chain connecting U\ to u 2 in T we obtain a configuration which still belongs to Q' T , 
(for some other appropriate tree T') but the total Maslov index of this configuration is 
at least smaller by 4 compared to the initial one so that, by induction, generically this is 
not possible. 

We are now left to treat the case n = dimL = 2. In this case the condition Nl > 4 
implies that at most two disk can appear in the configurations that are relevant to us and 
the combinatorial arguments used before (in §3) for this type of configuration suffice to 
conclude. □ 

We will return to the case Nl < 3 later but will now pursue with the proof of the 
identity (87) for N L > 4. 
We define 

£(a <g) b ® x) = (7V(a, b, x, y))yt^ , 

v,r 

where we recall that fi(T) is ^ of the total Maslov class of the tree T and the sum is 
taken over all elements so that \a\ + |6| + |x| — \y\ + u(T) — 4n + 1 = 0. 
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As always, we will deduce formula (87) from the study of the boundary of the Gromov 
compactification of the space Vt(cl, b, x, y). Let Vt(cl, b, x, y) denote this compactification. 
We now describe the types of configurations to u G Vr{o J ,b,x,y)\Pr{o J ,b,x,y) when 
\a\ + |6| + \x\ — \y\ + /i(T) — 4n + 1 = 1. These configurations are described in the 
same way as in the points (1) - (9) before except that, additionally one of the following 
conditions is satisfied: 

(1') Precisely one edge in T can be represented by a flow line of length. 

(2') Precisely one vertex in the tree T is represented by a cusp curve with two com- 
ponents - one a disk an the other a sphere. In this case, the sphere carries two 
marked points corresponding to the incidence points of a flow lines of hi and one 
of hi and the disk carries an internal marked point (which is its junction with the 
sphere) which is situated on the real line joining —1 to +1. It is possible for one 
of the disk or the sphere to be a constant one as long as it is stable. 

(3') Precisely one vertex in the tree is represented by a cusp curve with two components 
both of which are disks. In this case each of the two components carry two 
boundary marked points (one of which is their junction point) and each of them 
might also carry some internal marked points situated on the real line joining —1 
to +1. It is possible for one of the disks to be a constant one as long as it is stable. 

(4') Precisely, one edge in the tree is represented by a broken flow line of either hi, h 2 
or /. 

In view of the descriptions of the compactifications of the various moduli spaces de- 
scribed earlier in the paper, this statement is rather obvious. The only point worth explicit 
mention here is that if a sphere bubbles off, then for dimension reasons, it necessarily has 
to carry three marked points (one of them being a junction point with a disk). In view of 
this, as the internal marked points on each disk are along the line joining —1 to +1 the 
only such possible bubbling fits in case (2'). 

The techniques described earlier in the paper (in particular, the gluing results) insure 
that each of the configurations described at (1'), (3'), (4') is in fact a boundary point of 
the 1-dimensional manifold with boundary Vtia, b, x, y). An additional gluing argument 
applies for the configurations at (2') which is concerned with the gluing of a sphere to a disk 
in an internal point of the disk. However, this type of gluing is already well understood as 
it coincides, essentially, with the closed case (the gluing of two J-holomorphic spheres). 
See [44] for example. 

To prove relation (87) we now consider the sum S of all these boundary points when 
T takes all possible values (and a, b, x, y are fixed). We first notice that each of the terms 
described by (!'), (2') and (3') appears twice in this sum. Indeed, each cusp configuration 
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also appears from the "collapsing" of an edge in a tree T' with one more vertex and one 
more edge than T. Therefore the sum S, which vanishes, equals the sum of the terms 
of type (4'). We now consider the terms appearing in S and notice that they are of the 
following types: 

(i) the broken flow line is associated to / and is broken below the vertices of valence 
strictly greater than two. 

(ii) the broken flow line is associated to hi and is broken above all vertices of valence 
two. 

(iii) the broken flow line is associated to h 2 and is broken above all the vertices of 
valence two. 

(iv) the broken flow line is associated to hi and is broken below a vertex of valence 
three (which, obviously, corresponds to a J-sphere). 

(v) the broken flow line is associated to / and is broken above all the vertices of valence 
strictly greater than two. 

(vi) the broken flow line is associated to / and it is broken above some vertex of valence 
three and below some other vertex of valence three. 

We now observe that the terms counted in (i) are precisely those appearing in dl; (a ® 
the terms in (ii) correspond to those in £((da) ®b®x); the terms in (iii) correspond 
to those in (£a ® (db) ® x); the terms in (iv) correspond to those in (a*b) * x; the terms 
in (v) correspond to those in £(a® 6® (dx)); finally, the terms in (vi) correspond to those 
appearing in a * (b * x). This concludes our proof when Nl > 4. 

We now give the argument for the case 2 < Nl < 3 under the assumption that that 
n = dimL > 3. We will not give an explicit proof of the formula (87) in the case Nl < 3 
and n = 2. However, we mention that if coefficients are taken in A instead of A + then the 
module axiom for our exterior operation follows from the comparison with Floer homology 
which is explained in §5.6. 

Returning to the case Nl < 3 and n > 3 the general argument follows the lines of the 
proof above except that the perturbation techniques described in §5.3.7 are also required. 
Indeed, in the definitions of the various moduli spaces - which are perfectly similar to 
the ones given before - we need that the disks carrying one or two marked points in their 
interior be perturbed disks in the sense of that section. All the arguments work in the 
same way as in the case treated above (for Nl > 4) and are in fact simpler because in 
all replacement arguments as well as in the reduction to simple disks, the disks carrying 
marked points in their interior do not intervene (because transversality is insured for these 
perturbed disks by a generic choice of perturbation). There is only one point where this 
proof requires a new argument. Indeed, we consider the sum S' which is defined as S 
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above except that the disks of valence strictly greater than 2 are (J, if )-disks (for a small, 
generic if). This sum S' again vanishes. However, besides the terms of type (4') which 
appear in S' there are some other terms which contribute to this sum. These are all the 
configurations obtained by the bubbling off of a (perturbed) disk of valence four giving 
as result a cusp curve made of a (J, if )-disk of valence three which is joined to a genuine 
pseudo-holomorphic disk of valence three together with all the configurations obtained 
when an edge joining two (J, if )-disks of valence three reduces to 0. One point is crucial 
here: in the first type of configuration described here - which is obtained by bubbling off 
- the (J, if )-disk appears before the J-disk in the tree (this happens because, the first 
internal incidence point is the center of the disk and the second incidence point is in the 
interval (0, +1) C D) ! 

Denote by S" the number of configurations of these two types. Clearly, if if = these 
two types of configurations coincide and, by the usual gluing results, S" — 0. In general, 
another argument is needed to show that 5"' = 0. For this, one considers the moduli 
space Vtan,H,H'(a>, b, x, y) consisting of configurations of the usual type but with two disks 
of valence three which share an incidence point and so that the first disk (in the order 
of the tree) is a (J, if )-disk and the second disk is a (J, if ')-disk. The result follows if 
we can show that, when the virtual dimension of the space Vtan,H,H'(a>,b,x,y) is equal 
to 0, for all sufficiently small if and if' these moduli spaces are constituted by simple, 
absolutely distinct disks and the number of elements in Vtan,H,H'{a, b, x, y) equals that of 
T- ) tan,ofi{&-ib,x,y). It is not difficult to check that this result follows by a usual cobordism 
argument similar to Proposition 5.3.16 if we prove that Vtan,o,o{0', b, x, y) is made of simple, 
absolutely distinct disks for generic almost complex structures. In turn the key point for 
this is that, as we only need this result when the virtual dimension of the respective 
moduli space is 0, we can reason as in Proposition 5.3.3. In other, words assuming that 
the disks are not all simple and absolutely distinct we may construct a new configuration 
of strictly lower Maslov index (which leads to a drop of virtual dimension of at least 2 
because Nl > 2) but the condition on one of the marked points lying in the center of one 
of the disks of valence three might be lost which leads to a potential increase in virtual 
dimension by 1. As a whole, we still obtain a configuration belonging to a moduli space 
of virtual dimension at most —1 which leads to a contradiction because, inductively, this 
moduli space is assumed to be void. 

It remains to prove point (2) of Proposition 5.3.18. Let h : M — > K be a Morse function 
with a single maximum 0. Let / : L — > R be a Morse function and x G Crit(/). Then 
we have (at the chain level): G * x = x G C + (L ; /, J). The reason for this is that, because 
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is a maximum, the moduli spaces V(Q,x,y; A) which define the module operation as 
described in §5.3.1 can only be O-dimensional and non-void if x = y, A = and, in fact, 
the "pearls" appearing in these configurations are constant equal to x. 

Since [M] = [0] point (2) follows immediately. □ 

5.3.13. Algebra structure. In this section we will show the following identity: 

Proposition 5.3.20. For any x, y G Q + H*(L), a G Q + H(M) we have 

a * (x * y) = (a * x) * y . 

Proof. The argument is very similar to the one used for Proposition 5.3.18. We will 
again make use of moduli spaces modeled on trees with three entries and one exit so that 
the first entry is a critical point of a Morse function h : M — > R but the second and 
third entries are both critical points of Morse functions, j\ and j'2, on L. We will also 
assume that h, fx, f 2 are all in generic position and that fx and f 2 have the same critical 
points. The moduli spaces needed for our argument are similar to those used to prove 
the associativity of the quantum product, in particular, in the proof of Lemma 5.2.6. For 
a G Crit(h), y,z,w G Crit(fi) and T a planar tree as there we will denote by Vr{a, y, z, w) 
the relevant moduli spaces. They are defined as the moduli spaces Vr(— , —,—,—) in that 
Lemma except that the labeling of the edges is by the symbols 0, 1, 2 and is so that there 
is a single edge labeled by which corresponds to a flow line of —Vh, the edges labeled by 

1 and 2 correspond, respectively, to flow lines of — V/i and — V/2. The various incidence 
conditions are as follows. At the vertices of valence 2 the incidence points are +1 and 
— 1 and the entry edge is labeled by the same symbol as the exiting edge; at a vertex of 
valence three if all the incidence points are on the boundary, then they are the roots of 
order three of the unity (as in Lemma 5.2.6), the entrance edges are labeled by 1 and 

2 and the exit edge is labeled by 1; a vertex of valence three might also have only two 
incidence points on the boundary and one in the interior - in this case the edge arriving 
in the interior is labeled by and the other entering edge is labeled by 1 as well as the 
exiting edge, the incidence relations in this case are as in §5.3.1; finally a vertex of valence 
four has three marked points on the boundary so that two correspond to —1 and +1 and 
there is an entering edge labeled by 1 arriving at —1 and the exiting edge is again labeled 
by 1 and is attached at +1, there is an additional incidence point 9 G (0, 7r) C S 1 where 
is attached an entering edge labeled by 2, the fourth incidence point is G D and is the 
arrival point of the edge labeled by 0. 

The virtual dimension of these moduli spaces is \a\ + \y\ + \z\ — \w\ + fi{T) — 3n + 1 
and they are used to define a chain homotopy 

C : C k (h) ® C+(A) ® C + (f 2 ) p - C+ +?+p _ 3n+1 (/ 1 ) 
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between (—*—)* — and — *(—*—). 

The argument goes again in two stages: first we need to show that the necessary 
transversality is satisfied for such moduli spaces of virtual dimension at most 1 and, as 

a second step, an appropriate boundary formula needs to be justified. This second step 

is essentially identical with the one used to prove formula (87) so we will leave it to the 

reader. The first step reduces to showing that 

Vr(a, y, 2, w) = V% d (a, y, 2, w) 

where, as always, the superscript *, d indicates those configurations which consist of simple 
absolutely disjoint disks. To show this equality the procedure is again as before in the 
paper. Without the use of any perturbations it is easy to treat the case Nl > 3 and 
n > 3. In case Nl = 2, n > 3 the use of perturbations is necessary. Finally, for Nl = 2, 
n = 2 the argument is much more combinatorial and we will not give it - rather we refer 
to the section concerning the comparison with Floer homology: the relation for QH(-) 
(but not for Q + H(—)) follows in general from there. □ 

5.3.14. Two-sided algebra structure. The purpose in this paragraph is to prove: 

Proposition 5.3.21. For any a £ H + Q(M) and x, y £ H + Q(L) we have: 

a * (x * y) = x * (a * y) . 

Proof. The proof is similar to the one in the last subsection. We will use the same type 
of moduli spaces - now denoted by Vr(y,a, z,w) - except for a couple of very simple 
modification. 

i. We require the vertices of valence three with three incidence points on the bound- 
ary to correspond to edges which, in the cyclic order, verify: the first is labeled by 
2 and is an entry edge, the second is an exit edge and is labeled by 1, the third in 
an entry edge and is labeled by 1. 

i. For a vertex of valence four we require the incidence points to be —1, +1 and 
and to satisfy the same properties as in the proof of Proposition 5.3.20 but the 
fourth incidence point which again corresponds to an entry edge labeled by 2 is 
now a point in (tt, 2ir) C S 1 . 

Using these moduli spaces, the usual arguments, applied as in the last section produce 
a chain homotopy 

e : C(h) k ® C + (f 2 ) q (g) C + U\) P - C+(/l Wp-3n+l 

between the two order three products which appear in the statement. □ 
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5.4. Quantum inclusion. There is a canonical map: 

(88) i L : Q + H,{L) -> Q + H*(M) 

which is defined at the level of chain complexes by: 

i L : C+(L; f, J) -> (Z 2 (Crit(h)) <g> A+) k , 

(89) i L (x)= #z 2 V T (x,a)at^, 

oeCrit(/i) 

a,t 

where Vr{x, a) is again a moduli space modeled on a tree which will be linear here (that 
is a tree with one entry and one exit) which we will describe in more detail below. The 
sum is taken over all such trees T with \x\ — \a\ + /u(T) = 0. 
The first part of point iii. of Theorem 2.1.1 comes down to: 

Proposition 5.4.1. The map in equation (88) is well defined and it verifies: 

i L {a * x) = a*i L {x) ,V a G Q + H*{M) , x G Q + H*(L) . 

Here is now the more explicit description of the moduli space Vr{x,a). It consists 
of configurations that are similar to those lying in the moduli spaces of pearls - as in 
Definition 5.1.1 - except that the condition imposed to the last disk in the string, Uk, is 
modified so that ^' +00 {bk) = a, where bk = itfc(O) and 7' is the negative gradient flow of h, 
and the disk may also be constant. In other words, the "exit" incidence point on the 
last disk is the interior point G D (instead of +1 G 3D) and the exit edge is a negative 
gradient line of h which ends in a G Crit(h). When n > 3, the methods described before 
immediately show that with the previous definition il is a chain map. When n = 2 a 
simple combinatorial argument suffices. It is also easy to see that, in homology, this map 
does not depend of the choices made in its construction. It is useful to note that, as on 
the last disk Uk there are just two marked points - one interior and one on the boundary, 
the use of perturbations is not necessary in these arguments. 

We now justify the equation in Proposition 5.4.1. This is based on the construction of 
an appropriate chain homotopy. In turn, this depends on defining yet other moduli spaces 
Vr{a, y, b). Here a, b G Crit(h) and y G Crit(f) and T is a tree with two entries and one 
exit. As for the moduli spaces V-(x,a) above, the key point is that the last edge in the 
tree is again a flow line of the negative gradient of h which arrives in b. There is also 
an edge which corresponds to a negative gradient flow line of h which leaves from a. All 
the vertices of valence at least two correspond to J-disks with the possible exception of a 
single one which is of valence three and may correspond to a J-sphere. We now describe 
the incidence relations. There are two types of vertices of valence two: J-disks with the 
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two marked points on their boundary - in this case the incidence points are —1 which is 
the entry point of a flow line of —V/ and +1 which is the exiting point of a flow line of 
— V/; a J-disk with one marked point on the boundary —1 which is an entry point of a 
flow line of —V/ and an interior marked point which is the exiting point of a flow line 
of — V/i. There also are three possibilities for the vertex of valence 3. In the first, this 
vertex corresponds to a J-disk and the incidence points are —1, 0, +1 so that —1, are 
entry points for flow lines of respectively, — V/, — Vh and +1 is an exiting point of a flow 
line of —V/. In the second case, again the vertex corresponds to a J-disk but this time 
the marked points are — l,p, where p G (—1,0) and —1 is again an entry point for a 
flow line of — /, p is an entry point for a flow line of —h and is an exit point for a flow 
line of —h. Finally, in the third case the vertex in question corresponds to a J-sphere the 
marked points in that case are roots of order three of the unity so that the first root is an 
entrance point of a flow line of —h originating in a, the second is an exiting flow line of 
—h arriving in b and the third is an entering flow line of — h (whose origin is, necessarily, 
at the center of a J-disk). Trivial disks and spheres can appear in these configurations as 
long as they are stable. It is easy to see that the virtual dimension of these moduli spaces 
is |x| + \a\ —2n + fi(T) — \b\ + 1. As always we will only need to use those moduli spaces 
of virtual dimension and 1 and the chain homotopy in question is defined by 

e(a®x) = J2#z 2 (V T (a,x,b))bt^ 

where the sum is over all the trees T so that the virtual dimension is 0. Of course, this 
definition is only valid generically: in that case, the methods described earlier in the paper 
can be easily applied here to show that 7V(o, x, b) is a 0-dimensional compact manifold. 
Finally, to show that: 

+ £,"d)(a <g> x) — z'l(o * x) — a* il(x) 

the regularity of the moduli spaces of dimension 1 is needed together with a boundary 
description. This follows again by the methods described earlier in the paper. However, 
notice that the use of perturbations is necessary in this case. 

The last step to conclude point iii of Theorem 2.1.1 is to show relation (4): 

< h* >= €L(h* x) 

for all h G H*(M) and x G Q + H*(L). First denote by m the minimum of / (we assume 
it is unique to simplify the discussion). Notice that there is a bijection 

b : Vt(x, a) — > Vr>(a, x, m) 

where 7V'( a > x -> m ) are the moduli spaces of the type used in the definition of the module 
operation in §5.3 associated to the function / and its critical points x and m and to the 
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function —h together with its critical point a; the tree T is obtained by inverting the last 
edge in the tree T and adding one edge going from the last disk in T to the critical point 
m. This also shows how to define the bijection b: for each configuration v in Vr{x, a) we 
consider the last disk Uk of v and the point Uk(+1). This point belongs to the unstable 
manifold of m (generically, as always) and so, by replacing the last edge in v by a negative 
gradient flow line of —h which goes from a to itfc(O) and adding to v one edge given by 
a negative gradient flow line of / which joins Ufc(+1) to m we obtain b(v). It is then 
clear that this map b so defined is bijective. Combining this with the definition of cl the 
relation (4) follows. □ 

5.5. Spectral sequences. We now notice that all the structures defined above are com- 
patible with the degree filtration so that the point iv. of Theorem 2.1.1 is trivial. 

5.6. Comparison with Floer homology. We deal here with the last point of Theorem 
2.1.1. Recall from the statement of Theorem 2.1.1 that we denote by 

C(L-f,p, J)=C+(L;f,p, J) ® A+ A. 

5.6.1. Comparing complexes. The version of Floer homology which we need is defined 
with the help of an auxiliary Hamiltonian H : M x [0, 1] — > M and its construction is 
standard (see [48]). 

Put H t (x) = H(x,t). Denote 

P (L,L) = { 7 :[0,1]^M: 7 (0)gL, 7 (1) G L 7 ~ *} . 

The generators of the Floer complex, CF(L; H, J), are elements of Vo(L,L) which 
are orbits of the Hamiltonian vector field (defined by uu(Xf,Y) = —dH t (Y)). We 
denote this set of orbits by In- There is a natural map ^(M, L) — > iri(Vo(M, L), *) and 
extensions to iri(Vo(M, L), *) of each of the maps u> and p (it is easy to see that these 
extensions continue to be proportional in this case). We need to fix a base point, fj, in the 
space Vq(L, L) which is the abelian cover of Vq(L, L) which is associated to the kernel of 
p. Once this choice is made the Floer complex is defined by 

CF(L;H, J) = Z 2 (Ih) <S> A . 

The differential is defined by first fixing one lift x G Vq(L, L) for each of the elements 
x G Ih and there is a Maslov index p(x), 2p(x) G Z which is well defined. This determines 
a grading on CF(L; H, J) by the formula |x<S>t r | = p(x) —rN^. The differential is defined 
by 

(90) dx = J2^M(x,y;X)yt^ x \ 
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where x, y G Ih, A G tti(Vq(M, L), *)/ ker/i and .M(x, |/; A) is described as follows. First 
let .M'(x, A) be the moduli space of paths u : E — > Vq(L,L) so that «(— oo) = x, 
u(+oo) = Ay and the projection u of u to Vq(L, L) verifies 

(91) du/ds + Jdu/dt + VH t (u) = 0, 

where V-fff is defined with respect to the metric gj associated to (u, J). There is an 
obvious action of ffi. on this moduli space and we let 

M(x,y;\)=M'(x,y;\)/R. 

Generically, this is a manifold of dimension 

H{x) -fi(y) + fi(X) - 1 

and the sum in (90) is taken over all of those y, A so that the respective moduli space 
is 0-dimensional. The homology of this complex is the Floer homology of L, HF(L), 
and does not depend on H and J. It depends on the choice of the base point fj up to 
translation. 

Remark 5.6.1. We leave it to the reader to verify that using the positive Novikov ring in 
this case is not possible. 

The point ii. of Theorem 2.1.1 is a consequence of the following: 

Proposition 5.6.2. For generic (f,p,H,J) there are chain morphisms 

*J>:C{L;f,p, J)^CF(L;H, J) 

and 

<P:CF(L;H, J)^C(L;f,p, J) 

which induce canonical isomorphisms in homology. These induced maps are inverse one 
to the other. 

Remark 5.6.3. These morphisms are constructed by the Piunikin-Salamon-Schwarz method 
and, indeed, they are the exact Lagrangian counterpart of the PSS morphisms. Such 
morphisms have been discussed in the Lagrangian setting - when bubbling is avoided - in 
[8, 4, 38] and, in the general cluster setting, in [23]. 

Proof of Proposition 5.6.2. Notice that, given 7 6 Ih we may view each element 7 G 
Vq(L, L) which covers 7 as a pair (7, u) where u is a "half-disk" capping 7. For our fixed 
lifts 7 of the orbits 7 G Ih we denote 7 = (7, it 7 ). 

To define the morphisms ip and <fi some new moduli spaces are necessary. Given x G 
Crit(f) and 7 G Ih we will define next the moduli spaces Vt{x, 7) and Vr{l, %)■ In both 
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cases T is a linear tree as those used in the definition of the pearl moduli spaces. Compared 
to the definition of the pearl moduli spaces - Definition 5.1.1 - the configurations assembled 
in Vt{x, 7) have the property that the last vertex in the chain does not correspond to a 
J-disk but rather to an element u k ■ M x [0, 1] — > M so that we have: 

u k (R x {0, 1}) C L , d s {u k ) + J{u k )d t {u k ) + p{s)VH t (u) = , u k (+oo) = 7 

and r tfe («fc_i(+l)) = u k {— 00) where r t is the negative gradient flow of / and (3 is a smooth 
cut-off function which is increasing and vanishes for s < 1/2 and equals 1 for s > 1 . The 
virtual dimension of this moduli space is \x\ — |7| + M^~) — 1 where |7| = ^(7) and /i(T) 
is by definition the sum of the Maslov indices of the disks corresponding to the vertices 
appearing in the tree T to which we add the Maslov class of the disk obtained by gluing 
u k to u 1 along 7. Similarly, the moduli space Vr(l,x) has an analogue definition except 
that the end conditions are reversed. More precisely, the first disk uq is the solution of an 
equation: 

u (R x {0, 1}) C L , d s (u ) + J(u )d t (u ) + £(s)VH(u, t) = 0, u (-oo) = 7 

, r_t 1 (iti(— 1)) = uo(+oo) where £ is a smooth curt-off function which is decreasing and 
vanishes for s > 1/2 and equals 1 for s < 0. The same methods as those used earlier in 
the paper show that for a generic J we have an equality 

(and similarly for the moduli spaces Vri'Jjx)) where the moduli space on the left con- 
sists of configurations containing only simple, absolutely distinct disks. For H generic 
the appropriate transversality of the evaluation maps can be achieved when the virtual 
dimension is at most 1. The definition of the morphism ip is now as follows: 

where the sum is taken over all trees so that the dimension of the respective moduli spaces 
is 0. Similarly, 

<l>(l)=J2*( V r(l,x))xt^ 

x,T 

where again we only take into account moduli spaces of dimension 0. By analyzing the 
boundary of the compactifications of the moduli spaces Vt(x, 7) and Vr{l, x) it is easy to 
show that both and ip are chain morphisms. We then need to show that the compositions 
(j> o ip and if) o <j) are both chain homotopic with the respective identities. As in the non- 
bubbling case, this proof is based on a gluing argument - which allows to view the product 
Vt(x^) x Vti{i,v) as part of the boundary of a moduli space Vr#T'(x,y,k,H) where 
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this last moduli space is modeled on the tree T^T 1 which is obtained by gluing T' at the 
end of T and it consists of pearl-like objects except that the fc-th disk verifies a perturbed 
Floer type equation of the form d s (u ) + J(uo)d t (uo) + vjt(s)VH(u,t) = where v R is 
a family of smooth functions so that vr(s) = for \s\ > R, is increasing for s < and 
decreasing for s > and, for R sufficiently big, it is equal to 1 for \s\ < R — 1. 

□ 

5.6.2. Module action and internal product on HF(L). In this subsection we want to no- 
tice that there exists a natural action of QH(M) on HF(L) which is identified via the 
PSS maps with the action discussed in §5.3. The definition of this module structure is 
completely similar to the PI- action of singular homology on Hamiltonian Floer homology 
as it is described for example in [31] or in [59]. Similarly, we also have the "half-pair of 
pants product on HF(L). 

Given a Morse function h : M — > K together with a Riemannian metric pm so that the 
pair (h, Pm) is Morse-Smale as in §5.3 we define an operation: 

(92) * : C k (h) ® CF,(L; H, J) -> CF l+k _ 2n (L; H, J) 
as follows 

Here 

(93) M(a;x,y;\) = {(u,p) e M'(x,y;\) xW^ : u(0, 1/2) = p} 

and W% is the unstable submanifold of the critical point a for the flow of — V/i. As always, 
the sum above is understood to be taken only when the moduli spaces in question are 
finite. 

The Floer intersection product is an associative operation with unit 

HF p {L) ® HFg(L) - HF p+q _ n (L) . 
We first recall that this product is defined by a chain map: 

* : CF k (L; H, J) ® CF^L; H', J) -> CF k+l . n (L; H", J) 
where H' and H" are small deformations of H and 

x*y = Y,*{M^{\))zt^\ 
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where the moduli spaces Aif y (X) consist of semi-pants (or half pants) with their bound- 
aries on L and which are otherwise similar to the usual pair of pants used to define the 
standard product in Hamiltonian Floer homology. 

Again, both structures are well defined for generic choices of data and independent of 
these choices and the PSS maps identify them in homology with the ones described in §5.3 
and §5.2. We leave this verification to the reader. It is also easy to verify that analogue 
statements are valid for the map ii and the spectral sequence compatibility. 

5.7. Duality. The purpose of this section is to prove the Corollary 2.2.1. We start by 
recalling the conventions and the notation in §2.2.1. Fix generic f,p, J so that the pearl 
complex C + (L; f, p, J) is defined. Let C G = hom.\(C(L;f,p,J),A) endowed with the 
differential which is the adjoint of the differential of C + (L; /, p, J) and with the grading 
\x*\ = — \x\. Recall also that s k C indicates the k-th suspension of the complex C. 

Proof of Corollary 2. 2. 1. The first step is to notice that the pearl complex C + (L; — /, p, J) 
is also defined and there is a basis preserving isomorphism % between C + (L; —f, p, J) and 
s n C e defined in the same way as in the Morse case (see Remark 2.2.2 a): it sends each 
generator represented by a critical point x of /, indf(x) = k to a generator of degree n — k 
represented by the same critical point x only viewed as critical point of — / . 

At the same time, there is a comparison chain morphism 

cf>:C+(L;f,p, J)^C + {L;-f,p, J) 

as in §5.1.2 which induces a (canonical) isomorphism in homology. Therefore we get a 
morphism 

r,:C + (L;f,p,J)^s n C Q , X] = i o 

which induces an isomorphism in homology and this concludes the first part of the Corol- 
lary. For the second part we need to show that the bilinear map fj associated to rj coincides 
with the reduced quantum product Q + H(L) ® Q + H(L) ^ Q + H(L) A. 

The first step for this is to notice that it is enough to work with a comparison morphism 
(f) : C + (L; f, J) — > C + (L; —f, J) where /' and / are in generic position. In fact, it is clear 
that we may even replace with any other chain morphism which is chain homotopic to 
it. There is a specific such chain morphism which will be useful in the proof. Its definition 
is quite general so we now take h another generic Morse function and we describe this 
new comparison morphism <f> : C + (L; f'J) — > C + (L; h, J). It will be used in our proof 
for h = —f. The construction of 0' is based on counting the elements of certain moduli 
spaces V l (f, h] x, y; J, A) which are modeled on linear trees, as the pearl moduli spaces, 
except that there is an additional marked point on the tree which is placed in the interior 
of an edge in the tree. The key property of these moduli spaces is that all the edges (or 
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segments of edges) above this marked point correspond to negative flow lines of /' and 
all the edges (or segments) below this marked point - in the tree - correspond to negative 
flow lines of h. The virtual dimension of these moduli spaces is \x\ — \y\ + /u(A) where 
A is the total homotopy class of the configuration. The same methods used earlier in 




p 

-Vg 



Figure 14. x e Crit(f'), y e Crit(h), P is the new marked point. 

the paper show that, with generic choices of defining data, counting the elements in the 
O-dimensional such moduli spaces does indeed define a chain morphism. The proof now 
consists of two steps. The first, is to remark that <fi and are chain homotopic. We 
will postpone this argument and proceed to describe the last step in the proof. For this 
we first fix a third Morse function /" : L — > R which has a single minimum m and is in 
generic position with respect to /' and — /. We now notice, by reviewing the definition 
of the moduli spaces V(x, y, m; /', /, /") from §5.2 that they coincide in dimension with 
the moduli spaces V l (f, — /; x, y; J). Indeed, if V(x, y, m; f, f, f") is of dimension 0, then 
the elements of this moduli space have the property that their unique vertex of valence 
three is a constant disk and, moreover, the chain of pearls associated to /" and arriving 
in m is a single flow line of — V/" joining the vertex of valence three to m. But as 
V(x, y, m; f, f, f") are precisely the moduli spaces which compute o (— * — ) we obtain 
€l(x * y) =< 4>'(x), y >= (i o (f>'(x))(y) which implies our claim. 
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To conclude our proof, we need to justify that 0' and are chain homotopic. Recall that 
is defined by making use of a Morse homotopy between /' and h. Let H : L X [0, 1] — > R 
be such a Morse homotopy. We intend to apply a method similar to the proof of the fact 
that the comparison morphism is canonical in homoloy as in §5.1.2. However, we apply 
that method in a more general situation: the place of the second Morse homotopy H' will 
be taken by the discontinous function H'(x,t) = f'(x) for t G [0, 1/2) and H'(x,t) = h{x) 
for t G [1/2, 1]. The reason that this method still works is that, despite the discontinuity of 
H', the vector field VH' is still well defined on L x [0, 1] and its negative flow lines are still 
well defined and continuous - they follow the negative gradient of /' for t G [0, 1/2) and 
then follow along the negative gradient of h for t G [1/2, 1]. The only additional ingredient 
with respect to the method described in §5.1.2 is a gluing statement. In essence, this is 
already seen in the case of the purely Morse theoretic version of our statement (that is 
if no pseudo-holomorphic disks are present): each trajectory of — V-ff 7 has to be shown 
to be precisely the end of a one parametric family of flow lines of the Morse homotopy 
relating H to H' . We leave this last step as exercise for the reader. □ 

5.8. Action of the symplectomorphism group. The purpose of this section is to 
prove Corollary 2.2.3. 

Proof of Corollary 2.2.3. We assume that : L — > L is a diffeomorphism which is the 
restriction to L of the symplectomorphism and /, p, J are such that the chain complex 
C + (L; f,p, J) is defined. Let = / o 0" 1 . There exists a basis preserving isomorphism 

h*:C + (L;f,p, J)^C + (L;f+,p*,r) 

induced by x — >• 0(x) for all x G Crit(f) where p*, J* are obtained by the push-forward of 
p, J by means of and the symplectomorphism 0. The isomorphism acts in fact as an 
identification of the two complexes. 

Finally, there is also the standard comparison chain morphism 

c:C + (L;ftp\r)^C + (L;f,p,J) . 

We now consider de composition k = c o . It is clear that this map induces an 
isomorphism in homology and that it preserves the augmented ring structure (as each of 
its factors does so). We now inspect the Morse theoretic analogue of these morphisms 
- in the sense that we consider instead of the complexes C(L, f, — ) the respective Morse 
complexes C(f, — ). It is easy to see that, by possibly redescribing H*(c) as a morphism 
induced by a chain morphism given in the same way as 0' in the proof of Corollary 2.2.1, 
the Morse theoretic version of k induces in Morse homology precisely iJ*(0). But this 
means that at the E 2 stage of the degree filtration the morphism induced by k has the 
form i?*(0) <8> id\+. 
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We now denote k = K{4>) and we need to verify that for any two elements 0, ip G 
Symp(M) we have h{(j) o = h{4>) o h(ip). It is easy to see that this is implied by the 
commutativity up to homotopy of the following diagram: 

C+(L;f>)^+C+(L; (/')*) 



C+(L;/)— — C+(L,/*) 

for any two Morse function / and /' so that the respective complexes are defined. To see 
this, first we use some homotopy H, joining / to /', to provide the comparison morphism 
c and we then use the homotopy H o -1 to define d . 

Finally, recall that the module structure of Q + H*(L) over Q + H(M) is defined by using 
an additional Morse function F : M — > K. If we put = F o 1 we see easily that 
the external operations defined by using /, F, p, J and f^, F^, p*, J* are identified one to 
the other via the application Y& (extended in the obvious way to the critical points of F). 
The usual comparison maps then are used, as before, to compare (by using appropriate 
homotopies) f^, F^, p*, J* to /, F, p, J. At the level of the Morse quantum homology on 
M the composition of these two maps induces i?*(0) ®id^+. Therefore, if G Sympo(M) , 
it follows that this last map is the identity and proves the claim. □ 

Remark 5.8.1. It results from the proof above that for h(4>) to be an algebra automorphism 
it is sufficient that induce the identity at the level of the singular homology of M, e.g. 
is homotopic to the identity. 

5.9. Minimality for the pearl complex. This subsection is purely algebraic and its 
purpose is to show the statements in §2.2.3. 

Proof of Proposition 2.2.4- We start by choosing generators for the complex (G,do) 
as follows: G = Z 2 < x { : % G / > ©Z 2 < jjj : j G J > ©Z 2 < y'j : j G J > so 
that d Xi = 0, d (yj) = 0, d Q y'- = yj, Wj G J. The index families I and J are finite. 
Clearly, 7i = Z 2 < x« > and we will identify further these two vector spaces and denote 
C m in = Z 2 < Xj > ®A + where Xi,i G / are of the same degree as the x^'s ( obviously, 
the differential on C m i n remains to be defined). We will construct and ip and S so that 
4>o{ x i) — 5?; 4>o(yj) — <fio(yj) — and ipo(xi) = Xj. The construction is by induction. We 
fix the following notation: C k = Z 2 < Xi, y'j, yj : \xi\ > k, \y'j\ > k > ®A + . Similarly, 
we put C^ in = Z/2 < Xi : \xi\ > k > ®A + . 

Notice that there are some generators in C k which are of degree k — 1, namely the y/s 
of that degree. With this notation we also see that C k is a sub-chain complex of C. To 
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simplify notation we will identify the generators of these complexes by their type - x, 
y', y, x and their degree. Assume that n is the maximal degree of the generators in G. 
For the generators of C n we let be equal to O , we put 5 = on C^ in and we also let 
■0 = ipo on C^ in . To see that ip : C n —> C™ in is a chain morphism with these definitions 
it suffices to remark that if a generator of type y has degree n — 1, then y = d$y' = dy' 
and so dy = 0. We now assume </>,6,if> defined on C n ~ s+1 , C^ +1 so that <p,ip are chain 
morphisms, they induce isomorphisms in homology and o ip — id. 

We now indend to extend these maps to C n ~ s , C„7n- We first define on the generators 
of type x and y' which are of degree n — s: 0(x) = x, 4>(y') = 0. We let S(x) = <p n ~ s+1 (dx) ( 
when needed, we use the superscript (— ) n ~ s+1 to indicate the maps previously constructed 
by induction). Here it is important to note that, as d$x = 0, we have that dx £ C n ~ s+l . 
We consider now the generators of type y £ C n ~ s which are of degree n — s — 1 and we 
put <j){y) = <ft n ~ s+1 (dy' — y). This makes sense because dy' — y G C n ~ s+l . If we write 
dy' = y + y" we see (f>(dy') = (f)(y) + 4>{y") = = 5((p(y')) so that, to make sure that 
<f) n ~ s is a chain morphism with these definitions, it remains to check that 5<p(y) = <f)(dy) 
for all generators of type y and of degree n — s — 1. But 5<p{y) = 5(fi n ~ s+1 (y") and 
as <p n ~ s+1 is a chain morphism, we have 5(j) n ~ s+1 (y") = <f) n ~ s+1 d(y") which implies our 
identity because dy" + dy = d 2 y' = 0. It is clear that so defined induces an isomorphism 
on the d-homology of C n ~ s because the kernel of <fi is generated by couples (y', dy') so that 
it is acyclic. To conclude our induction step it remains to construct the map ip on the 
generators x of degree n — s. We now consider the difference dx — if) n ~ s+1 (5x) and we want 
to show that there exists r £ Qn-s+i go d T — d x — ip n ~ s+l ^x) and r £ ker(^ n_s+1 ). 
Assuming the existence of this r we will put ip(x) = x — r and we see that if) is a chain 
map and <fi o ip = id. To see that such a r exists remark that first w = dx — ip n ~ s+1 (Sx) £ 
C n ~ s+1 and dw = d(ifj n ~ s+1 (5x)) = ip n ~ s+1 (5 o 5x) = (because ijj n ~ s+1 is a chain map). 
Moreover, <fi{w) = <fi n ~ s+1 (dx) — 5x = because <fi n ~ s+1 o ip n ~ s + l = ^rf. Therefore w 
is a cycle belonging to ker(0 n_,s+1 ). But <p n ~ s+1 is a chain morphism which induces an 
isomorphism in homology and which is surjective. Therefore if*(ker(0 n ~ s+1 )) = 0. Thus 
there exists r £ ker(0 n_,s+1 ) so that dr = w and this concludes the induction step. 
With this construction it is clear that 0o induces an isomorphism in do-homology and as 
0o ° V'o — id we deduce that so does ip . 

This construction concludes the first part of the statement and to finish the proof of the 
proposition we only need to prove the uniqueness result. The following lemma is useful. 

Lemma 5.9.1. Let G, G' be finite dimensional, graded ^-vector spaces. A morphism 
£ : G (g) A + — > G' ® A + is an isomorphism iff £ is an isomorphism. 
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Proof. Indeed, it is immediate to see that if £ is an isomorphism, then £o is one: the surjec- 
tivity of £ implies that of £o and a dimension count concludes this direction. Conversely, 
if £o is surjective a simple induction argument shows that £ is surjective too. Assume that 
the maximal degree in G is k. Obviously £ = £o|G fc <g>A+- We now suppose that £ is surjec- 
tive when restricted to G^-s+i ® A + — > G' k _ s+l <8> A + . Take g' G G' k _ s . Then g' = (,0(9) 
for some g G Gk- S so that we may write £(g) — g' + g"t for some g" G G' k _ s+1 ® A + . 
But, by the induction hypothesis, g" G Im{E i \ Gk _ a+1 ^ ) x+) so that g' = £(g) — £{g"')t with 
£(</") = fi 1 ") ^ G^fe-s+i ® A + . A dimension count again shows the injectivity of £. □ 

To end the proof of the proposition, suppose <f>' : C — > C and ip' : C —> C are chain 
morphisms so that <f>' o ip' = id with C = (H <g> A + ,5'), £q = and if some graded, 
Z 2 -vector space and 0', 0q, -0d induce isomorphisms in the (respective) homology. We 
want to show that there exists a chain IXLcip C '. C"min — ^ C SO tllclt c is an isomorphism. 
This is quite easy: we define c(u) — (f)' o Vn G C m j n . Now H*((f) ) and H*((f)' ), 

H^ipo), H#(if}' ) are all isomorphisms (in (i -homology) . So H(cq) is an isomorphism but 
as So = = 5q we deduce that cq is an isomorphism. □ 

Proof of Corollary 2.2.5. Suppose that C(L; f, p, J) is defined and apply the Proposition 
2.2.4 to it. Denote by (C m i n , 0, ijj) the resulting minimal complex and the chain morphisms 
as in the statement of 2.2.4. The only part of the statement which remains to be shown 
is that given a different set of data (/', p'.J') so that C(L; f'p' , J') is defined, there are 
appropriate morphisms <f)', ip' as in the statement. There are comparison morphisms: 
h : C(L; f'p', J') -> C(L; fp, J) as well as h! : C(L; fp, J) -> C(L; f'p', J') so that, by 
construction, both h and h' are inverse in homology and both induce an isomorphism 
in Morse homology and again these two isomorphisms are inverse (see §5.1.2). Define 
0' : C(L; /', pf, J') - C mm , r : C min C(L; /', p', J') by 0' = o ft and < = h! o It is 
clear that 0', 0q and i/j'q induce isomorphism in homology. Moreover, as ho and h' are 
inverse in homology and 5q = in C m i n it follows that 0' o o ip' ' = id. This means by the 
Lemma 5.9.1 that v — 0' o ?//' is a chain isomorphism so that v Q is the identity. We now 
put if;' = ip" o tr 1 and this verifies all the needed properties. The uniqueness of C m i n (L) 
now follows from the uniqueness part in the Proposition 2.2.4. □ 

5.10. Proof of the action estimates. We first recall the definition of the two spectral 
invariants involved. Fix a generic pair (H, J) consisting of a 1-periodic Hamiltonian 
H : M x S 1 — > M. and an almost complex structure J so that the Floer complex CF*(H, J) 
is well defined. We will assume the coefficients of this complex to be in the usual Novikov 
ring A. We recall that the generators of CF*(H, J) as a module over A are pairs formed 
by contractible orbits of X H together with fixed cappings. Fix also a Morse function 
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/ : L — > R as well as a Riemannian metric g on L so that the pearl complex C + (L; f, p, J) 
is well defined. 

We first need to provide a description of our module external operation which involves 
the two complexes above. This is based on moduli spaces P(7, x, y; A) similar to the ones 
used in §5.3 except that the vertex of valence three in the string of pearls is now replaced 
by a half-tube with boundary on L and with the — oo end on 7. The total homotopy class 
A of the configuration obtained in this way is computed by using the capping associated 
to 7 to close the semi-tube to a disk and adding up the homotopy class of this disk to the 
homotopy classes of the other disks in the string of pearls. More explicitly, a half tube as 
before is a solution 

u : (-oo,0] xS'^M 
of Floer's equation du/ds + Jdu/dt + VH(u,t) = with the boundary conditions 

u({0} x S 1 ) C L lim u{s,t) = j{t) . 
t— >— 00 

The incidence points on the "exceptional" vertex which corresponds to u are so that 
the point u(0, 1) is an exit point for a flow line and u(0, —1) is the entry point. Both 
compactification and bubbling analysis for these moduli spaces are similar to what has 
been discussed before to which is added the study of transversality and bubbling for the 
spaces of half-tubes as described by Albers in [5] and, as described in [5] , an additional 
assumption is needed for this part: H is assumed to be such that no periodic orbit of X H 
is completely included in L. 

Counting elements in these moduli spaces defines an operation: 

CF(H, J) ® C(L; f, p, J) - Cm f, p, J) 

and, by using the Hamiltonian version of the Piunikin-Salamon-Schwarz homomorphism, 
it is easy to see that, in homology, this operation is canonically identified with the module 
action as described in §5.3. 

The Floer complex CF*(H, J) is filtered by the values of the action functional 

A H {x) = [ H(x(t),t)dt - [ x*u 
Jo Jd 

where x = (x, x) with x a C°° loop in M and of this loop. This action is 

compatible with the Novikov ring in the sense that: Ah{i ®t k )= Ah{i) — kr (where 
t is the monotonicity constant). The filtration of order v G K of the the Floer complex, 
CF V , is the graded Z 2 - vector space generated by all the elements 7 <8> A of action at most 
v. This is a sub-complex because the differential decreases action. 
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We now fix a G H*(M; Z 2 ) and define cr(a, H) by: 

(94) a(a, H) = inf{z/ : PSS(a) G Image( H(CF U ) -> HF(H, J) )}. 

Here PS'S' : H*(M; Z 2 ) — > HF(H,J) is the Piunikin-Salamon-Schwarz homomorphism. 
We also need a similar definition for a cohomology class /3 G H*(M; Z2). A little more 
notation is needed for this. We recall that we work here over the Novikov ring A. We 
also recall the algebraic notation from §2.2.1: A* is be the ring A with reverse grading (in 
short the element t has now degree A7J and given a free chain complex C = G <S> A with 
GaZ 2 vector space, C* = homz 2 (G, Z 2 ) ® A* where the grading of the dual x* of a basis 
element x G G is = |x| with the differential given as the adjoint of the differential in 
C. 

From the Floer complex CF(H, J) we define the associated Floer co-homology by 
H k F(H, J) = H k (CF(H, J)*) and similarly for all the various subcomplexes involved. 
In particular, we have H k (CF u ) = H k ({CF u )*) as well as morphisms 

p u : CF{H, J)* -> {CF V )* 

which are induced by the inclusions CF U <^-> CF(H, J). Moreover, the inverse PSS map 
induces also a comparison morphism H*(M; Z 2 ) — > H*F(H, J) which we will denote by 
PSS'. In view of this we may now define: 

(95) a(J3, H) = sup{z/ : PSS'(J3) G kei{H*F{H, J) -> H*(CF V ))}. 

Assuming that H is normalized, it is well known that a(a, H), the spectral invariant of 
a, only depends on the class [<j) H ] G Ham(M). The same holds for the spectral invariant 
of the co-homology class (3. 

Remark 5.10.1. The spectral invariant of a co-homology class (3 satisfies te following 
property which will be useful in the following. For any e > there exists a co-chain 
c = so that [c] = (3, 7* are dual to orbits 7$ (the A-coefficients are integrated in 

7i by a possible change of capping - in other words we view C as a Z 2 vector space) and 
•A.H'{li) > <^{!3iH) — e for all i. For this, first notice that the map p p : CF(H, J)* — > 
(CF 1 ')* is surjective and that its kernel is generated by those 7* with -4^ (7) > v. Fix 
v = a(/3, H) — e and let c' = ^ 7* be so that [c'\ = [3. Let p v {c') = 5. Then as v < a(fl, H) 
we deduce 5 = d*h and as p u is surjective, we may view h as an element of CF(H, J)* so 
that p v {d — d*h) = 0. But j3 — [d — d*h] so that our claim follows. 

Remark 5.10.2. To avoid possible confusion with various other conventions used in the 
literature, notice that, with the definitions above, we have in general a(a*, H) 7^ a(a, H) 
where a* is the co-homology class Poincare dual to a. 
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5.10.1. Proof of Corollary 2.3.1. We recall that a G H*(M; Z2) is fixed as well as x,t/ G 
Q + H(L) so that y 7^ and a * x = yt k + higher order terms. We also fix e Ham(M). 
We first intend to show that: a (a, <fi) — depth L (0) + kr > 0. By inspecting the definition 
of depth in §2.3 we see that this reduces to showing that for every normalized Hamiltonian 
H with [H] = (ft, we have 

a(a,H)- [ H(j(t),t)dt + kT >0 
Jo 

for some loop 7 : S 1 — > L. By a small perturbation of iJ we may assume that no closed 
orbit of H is contained in L. 

Now assume that 77 = 7^ ® A; is a cycle in CF(H, J) so that [77] = PSS(a) where 
7i are generators of CF(H, J) and A, G A. The relation a * x = yt k + ... implies that 
there exits some periodic orbit 7^ say 71, and critical points Xi,yi G Crit(f), = \x\, 
1 2/1 1 = \y\ so that the moduli space x\, y\, t k ) 7^ where j[ = 7i#Ai is the same 

orbit of X H as 71 but with the capping changed by Ai. We now consider an element 
v G V( n f' 1 ,Xi,yi,t k ) and we focus on the corresponding half-tube u (which is part of v). 
The usual energy estimate for this half-tube gives: 



(96) 0< [ [ \\du/ds\\ 2 dtds = f u*uo + f H(j x (t),t) - [ H(u(0,t),t) . 

J -00 JO ./[-oo.OlxS 1 Js 1 Js 1 

We now want to remark that: 

A H (7[)+kT> [ u*u+ [ H( 7l (t),t) . 

J^oofljxS 1 Js 1 

Indeed, this is obvious in view of the definition of the action and given that kr equals 
the symplectic area of all the disks in v + the area of the tube u + the area of the 
cap corresponding to 7^ (we have equality here iff no J-disks appear in v). Given any 
e > 0, in view of the definition of a(a,H), it follows that we may find in CF (T ^ a ' H ' Jr6 a 
cycle i] with [77] = PSS(a) G HF(H, J). Applying the discussion above to this r] means 
Aff(7i) < c{a, H) + e and this implies the claimed inequality. 

We now want to show the second inequality in Corollary 2.3.1: height L (0) — a(a*, (j>) + 
kr > 0. Again by taking a look at the definition of height L (</>) we see that it is enough to 
show that for some normalized Hamiltonian H' we have J H'{j{t),i) — a (a*, H') + kr > 
for some loop 7 in L. We now return to the choices of H,v,u,j[,xi,yi used when 
establishing formula (96). We now define H'(x,t) = —H(x,t). We notice that the the 
periodic orbits of H' are related to those of H by the formula j(t) — ► 7(1 — t) and, 
moreover, the complex CF(H', J) is in fact identified with s n (CF(H, J)) & (to recall the 
algebraic notation (— )° etc see §2.2.1 and §5.7). The equation (96) can be interpreted by 
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looking at u as a Floer half tube for H' parametrized by [0, +00) x S 1 with the end on 
L and the +00 end on j[ (where for a loop 7, 7 is the loop 7(1 — £)). We obtain: 

(97) 0< [u*u- / H'(>y 1 (t),t)dt+ / H'(u(0, -t),t)dt . 

J Js 1 Js 1 

So that is suffices to show kr — a(a*,H') > J u*uj — J gl H'( ; ji(t),t)dt. By noticing that 

the capping corresponding to 7^ is changed with respect to that of j[ by (s, t) — > (s,l—t), 

it is now easy to see that: 

A H >{j'i)< J H'(ji(t),t)dt- J U*LU + kT . 

And the proof of the desired inequality reduces to showing that, for any e > there exists 
7! as before so that a (a*, H') — e < A.H'(ji)- But this follows immediately from Remark 
5.10.1. □ 

5.11. Replacing C + , Q + H by C, QH. At this stage we indicate that everything proved 
in §5.1 - 5.5 as well as in §5.7, 5.8, 5.9 continues to hold (with the same proofs) if we 
replace C + and Q + H by C and QH respectively everywhere. The same is true for §5.10 if 
we replace C + (L) by C(L) but in that section we still have to work with the full version 
of HF(M). 

Note however, that in contrast to the above, in §5.6 it is essential to work with C and 
QH rather than their positive versions. 

6. Applications and examples. 

Our applications are grouped in three categories. Ths first has to do with the algebraic 
constraints coming from the interplay between singular and quantum structures. There 
are many such examples in the paper. In §6.1 we see, for example, that when the singular 
homology of L is generated as an algebra (with the intersection product) by classes of 
sufficiently high degree (depending on the minimal Maslov number), then, either, the 
quantum homology of L is additively just singular homology with Novikov coefficients or it 
vanishes. Other examples come from the interplay of the topology of the ambient manifold 
and that of the Lagrangian. Thus, in §6.2, we see that if the ambient manifold is CP n , 
then the resulting restrictions on the Floer homology of the Lagrangian are stringent. As a 
concrete example we discuss the Clifford torus in detail in §6.2.1. Additional assumptions 
on the Lagrangian - for example, 2ifi(L;Z) = as in §6.2.2 - lead to more homological 
rigidity as such Lagrangians are seen to have a homology algebra very much like that 
of IRP n . We also discuss Lagrangian submanifolds of the quadric in §6.3, as well as in 
complete intersections in §6.4. In §6.5 we also describe some examples that go in the 
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opposite direction: the existence of certain Lagrangian submanifolds is seen to imply 
restrictions on the quantum homology of the ambient manifold. 

The second type of application is related to ways of measuring the size of Lagrangians 
as well as that of the space surrounding them inside the ambient manifold. Indeed, as 
introduced in [8] and in [24] there is a natural notion of Gromov width of a Lagrangian 
and obviously one can also consider the width of the complement of that Lagrangian. 
Moreover, one can also define packing numbers for the Lagrangian, its complement as 
well as mixed numbers. Our techniques allow us to give estimates - in §6.6 - for many of 
these numbers in all the cases mentioned above. 

The third type of application - presented in §6.11 - is concerned with the fact that the 
properties of our machinery can be used to define certain numerical invariants roughly of 
Gromov- Witten type which are associated to configurations different from the usual ones. 
We discuss this construction in a very explicit way for two dimensional monotone tori - 
this turns out to be a surprisingly rich case. The invariants in question are associated 
to triangles lying on the tori and are expressed as polynomials involving numbers of J- 
holomorphic disks passing through the vertexes and/or the edges of the triangle. 

There is an underlying unifying idea for all of these diverse applications. Lagrangian 
submanifolds exhibit considerable rigidity: topological (or algebraic) for our first class of 
applications, geometric for the second and arithmetic for the third. 

6.1. Full Floer homology. 

Proposition 6.1.1. Let L n C (M 2n ,u) be a monotone Lagrangian with Nl > 2. Assume 
that its singular homology H*(M; Z 2 ) is generated as an algebra by if> n _fc(L; Z 2 ). Suppose 
further that Nl > k. Then: 

(1) either QH*(L) = 0; or 

(2) there exist isomorphisms of graded vector spaces QH*(L) = (H(L; Z 2 ) <8> A)* and 
Q + H*(L) = (H(L]7j2) ® A + )*. These isomorphisms are in general not canonical. 
Moreover, these isomorphisms, in general, do not respect the ring structures. 

If Nl > k+1 only the second alternative occurs. Furthermore, when the second alternative 
occurs (whether N L > k+1 or N L = k + 1) there exist canonical injections of H> n _ k (L;Z 2 ) 
into QH> n _k(L) and into Q + H> n _k(L) which generate these algebras over A and over A + 
with respect to the quantum product. 

Example 6.1.2. Tori with minimal Maslov class at least 2 furnish a nice example. Another 
immediate example is IRP n C CP n . Other examples will appear later in this section. 
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Proof of Proposition 6.1.1. We will provide two proofs for this proposition. The first 
one is based on a spectral sequence argument while the second uses the minimal model 
machinery described in §2.2.3. We include both arguments precisely to illustrate the role 
of these minimal models. 



A. We will use here an argument involving spectral sequences. Choose a generic J £ 
3{M,iS). Let / : L — > IR be a Morse function with exactly one maximum x n and fix a 
generic Riemannian metric on L. Denote by (CM»(/), do), J),d) the Morse and 

pearl complexes associated to /, J and the Riemannian metric. 

Recall that C(f, J) is filtered by the degree filtration T P C (which is a decreasing fil- 
tration). It will be more convenient to work here with an increasing version of the same 
filtration. Put 

Wf,J) = @c i+jNL (f,j)t j . 

j>-p 

Clearly this is a bounded increasing filtration. It gives rise to a spectral sequence {El* , d r } r > 
which converges to QH*(L) = H*(C(f, J),d). A simple computation shows that: 

(1) E° pq = CM p+q _ pNL t-P, d = d . 

( 2 ) E l,q = H p+q-pN L (L] %2)t~ P - 

(3) The sequence collapses after a finite number of steps. In fact this number of steps 
is < [^] + 1. 

Let /' : L — > IR be a small perturbation of /. Note that the filtration T p is compatible 
with the quantum product * in the sense that 

* • <F\ oiCiiifi J) ® •F\ 02^12 if 5 J) 3~ 0i+p2^h+i2—n{fj J)- 

By taking /' close enough to / we may assume that the canonical quasi-isomorphism 
between J) and C*(/', J) is in fact a base preserving isomorphism (see §5.1.2). Thus 
we may identify the spectral sequences {Ep q (f , J) , d r } and {Ep Jf',J),d r } and denote 
both of them by {Ep q , d r }. It follows that this spectral sequence is multiplicative. 

Denote by * r the product induced by * on {El ^ and by *oo the product induced by * on 
{E™}. Note that although there exists an isomorphism Hi(C,d) = @ p +q=iE™ for every 
/ G Z, the products * on H^iC, d) and ^ on @ p + q =iE^ q are in general not isomorphic. 

A direct computation shows that the product * induces on the E 1 level the classical 
cap product, namely the product 

1 • ^puqi w P2m pi+P2,qi+q2-n 

is the cap product 

n : Hpi+gi-piN L (L;%>2)t Pl ®H P2+q2 ^ P2NL (L;Z 2 )t P2 — >• H pi+P2+qi+q2 _^ Pl+P2 ) NL ^ n (L; Z 2 )t P1 P2 
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and d\ satisfies Leibniz rule with respect to n. It follows that {Ep } p+q - P N L > n -k generate 
with respect to *i = n the whole {E}^}. 

Assume now that Nl > k + 1. For degree reasons d\ vanishes on El whenever p + 
q — pNi > n — k. Since d\ satisfies Leibniz rule with respect to *i it follows that d\ — 
everywhere. Therefore E% ^ = El ^ and * 2 = *i = H. The same argument applied to d 2 
shows that d 2 = 0, hence El = El = Ej^. Proceeding by induction we obtain that 
d r = for every r > 1 hence E^ — ■ ■ ■ — E^ and *oo = ■ ■ ■ = *i = H. 

It follows that there exists an isomorphism 

H*(C,d)^ E 1 M = ^H^ pNL (L;Z 2 )t-P=(H(L;Z 2 )®A)^. 

p+q=* p£Z 

We now turn to the case Nl = k + 1. First note that exactly as in the in the case 
Ni > k + 1 we have that d\ = on all El with p + q — pNi > n — k + 1. Let us examine 
now the behavior of d\ on El for p + q — pNi = n — k. For such p, q we have 

E\ A = H n _ k {L- Z 2 )r p , Ep_ l q = H n (L; Z 2 )r p+1 . 

Moreover, it is easy to see that 

d 1 : E n . k {L- Z 2 )t~ p -> H n (L; Z 2 )t~ p+l 

takes the form d\ = 5 it where 5i : H n _f,(L; Z 2 ) — > H n (L; Z 2 ) does not depend on p. There 
are now two cases to consider: 

Case I. 8i ^ 0. Since H n (L;Z 2 ) = Z 2 [L] is 1-dimensional (and we work here over Z 2 
which is a field) it follows that [L] is in the image of 8i. Therefore [L] G Eq n = H n (L; Z 2 ) 
is the image under d\ of some element in E\ n = H n -^{L\ Z 2 )t~ x . It follows that the 
homology class of [L] in E^ n is zero. But [L] is the unit of El ^ with respect to *i = fl 
and so its homology class in E^ n is the unit of E^ with respect to * 2 . As this class is 
zero we have E^ = 0. It follows that if*(C, d) = QH*(L) = 0. 

Case II. 5i = 0. In this case di = on E^ for p + q — pNi = n — k. The proof 
now continues exactly as in the case Nl > k + 1 discussed above, showing that the 
spectral sequence degenerates at the E 1 level. It follows that QH^L) = H*{C,d) = 
(H(L; Z 2 ) ® A)*. This concludes the proof of the two alternatives for QH(L). 

We now prove that H> n _k(L;Z 2 ) canonically injects into QH> n _ k (L) under the as- 
sumption that either Nl > k + 1, or Nl = k + 1 and QH(L) ^ 0. To see this note 
first that we have a canonical homomorphism a : Hi(L;Z 2 ) — > QHi(L) induced by the 
inclusion CMi(f) C Ci(f, J) for / > n — k. Indeed, assume first that Nl > k + 1 and 
let x G CMi(f), I > n — k, be a <9 -cycle. For degree reasons dx = d^x = 0. Simi- 
larly, if x is a <9o-boundary, say x = <%y, y G CM/ + i(/), then again by degree reasons 
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x = dy. This shows that the inclusion CMi(f) C Ci(f,J) induces a homomorphism 
a : Hi(L;Z 2 ) -> Hi(C,d) = QH t (L). Suppose now that N L = k + 1 and QH(L) ± 0. 
For degree reasons d = do on CMi(f) for every I > n — k + 1. As for C M n _k(f) we can 
write d = do + d\t, where d\ : CM n _k(f) — > CM n (f). It follows that <9i vanishes on all 
<9o-cycles, for otherwise the maximum x n G CM n (f) would be a <i-boundary implying that 
QH(L) = 0. It follows that every <9 -cycle x G CM n _fe(/) is also a <i-cycle. For degree 
reasons every <9o-boundary in CM n _k{f) is also a (i-boundary. Thus in this case too we 
have the homomorphism a induced by the inclusion CMi(f) C Ci(f, J), I > n — k. 

That a is canonical follows from the definition of the canonical identifications on 
QH described in §5.1.2. The point is that, for degree reasons, the chain morphism 
: Ci(f, J) — > Ci(f, J') defined in §5.1.2 coincides with the analogous chain morphism in 
Morse theory CMi(f) — > CMi(f') for for / > n — k (because <j) involves only non-negative 
powers of t). This completes the proof that the homomorphism a is well defined and 
canonical. 

Next, we prove that o : H\{L\ r L<i) — > QHi(L) is injective for I > n — k. Again, we 
assume that either > k + 1, or Nl = k + 1 and QH(L) ^ 0. To prove this first 
note that for degree reasons CMi(f) = J-'oC^f, J) and in fact d coincides with <9 here. 
Therefore this equality induces an isomorphism a' : i/;(L;Z 2 ) — > H[{ToC, d). Denote by 
TpHiiC, d) the p-level of the associated filtration on the homology Hi(C, d), i.e. the image 
of the map i : Hi{T v C,d) — > Hi(C,d) induced from the inclusion. For degree reasons we 
have T^HxiC.d) = 0, hence = FqH^C, d)/JF_i#;(C, d) = jF /f z (C,d). On the other 
hand by what we have previously proved we know that = = Z2). Putting 

all these together we obtain: 

(98) H^L; Z 2 ) ^ d) > FoH^C, d) = E™ = H t (L; Z 2 ). 

= surjcctivc 

It follows that 1 o a' is surjective. By dimensions reasons 1 o a' is an isomorphism. But 
the image of 1 o a' is the same as the image of a, hence a is injective. 

It remains to show that the image of a in QH> n -i(L) generates QH*(L) with respect 
to the quantum product. Fix i G Z. Denote by A* C H*(C,d) the subalgebra generated 
(over A) by a(H> n _ k (L; Z 2 )) with respect to the quantum product *. We want to prove 
that A = H*(C,d). 

Recall that Hi(C,d) is filtered by the induced increasing filtration {jF p ifj(C, d)} p( zz- 
This filtration is bounded so that T p Hi(C,d) = for every p < po for some po, and 
J-'pH^C, d) = Hi(C, d) for p ^> 0. Therefore it is enough to prove that 



(99) 



T p Hi(C, d) c Ai, Vp. 
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We will prove (99) by induction on p. Put 

(100) Qi = F p Hi(C, Q/F^HiiC, d) = E™ = H^ pNl (L; Z 2 )t~ p . 

P>P0 p+q=i P>P0 

By what we have proved the quantum product * descends to a product [*] on which is 
identified with the classical cap product H on the right-hand side of (100) (here we extend 
fl in an obvious way over A). By the assumption of the proposition E™ >n _ k generates 
(over A) with respect to [*] = D. 

Obviously (99) holds for p < po since !F p Hi(C,d) = for such p's. Assume the state- 
ment is true for every p < p'. Let x G J-" p >+iHi(C, d). We want to prove that x G A. The 
corresponding element in (100), [x] = x (mod J^p/H^C, d)), can be identified with an ele- 
ment in Hi- p ' + iN L (L; Z 2 )t~ p '~ 1 . By the assumption of the proposition [x] can be expressed 
as a linear combination (over A) of [*]-products of elements in E™ >n _ k = H> n _k(L; Z 2 ). 
Keeping in mind that [*] is induced from * this means that 

x = a + Xfot) 

for some elements a G A and x^ G J r p iH i (C,d). By the induction hypothesis x^ G A 
hence x G A too. The desired statement follows now by induction. 

The analogous statements of the proposition for Q + H(L) are proved essentially in the 
same way. However, it is important to note that alternative 1 holds only for QH(L) (in 
fact Q + H(L) cannot vanish). The reason for this lies in "Case I." in the proof above 
where we had to use negative powers of t. 

B. Here is now the second argument based on the minimal model machinery from 
§2.2.3. Consider the pearl complex C(f, J) and recall from §2.2.3 that there exists a chain 
complex (C m i n ,5), unique up to isomorphism, and chain morphisms : C(f, J) — > C m i n , 
ip '■ Cmin C(fjJ) so 4> o ip = id, C min = £f*(Z/;Z 2 ) ® A + , 5 = (where 5 is 
obtained from S by putting t — 0) and <f) (<j>o), if) (ipo) induce isomorphisms in quantum 
(respectively, Morse) homology. By Remark 2.2.6 the quantum product in C(f, J) can 
be transported by the morphisms <fi and ip to a product * : C m i n <S> C m i n — > C m i n which 
is a chain map and a quantum deformation of the singular intersection product (notice 
though that, as the maps and ip are not canonical, this product is not canonical either 
at the chain level). 

We will now show by induction that either QH(L) = or 5 = 0. Let x G H n _k+s{L) 
with s > 0. We indentify H*(L; Z 2 ) with the generators of C m i n and we notice that Nl > k 
implies for degree reasons that 5x = when \x\ > n — k and 5x = e x [L]t when |x| = n — k, 
Nl = k + 1 with e x G {0, }. If for some such x we have e x = 1, then, by Remark 2.2.6, we 
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deduce QH(L) = 0. Thus, we now assume QH(L) ^ and we assume, by induction, that 
Sy — for all y G H*(L; Z 2 ) such that \y\ > n — k — s, s > 1. Consider x G if n _fc_ s (L; Z 2 ) 
so that x = Xi ■ x 2 ■ ■ ■ ■ ■ x r with cCj G H> n _ k (L; Z 2 ). We then have <5(xj) = and we write 
5(xi * x 2 * ... * sc r ) = ^ x± * . . . * . . . * x r = 0. At the same time 

(101) X\ * X 2 * • • • * X r = X + Zjt? 

i 

with Zj G H >n -k- s {L) so that, by the induction hypothesis, S(zj) = 0. We conclude 
Sx = 0. But given our assumption on the structure of the singular homology of L, 
this implies that 5 = 0. This means that Q + H(L) = H(L) <g> A + . The equation (101) 
immediately implies the rest of the statement at (2). □ 

Remark 6.1.3. a. It is important to notice that the dichotomy that we have proved when 
Nl = k + 1 depends on the fact that we work over a field. This appears in "case I" in 
the proof above. 

b. As shown by Cho [20], the Clifford torus has the property that for a certain choice 
of spin structure the associated Floer homology with rational coefficients vanishes. In [22, 
21] there are some examples of non-monotone tori which satisfy similar dichotomy type 
properties (the argument used there is different from the one here). 

c. The proof above extends in obvious ways to other examples of Lagrangians with 
particular singular homology. 

d. Some partial results of the type above have also been obtained by Buhovsky in [16]. 

6.1.1. Criteria for vanishing and non-vanishing of Floer homology. Here is a related but 
slightly different, and possibly more explicit point of view on the same phenomenon from 
Proposition 6.1.1 (see also Remark 2.2.6). Let L n C (M 2n ,u) be a monotone Lagrangian 
submanifold with N L > 2. Denote by C H 2 (M,L;Z) the image of the Hurewicz 
homomorphism tt 2 (M,L) -> H 2 (M,L;Z). Denote by d : H 2 (M,L;Z) -> H X {L\Z) the 
boundary homomorphism and by d% 2 : H 2 (M, L;Z) — > H\{L\ T L 2 ) the composition of d 
with the reduction mod 2, #i(L;Z) -> H 1 (L]Z 2 ). Given A G H$ and J G J(M,w) 
consider the evaluation map 

ev AtJ : (M(A, J) x dD)/G — ► L, ev A j(u,p) = u{p), 

where G = Aut(D) = PSL(2,M.) is the group of biholomorphisms of the disk. 

For every J G J(M, u) let S 2 (J) be the set of all classes A G H? with /i(A) = 2 for 
which there exist J-holomorphic disks with boundaries on L in the class A: 

S 2 (J) = {Ae H 2 D | n(A) = 2, M(A, J) ^ 0}. 
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Define: 



J£J(M,lu) 



Standard arguments show that: 

(1) £ 2 (J) is a finite set for every J. 

(2) There exists a second category subset J YCg C J{M, uj) such that for every J G Jregi 
£2 (J) = £2- In other words, for generic J, £ 2 (J) is independent of J. 

(3) For every J G J and every A G £ 2 (J) the space .M(A, J) is compact and all disks 
11 G M.(A, J) are simple. 

(4) For J G J rcg and A G £2, the space (Ai(A, J) x dD)/G is a compact smooth 
manifold without boundary. Its dimension is n = dimL. In particular, for generic 
i6i, the number of J-holomorphic disks u G M{A, J) with u(dD) 3 x is finite. 

(5) For every A G £ 2 and J , Ji G the manifolds J ) x dD)/G and 

Ji) x dD)/G are cobordant via a compact cobordism. Moreover, the 
evaluation maps evA,j , eiu.jx extend to this cobordism, hence deg Za ev a,j = 
deg Za evA,j 1 - In other words deg Za cva,j depends only on A G £2- 

(6) In fact, the set J~ veg above can be taken to be the set of all J G J{M ) uj) which 
are regular for all classes A G in the sense that the linearization of the dj 
operator is surjective at every u G M.{A, J). 

Let J G J7rc g and let x G L be a generic point. Define a one dimensional Z 2 -cycle S X (J) 
to be the sum of the boundaries of all J-holomorphic disks with /i = 2 whose boundaries 
pass through x. Of course, if a disk meets x along its boundary several times we take its 
boundary in the sum with appropriate multiplicity. Thus the precise definition is: 



A&S2 [u,p)^ev A 1 J {x) 

By the preceding discussion the homology class Di = [S X (J)] G Hi(L; Z 2 ) is independent 
of J and x. In fact 



In view of the proof of Proposition 6.1.1 the next result follows easily. 

Proposition 6.1.4. Let L C (M,uu) be a monotone Lagrangian submanifold with Nl > 2. 
(IJIfD^O then QH,(L) = 0. 

(2) Suppose that D\ = and Z2) is generated as an algebra by H n _\{L\ r L^) 

with respect to the classical cap product. Then QH*(L) = (i7(L; Z2) ® A)*. This 



(102) 



(103) 
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isomorphism is neither canonical nor multiplicative. However for * > n — 1, there 
is a canonical injection if> n _i(L; Z2) QH> n -i(L). 

In particular, ifH^L;^) is generated as an algebra by if n _!(L;Z 2 ) then QH*(L) can be 
either Z 2 ) <g> A)* or according to whether D\ vanishes or not. When D\ = all 

the above continues to hold for QH(L) replaced by Q + H(L) and A replaced by A + . 

Remark 6.1.5. When D\ = but H*(L; Z2) is not generated as an algebra by if n _i(L; Z2), 
the theorem does not say anything on QH(L). In this case it is possible to define in a 
similar way higher classes Dj G Hj(L; Z 2 ), 1 < j < — 1, which sometimes give more 
information. 

Proof of Proposition 6.1.4- Choose a generic J G J~(M,u). Let / : L — > R be a generic 
Morse function with precisely one local minimum x G L and fix a generic Riemannian met- 
ric on L. Denote by (CM*(/), <9 ), J), 0?) the Morse and pearl complexes associated 
to /, J and the chosen Riemannian metric. 

For degree reasons the restriction of d to CM„_i(/) C C n -i(f, J) is given by (i = cfo+cM, 
where <9i : CM re _i(/) — > CM n (f) = Z 2 x counts pearly trajectories with holomorphic disks 
of Maslov index 2 (of course, if Ni > 2 then c?i = and also S X (J) = 0, Di = 0). Since x 
is a maximum of / no — grad(/) trajectories can enter x (i.e. W£ = {x}). Therefore for 
every y G Crit n _i(/) we have 

(104) d iy = # Z2 (W^n5 x (J))x. 

We prove statement 1. Suppose that D\ ^ 0. By Poincare duality there exists an 
(n — l)-dimensional cycle C in L such that 

#z 2 c r n<f x (J) ^0. 

Let z G CM n _i(f) be a 9 -cycle representing [C] G f/ n _i(L;Z 2 ). Then 

= ^1(2) ® t = #z 2 (W^ n 5 X .( J))x ®t = # Z2 (Cn 5 x {J))x ®t = ax®t 

for some non-zero scalar a. (Of course, a 7^ is the same as a = 1 here, since we work over 
Z 2 . However we wrote ax to emphasize that the argument works well over every field.) 
It follows that [x] = G QH n (L). But [x] is the unity of QH*(L), hence QH*(L) = 0. 

We prove statement 2. We will use here an argument involving spectral sequences, similar 
to the proof of Proposition 6.1.1. Recall from the proof of Proposition 6.1.1 that the 
degree filtration gives rise to a spectral sequence {E* ,d r } Ptq that converges to QH*(L) 
and Ep q = H p+q _ pNL (L; Z 2 )t~ p . A simple computation shows that the differential d\ is 
induced from the operator d\ mentioned earlier in the proof. Moreover, as explained 
in the proof of Proposition 6.1.1, the quantum product * endows {E r pq ,d r } r >i with a 
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multiplicative structure which coincides for r = 1 with the classical cap product n. In 
particular d\ satisfies Leibniz rule with respect to PI, and the d r , r > 2, satisfy too 
Leibniz rule with respect to the products induced on E r . Since iJ„(L;Z 2 ) is generated 
by if n _i(L;Z 2 ) we conclude that {Ei' q } p+q _ pNL=n _ 1 generate with respect to the cap 
product the whole of P**. As D\ = we obtain from formula (104) that d\ vanishes on 
E pq whenever p + q — pNi = n — 1. It follows that d\ = on all Ef ,q . 

The above implies that E pq = E pq and the product induced on E 2 is still the cap 
product. In particular El is generated with respect to n by {E 2 } p+q -pN L=n -i. For 
degree reasons d 2 vanishes on {E 2 q } p+q _ pNL=n _i. As d 2 satisfies Leibniz rule too it follows 
that d 2 = everywhere. Thus E^ = E 2 ^ = E\ The same argument shows that d r = 
for every r > 2 hence El „ = E\ if . In other words the spectral sequence collapses at level 
r — 1. Since this spectral sequence converges to H*(C(f, J),d) = QH*(L), we conclude 
that QH*(L) ^ (H(L; Z 2 ) ® A)*. □ 

Let us turn to some examples. First of all, if Nl > 3 then S 2 = hence D\ = 0. 
Therefore if H*(L; Z 2 ) is generated as an algebra by H n -i(L; Z 2 ) we must have QH^L) = 
(H(L; Z 2 ) (g) A)*. An example of such a Lagrangian is lLP n C CP n , n > 2. 

Example 6.1.6. Let T c uf = {[z Q : ■ ■ ■ : z n ] G CP n | |^o| = • ■ • = |^ n |} be the n-dimensional 
Clifford torus. This is a monotone Lagrangian torus with = 2. The Floer homology 
of T c iif was computed by Cho [20] by a direct computation of the Floer complex. Below 
we will review this computation from the perspective of Proposition 6.1.4. 

A simple computation shows that = 7r 2 (CP n , T c nf) = ZA © • • • © ZA n , where Ai, 
is represented by the map v , : (D, dD) — > (CP n , T clif ) given by Vi(z) — [1 : • • • : z : ■ ■ ■ : 1] 
(here the z stands in the z'th entry). A straightforward computation shows that n(Ai) = 2 
for every i. 

Let Jo be the standard complex structure of CP n . We will use the following facts 
proved by Cho [20]: 

(1) S 2 (J ) = {A ,...,A n }. 

(2) J is regular for each of the classes A*. 

(3) evA it j '■ (M.(Ai, J ) x dD)/G —> T c uf is a diffeomorphism, hence deg Za ev A it j = 
1. In fact, given a point £ = [£ : • ■ ■ : Cn] £ T c i if , the unique disk (up to 
reparametrization) u : (D, dD) — > (CP™, T^if) in the class Ai with u(dD) 3 £ is 
given by u(z) = [£ : • ■ • : £i-i : £^ : 6+i : • ■ ■ : Cn]- 

It follows from the discussion in §6.1.1 that £ 2 = {A , . . . , A n } and that for every J e ^7"^, 
deg Za et>Ai,j = 1. A simple computation shows that dA + - ■ - + dA n = 6 Hi(L; Z) hence 
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we have: 



n 



D i = $^(deg Z2 ev AuJ )dz 2 Ai = 0. 



i=0 



By Proposition 6.1.4 we have 



(105) Q#*(T cllf ) = (#(T clif ; Z 2 ) <g> A)*, Q+#*(T clif ) = (#(T clif ; Z 2 ) ® A + )», 



and similarly for Q + if(T c iif). 

6.2. Lagrangian submanifolds of CP™. Endow CP" with the standard Kahler sym- 
plectic structure ups, normalized so that J cpl tups = 7r. Let L C CP™ be a monotone 
Lagrangian sub manifold with minimal Maslov number Nl > 2. Below we will carry 
out computations involving the quantum homology QH(CP n ) and the Floer homol- 
ogy QH(L). We will work with the following (simplified) version of the Novikov ring 
A = Z^t" 1 ] where degt = -N L . Put QH{CP n ) = H(CP n ;Z 2 ) <g> A with the grading 
induced from both factors. Denote by h G P' 2n _2(CP n ; Z 2 ) the class of the hyperplane, 
and by m 6 _P 2 n(CP n ; Z 2 ) the fundamental class. It is well known that (see e.g. [44]): 



Note that our choice of grading is somewhat different than the convention usually taken 
in quantum homology theory. For example, if — n + 1 then degt = — (n + 1) and 
we get from (107) that /i*( n+1 ) = u®t 2 {not u ® t !). Usually in the theory of quantum 
homology the degree of t is taken to be —2Nm where iVj^f is the minimal Chern number 
of (M,u). Here we have defined degt = —Nl in order to keep compatibility with the 
Novikov ring used for Floer homology. Note however that we have Nl\2Nm thus our ring 
A* is obtained from the "conventional" Novikov ring by a variable change. 

It follows from (107) that h is an invertible element. Therefore by Theorem 2.1.1 we 
have: 

Corollary 6.2.1. Let L C CP™ be a monotone Lagrangian with Nl > 2. Then QH*(L) 
is 2-periodic, i.e. QHi(L) = QHi^ 2 {L) for every i G Z. In fact the homomorphism 
QHi(L) — > QHi_ 2 (L) given by a i— >• h * a is an isomorphism for every i G Z. 

Remark 6.2.2. (1) The first part of Theorem 6.2.1 was proved before by Seidel using 
the theory of graded Lagrangian submanifolds [62]. The 2-periodicity in [62] fol- 
lows from the fact that CP™ admits a Hamiltonian circle action which induces 



and there are canonical injections 



(106) 



^n-i(T c iif; Z 2 ) <^-> QH n -i(Tdjf), H n (T c n f ; Z 2 ) <^-> QH n (T c nf) 



(107) 
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a shift by 2 on graded Lagrangian submanifolds. Note that this is compatible 
with our perspective since that S^-action gives rise to an invertible element in 
QH(CP n ) (the Seidel element [61, 44]) whose degree is exactly 2n minus the shift 
induced by the S^-action. In our case the Seidel element turns out to be h. 
(2) Let A = Z 2 [t]] be the ring of formal Laurent series with finitely many negative 
terms, i.e. elements of A are of the form p(t) = YI^n a «^> N G Z. Note that A 
is a field. If we define QH with coefficients in A then QH(CP n ; A) is isomorphic 
to the ring A[x]/{a; n+1 —t}. It is easy to see that this ring is in fact a field. Thus 
if we define QH(L; A) to be QH with coefficients in A we obtain for every ^ 
a G QH(L\ A) an injective homomorphism QH(CP n ; A) QH(L; A), defined by 
a i— > a * a. 

6.2.1. The Clifford torus. We now consider the 2-dimensional Clifford torus T 2 lif C CP 2 
and compute all our structures in this case. We denote A = Z 2 [t, A + = Z 2 [i] where 
deg(t) = —2. We denote by h G H 2 {CP 2 ;Z 2 ) the generator. Recall from (105) that 
Q#*(T 2 lif ) = (H(Jl M ; Z 2 ) <g> A),. In particular: 

(108) QH (T 2 cm ) = P (T c 2 lif ; Za) © P 2 (T c 2 lif ; Z 2 )t, 

(109) Q^l(T clif ) ^^(TeHfjZ^. 

Recall from (106) that the isomorphism in (109) is canonical and the second summand 
in (108) is canonical too. (Note however that the first summand in (108) is not canonical. 
See §6.11 for more details on that). 

Proposition 6.2.3. Let w G H 2 (T 2 lif ; Z 2 ) be the fundamental class. There are generators 
a,b G Pi(T 2 lif ,Z 2 ), and m G QH {T 2 clif ) = (H*(T 2 clii ;Z 2 ) ® A) which together with w 
generate QH(T 2 m ) as a A-module and verify the following relations: 

i. a * b = m + wt, b * a = m, a*a = b*b = wt, m * m = mt + wt 2 . 

ii. h * a = at, h * b = bt, h * w = wt, h* m = mt. 

iii. i L (m) = [pt] + ht + [CP 2 ]t 2 , i L (a) = i L {b) = i L {w) = 0. 

All the above continues to hold for the positive version of QH, namely with A replaced by 
A+ and QH(T 2 cm ) replaced by Q + H(T 2 m ). 

Remarks. (1) As the formulae in i clearly show, the Lagrangian quantum product is 
not commutative (even when working over Z 2 ). 
(2) Point i of Proposition 6.2.3 has been obtained before by Cho [21] by a different 
approach. From the perspective of that paper the Clifford torus is a special case 
of a torus which appears as a fibre of the moment map defined on a toric variety. 
See also [22] for related results in this direction. 
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Proof of Proposition 6.2.3. We will use the following two geometric properties of the Clif- 
ford torus. The first is that, through each point of the Clifford torus, there are three 
different pseudo-holomorphic disks of Maslov index two. They belong to three families 
that we denote by 71, 72 and 73. Up to a possible change of basis, we may assume that 
the homotopy class of the boundaries of the elements in 71 is a, for 72 the same class is b 
and for 73 this class is —a — b. See figure 15. The second geometric fact is that there is a 



a 



/ 1 
/ 1 
/ ■ 



73 ✓ 
/ 

/ 



! 72 



Figure 15. The boundaries of the 3 holomorphic disks with /x = 2 through 
every point on T^ lif 

symplectomorphism homotopic to the identity, <j) : CP 2 —>■ CP 2 , whose restriction to T 2 lif 
is the permutation of the two factors in T^ lif « S 1 x S 1 . We now consider a perfect Morse 
function / : T^ lif — > R and, by a slight abuse in notation, we let its minimum be m, we let 
the maximum be w and we let the two critical points of index 1 be denoted by a' and b' so 
that the unstable manifold of a! has the homotopy type a G Hi(T^ li{ ; Z2) and, similarly, 
the unstable manifold of the critical point b' has homotopy type b. We denote the disk in 
the family 7^ that passes through w by dj. See figure 16. By possibly perturbing the func- 
tion / slightly we may assume that the unstable manifold of a' intersects 0I2 and 0I3 in a 
single point and is disjoint from d\. Similarly, we may assume that the unstable manifold 
of b' intersect d\ and d% in a single point and is disjoint from <i 2 - With these choices the 
pearl complex (C(f, J,p),d) is well defined. Here we take J to be the standard complex 
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Figure 16. Trajectories of —V/ and holomorphic disks on T^ lif . 

structure of CP 2 or a small perturbation of it and p a generic Riemannian metric on T 2 lif . 
We claim that the differential d of the pearl complex vanishes. Indeed for dimension rea- 
sons we can write d = do + d\t, where do is the Morse differential and d\ : — > is an 
operator that counts the contribution of the pearly trajectories involving J-holomorphic 
disks with Maslov index 2. Since / is perfect do = hence d = d\t. As we have already 
seen before QH^(T^ M ) = (iJ(T 2 lif ; Z 2 ) <S> A)*. It follows that di — too since otherwise we 
would have dimz 2 QHi(T^ M ) < dimz 2 (i?(T 2 lif ; Z 2 ) ® A)j for some i, a contradiction. This 
proves that d — 0. 

It is instructive to give a more direct proof of the fact that d = based on the specific 
knowledge of the /x = 2 - holomorphic disks. For this purpose we first note that da' = 
= db'. This is because the only two possibilities for da' are da' = and da' = wt and, 
as there are precisely two disks that go through w and intersect the unstable manifold of 
a' and each of them intersects it in exactly one point, we see that we are in the first case. 
The same argument applies to b'. A similar computation shows that dm = 0. Finally, 
dw = for degree reasons. 

Summarizing the above, d = hence QH*(f, J, p) = H*(C(f, J, p),d) = C*(/, J, p). 
From now on we will view m,a',b',w as generators (over A) of Q-P*(T 2 lif ). Note that m 
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depends on the choice of / in the sense that if we take another perfect Morse function g 
with minimum rh then rh might give an element of QHo(T^ li{ ) which is different than m. 
On the other hand a', b', w G QH are canonical. 

We now discuss the product. For degree reasons we have a' * V = m + ewt, b' * a' — 
m + e'wt with e, e' G Z 2 . Of course, e is the number modulo 2 of disks going - in order 
! - through the following points: one point in the unstable manifold of a' then w and, 
finally one point in the unstable manifold of b'. Similarly, e' is the number modulo 2 of 
disks going in order through a point in the unstable manifold of b', w and then a point in 
the unstable manifold of a'. There is a single disk through w which also intersects both 
the unstable manifolds of a' and b' - the disk d 3 . However, the order in which the three 
types of points appear on the boundary of this disk implies that precisely one of e and e' 
is non-zero. Which one of the two is non-zero is, obviously, a matter of convention and 
we will take here e ^ 0. Notice that we also have a* a = 5wt with 5 G {0,1}. To estimate 
this product we need to use a second Morse function on T^ lif , g : T^toR. We will take 
this function to be perfect also and in such a way that the critical points of index one - 
denoted by a" and b" - have unstable and stable manifolds that are "parallel" copies of 
the respective stable and unstable manifolds of /. See figure 17. Now, there are precisely 




Figure 17. Trajectories of —V/, — Vg and holomorphic disks on 
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two pseudo-holomorphic disks that go through w as well as both the unstable manifolds 
of a' and a": the disks g? 2 and d%. It is at this point that we use the fact that [c/ 2 ] = b, 
[d 3 ] = —a — b. Indeed, this means that the order in which these two disks pass through 
these three points is opposite. Thus, exactly one of these disks will contribute to 8 and 
so 8 — 1. A similar argument shows b * b = wt. The formula for m * m follows now from 
the associativity of the product. Indeed: 

m* m = (a*b + wt) * {b * a) = a*(b*b)*a + b*at = mt + wt 2 . 

(Recall that we are working over Z 2 .) 
We now determine what is the map 

: Q#*(T c 2 lif ) - QiP(T 2 if ) 

which is induced by <ft. For degree reasons we have <f)(w) = w, <fr(a) = b, <fr(b) = a and, by 
Corollary 2.2.3, we know that <fi is a morphism of algebras over QH(M) (from this also 
follows immediately that <j)(m) = m + wt). 

Finally, we compute h * a and h * b. We have, h * a = h * <p(b) = <p(h * b). Now 
h * a = (u\a + u<ib)t with Ui,U2 G Z 2 which implies that h * b = [u\b + U2<x)t. As in 
Corollary 6.2.1 we also have that h*(— ) : Hi(T 2 h{ ; Z 2 ) — > Hi(T 2 lif ; Z 2 )t is an isomorphism. 
This implies that precisely one of «i,m 2 is non zero. Assume that u% — and w 2 = 1. 
Then h * a = bt, h * (h * a) = at 2 and h * (h* (h* a)) = bt 3 which is not possible because 
h* 3 = [CP 2 ]t 3 (where, [CP 2 ] denotes the fundamental class of CP 2 ) and [CP 2 ] * a = a. 
Thus we are left with u\ — 1, uo — as claimed. It is now easy to estimate h*w. Indeed, 
h*wt = h*(a*a) = (h*a)*a = (a*a)t = wt 2 . Similarly h*m = h*(b*a) = (h*b)*a = mt. 
Finally, point iii is an immediate consequence of the first two points and of formula (4) 
from Theorem 2.1.1 in §2. 

We turn to the proof for the positive quantum homology (T 2 lif ). Recall that there 
is a canonical homomorphism Q + H(L) — > QH(L) induced from the inclusion C + (f, J) C 
C(f,J). But in our case (L = T 2 lif ) this homomorphism is actually an injection. This 
is because for the choices of / and J made above the differential d vanishes. As all the 
quantum operations (the product as well as the external product) involve only positive 
powers of t the statement on Q + i?(T 2 lif ) follows. □ 

Remark 6.2.4. (1) It is easy to see that the augmentation in the case of the Clifford 
torus in CP 2 is the obvious one. However, the duality map fj : Q + H*(L) — > 
Q + H*(L) (as defined in 2.2.1) verifies fj(m) = w* + m*t, fj(a) = b*, fj(b) = a* and 
fj(w) = m*. Here, by a slight abuse in notation, Q + H*(L) = H„((C + (L))*). 
(2) A careful inspection of the proof of Proposition 6.2.3 above shows that essentially 
the same argument can be applied for any monotone 2-dimensional Lagrangian 
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torus L, as long as we have enough information on the holomorphic disks of Maslov 
index 2 passing through a generic point in L. This will be further explored in 
§6.11.1 below. 

6.2.2. Lagrangians that look like M.P n C CP n . The real projective space IRP n viewed as 
a submanifold of CP™ is a monotone Lagrangian minimal Maslov number = n + 1. Note 
that when n > 2, Pi(MP n ; Z) = Z 2 hence 2H 1 (RP n ; Z) = 0. It turns out that the latter 
condition on its own imposes very strong restrictions on Lagrangians in CP™. As we will 
see below Lagrangians L with 2Hi(L; Z) = have strong topological similarities to KP n . 
Moreover, as we will see in §6.2.3 their quantum structures are are almost determined by 
that condition. We start with topological restrictions. 

Proposition 6.2.5. Let L C CP n be a Lagrangian submanifold with 2Pi(L;Z) = 0. 
Then: 

(1) N L = n + l. 

(2) Hi(L; Z 2 ) = Z 2 for every 0<i<n, and H X (L\ Z) = Z 2 . 

(3) There exists a canonical isomorphisms of graded vector spaces QH*(L) = (H(L; Z 2 )® 
A)*. Hence by 1, 2 we have QHj(L) = Z 2 for every j G Z. 

(4) Let a,i G Hi(L; Z 2 ) be the generator. Then a n _ 2 PI (— ) : Hi(L : Z 2 ) — * i^j„ 2 (L;Z 2 ) 
is an isomorphism for every 2 < % < n. Thus we have oti fl a n _ 2 = «j_ 2 for 
every 2 < % < n. Moreover a n _ 2 = hC\L [L], where [L] = a n G H n (L; Z 2 ) is the 
fundamental class and C\l stands for the exterior cap product between elements of 
#*(CP n ;Z 2 ) and P*(L;Z 2 ). 

(5) When n = even, a n -i fl (— ) : Hi(L; Z 2 ) — > PTj_i(L; Z 2 ) is an isomorphism for every 
1 < i < n. In particular H^(L;Z 2 ) is generated by G H n _i(L; Z 2 ). 

(6) Let inc* : Hi(L; Z 2 ) — > Hi(CP n ; Z 2 ) be the homomorphism induced by the inclusion 
L C CP" . Then inc* is an isomorphism for every < i = even < n. 

Remark 6.2.6. (1) Proposition 6.2.5 has already been established in the past. State- 
ments 2, 3 have been proved by Seidel [62] using the theory of graded Lagrangian 
submanifolds. An alternative approach which also proves statements 4, 5 has been 
given by Biran [15]. Below we give a different proof based on our theory. 
(2) Other than IRP n we are not aware of other Lagrangian submanifolds L C CP n with 
2Hi(L; Z) = 0. Note however that in CP 3 there exists a Lagrangian submanifold 
L 3 , not diffeomorphic to IRP 3 , with ifj(L;Z 2 ) = Z 2 for every i. This Lagrangian 
is the quotient of IRP 3 by the dihedral group P3. It has -Pi(L;Z) = Z4. This 
example is due to Chiang [18]. 
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Proof of Proposition 6.2.5. Since 2i?i(L;Z) = it is easy to see that L C CP n is mono- 
tone. Moreover, a simple computation shows that the minimal Maslov number of L is 
Nl = k(n + 1) for some k > 1. 

Let / : L — > R be a Morse function with exactly one local minimum xo and one 
local maximum x n . Let CM*(f) = Z 2 (Crit(/)) be graded by Morse indices. Denote by 

= (CM(f) (g) A)* the string of pearls complex. The differential d : C* — > C*_i can be 
written as d = J2j>o ®i ® ^ ■> wriere 

(110) dj : CM*(/) — > CM._ 1+iJVi (/) 

counts trajectories of pearls with total Maslov number = jNl. Note that since L is 
monotone do is just the Morse-homology differential. 

We now prove statement 1. If k > 2 then iV^ = fc(n+l) > n + 1 hence by formula (110) 
we have dj = for every j > 1 and we obtain: 



QHi(L) 




0<i<n 

n + l<i<N L -l 

But this contradicts the 2-periodicity asserted by Corollary 6.2.1. Thus k = 1 and Nl = 
n + 1. This proves statement 110. Note that this also implies that Hi(L;Z) 7^ (for 
otherwise N L = 2{n + 1)). Since 2# 1 (L; Z) = we have #i(L; Z 2 ) = ff x (L; Z) ® Z 2 ^ 0. 
We will use this below. 

We prove statements 2, 3. Consider the operator d\ : C*(/) — > C* +n (f). Clearly 
= for every x G Crit(/) with 7^ 0. Thus d = d$ on Cj for every j that satisfies 
j ^ 0(modn + 1) and j ^ n(modn + 1). It follows that 

(111) QH i+l[n+1) {L) = Hi(L)t-\ V0 < i < n, I G Z. 

Next, consider the value of d\(xo). There are two possibilities: 

(i) di(x ) = x n . 

(ii) d 1 (x ) = Q. 

We claim that possibility i is impossible. Indeed by standard Morse theory do(C M\(f)) = 
and do(CM n (f)) = 0, therefore if di(x ) = x n then 

d : Cq — Z 2 Xo — ► C—\ — Z 2 x n t 

is an isomorphism hence QH (L) = 0, QH_i(L) = 0. By Corollary 6.2.1 we obtain 
QHj(L) = for every j G Z. On the other hand by (111) QH^L) ^ H^L; Z 2 ) and we 
have just seen that _£/i(L;Z 2 ) 7^ 0. A contradiction. This proves that 8i(xq) = 0. It 
follows that d = d hence QH*(L) = (H(L;Z 2 ) (g> A)*. In particular QH (L) = Z 2 and 
QH-i(L) ^ QH n (L) = Z 2 . By Corollary 6.2.1 QHj(L) = Z 2 for every j G Z. We also 
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conclude that Hi(L; Z 2 ) = QHi(L) = Z 2 for every < i < n. Finally note that since 
2H 1 {L- Z) = we have H X {L\ Z) = Z® r for some r > 0, hence H^L; Z 2 ) = Z® r . But we 
have seen that Hi(L; Z 2 ) = Z 2 hence r = 1 and Hi(L; Z) = Z 2 . This completes the proof 
of statements 2, 3. 

To prove statement 4 recall formula (72) of §5.3 by which the quantum module operation 
QHi(M) ® QHj(L) -> QHi +j _ 2n (L) is defined. As iV L = n + 1 and the degree of the 
hyperplane class /i is 2n — 2, it follows from that formula that /i * a = h C\l ot for every 
a G QHi(L) = ifj(L;Z 2 ) for 2 < i < n. Denote by ctj G i?j(L;Z 2 ) the generator. By 
Corollary 6.2.1 it follows that h * a n = h C\l ot n 7^ hence h * a n = a n _ 2 . Next, recall 
that a n G QH n (L) is the unity hence 

a„-2 * «i = (h * a n ) * at = h * (a n * a t ) = h*a t = «i_ 2 , V2 < % < n. 

But by formula (63) of §5.2 a n _ 2 * on = a n _ 2 n oti for every 2 < i < n. This proves 
statement 4. 

To prove statement 5 note that by Corollary 6.2.1 

*a n = a n -it. 

Therefore 

OL n —\ * oti = (h* { % +1) * a n ) * ait' 1 = (h* { % +1) * a^t' 1 = a t _i, V 1 < i < n, 

where the last equality also follows from Corollary 6.2.1. But by looking at the Morse 
indices in formula (63) of §5.2 we conclude again that a n _i * oti = a n „i fl a, for every 
1 < i < n. Thus a n _i fl a, = a!j_i. 

Finally, statement 6 will follow immediately from Proposition 6.2.8 below. We therefore 
postpone the proof. □ 

6.2.3. Quantum structures. Let L C CP n be a Lagrangian with 2f/i(L;Z) = 0. In view 
of Proposition 6.2.5 denote by G QH^L) the generator for every % G Z. According 
to this notation we have aj + ;( n+ i) = a^t - ' for every i, I G Z and by Proposition 6.2.5, 
h * oti = oti-2 for every z G Z. 

Proposition 6.2.7. Lei L C CP n 5e as above. Let k,j G Z. If one ofk,j is odd then: 
(112) a fc * oij = (Xj+k-n- 

The same formula holds for every k,j G Z (regardless of their parity) in each of the 
following cases: 

(1) When n = even. 

(2) When L is diffeomorphic to M.P n . 

(3) More generally, when a n -\ fl a n _i 7^ 0. (c.f. statement 5 of Theorem 6.2.5.) 
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Proof. Assume k = odd. By Corollary 6.2.1: 

a k * ocj = * a_i) * aj = * a n T) * atj = * aj)t 

= Qj+k+lt = Oij+k-n- 

Assume j = odd. The proof is similar to the case k = odd since for every a G QH(CP n ) 
we have a * (a k * oij) = a k * (a * atj). 

Assume n = even. We may assume that k = even. Then we have a k = /i* 2 ^ * a n hence: 

Assume n = odd and a n _inct„_i 7^ 0. In view of the above we may assume that k,j are 
both even. By the definition of the quantum product we have a n _i*ct„_i = a n -ina„_i = 
a n _2, where the last equality follows from the fact that H n _ 2 (L; Z 2 ) = Z 2 a n _ 2 . Since k + 1 
and j + 1 are both odd then by what we have proved above: 

ttfe * Oij = (afc+l * * («n-l * = "fc+l * «n-2 * = * = &k+j-n- 

□ 

The next result describes the quantum inclusion map %l '■ QH*(L) — > QH*(CP n ). 
Denote by a,j G ifj(CP n ;Z 2 ) the generator, < j < In. Thus 

(0, j = odd 

I h n ( n ~2\ j = even 

Proposition 6.2.8. Lei L C CP™ 6e as above. 

(1) If n — even then: 

h{a2k) = a>2k, W0<2k<n, 

h{u2k+i) = a 2k+n+2 t, Vl<2fe + l<n-l. 

(2) If n = odd then: 

h(u 2 k) = a 2 k + a 2 fc+„+it, V0 < 2k < n, 
«L(«2fc+i) = 0, VA;. 

Proof. By our notation a = [point] G H (L; Z 2 ) = QH Q (L), a = [point] G H (CP n ; Z 2 ). 
Recall also that /** n = a and / i *( ri+1 ) = ut 2 . 

From the definition of ii (see §5.4) it follows by a simple computation that: 

(113) i L {a ) =a + bt, for some b G H n+1 {CP n ; Z 2 ). 
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We claim that: 

(114) «L(«2fc) = a 2k + h* { ~ k) * bt, VO < 2k < n. 

Indeed, by (113) we have: 

i L {oc2k) = i L (h*^ * «„) = h* { ~ k) * i L (a ) = h<~^ * (a + bt) 

= h* ( ~ k) * (h* n + bt) = h* {n ~ k) + h* { " k) *bt = a 2k + h* { ~ k) * bt. 

Next we claim that : 

(115) i L K_i_ 2r ) = a 2n _ 2r t + h* {r+1) *b, V0<2r<n-1. 

Indeed by (113) we have: 

i L {oi n -x-2r) = ^* (r+1) * a n+1 ) = i L (h^ + V * a Q t~ l ) = h< r+ ^ * ( Oo + tyt' 1 
= (h* {r+1) * h* n + h* (r+1) * bt)t~ l = (h* r * ut 2 + /i* (r+1) * bt^- 1 
= a 2n _ 2r t + h< r+ V * b. 

Suppose that n = even. Then 6 = since deg b = n + 1 = odd. Statement 1 of the 
theorem follows immediately from (114) and (115). 

Assume now that n =odd. Comparing (114) to (115) with 2k — n — 1, r — 0, we obtain 
that b = a n+ i. The statement about ii(c( 2k ) follows now from (114). As for ^(c^+i), it 
is since for n =odd, QH 2k+ i(CP n ) = for every k. 

Finally note that statement 6 of Proposition 6.2.5 follows from the above since in our 
case we have inc* = «ll =0 - □ 

6.2.4. Existence of holomorphic disks satisfying constrains. Denote by J = J{ < CP n ,uo-ps) 
the space of c^FS-compatible almost complex structures on CP". 

Proposition 6.2.9. Let L C CP n be a Lagrangian submanifold with 2H\{L\ r £) = 0. 
Assume that one of the following conditions is satisfied: 

(1) n = even. 

(2) L is diffeomorphic to M>P n . 

(3) More generally, a„-i fl a„_i ^ 0. 

Let x' , x" G L two distinct points. Then for every J G J there exists a J -holomorphic 
disku : (D, 3D) — > (CP™, L) with fi{[u]) = n+l and u(dD) 3 x',x" . For a generic choice 
of J G J the number of such disks with u(—l) = x' , u(l) = x" , up to parametrizations 
fixing — 1, 1 G D, is > 2 and even. 
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Remark 6.2.10. We will see in the proof that if C n ~ x C L is an (n — l)-dimensional 7L 2 - 
cycle with [C n_1 ] = a n _i and such that x', x" ^ C" 1-1 , then for generic J G J there exist 
two J-holomorphic disks ui, u 2 : (D, dD) —>■ (CP n , L) with the following properties: 

(i) MKD = MKD = n-\-i. 

(ii) ui(-l) = x', U!(l) = x", ui(i) G C"- 1 . 

(iii) u 2 {-\) = x', u 2 (l) = x", u 2 {-i) G C n ~ l . 

(iv) u 2 is not obtained from u\ by a reparametrization fixing —1,1 G -D. 
Moreover, the number of disks u\ (resp. u 2 ) as above is odd. 

Proof of Proposition 6.2.9. By Proposition 6.2.7 we have: 

(116) «0 * « n -l = Ct-1 = OL n t. 

Let fx, f 2 , / 3 : L — > K be a generic triple of Morse functions with the same critical points 
(and the same indices at each critical point) and such that the /j's have exactly one local 
minimum x' and one local maximum x" . Let pi, p 2 , p 3 be a generic triple of Riemannian 
metrics on L. Choose a generic J G J . 

Denote by CM,(/i) the Morse complex of f\ (with respect to pi). Choose a cycle y G 
CM n _i(/ 3 ) that represents a„_i G H n _i(L;Z 2 ). Recall from the proof of Theorem 6.2.5 
that the Floer differential coincides with the Morse differential thus ao = [x'], a n = [x"], 
a n _i = [y] in Floer homology. It follows from (116) that x' * y = x"t. (Note that 
due to dimension we cannot have additional boundary terms on the right-hand side.) 
Therefore, in the notation of (63) (see §5.2) there exists a class A G H 2 (CP n , L; Z) 
with p(A) = n + 1 and a critical point y participating in y G CM n _ 1 (/ 3 ) such that 
V(x', yo, x"; A, J) ^ 0. Let (Zi, l 2 , 13, u) G V(x', yo, x"; A, J). As x' is a minimum and x" a 
maximum their unstable and stable manifolds are W% = {x'}, W*„ = {x"} respectively. 
Moreover since p(A) = n + 1 which is the minimal Maslov number it follows that the only 
possible configuration that (li,l 2 ,l 3 ,u) can take is the following (see figure 18): 

• li is the constant trajectory at x' . 

• l 2 is a (negative) gradient trajectory (without J-holomorphic disks) emanating 
from y . 

• Z 3 is the constant trajectory at x" . 

• The J-holomorphic disk u is not constant, hence it has /i([w]) = n + 1 and 
«(e 2 "/ 3 ) = x', u(l) G l 2 , n(e 4 ^/ 3 ) = x" . 

We have proved that for generic J G J there exists a J-holomorphic disk u with yu([^]) = 
n + 1 and u(dD) 3 x",x'. As = n + 1 it follows from Gromov compactness theorem 
that there exists such a disk for every J E J . 
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2/0 



ix = n + 1 



Figure 18. A J-holomorphic disk from V(x', y , x"\ A, J). 

Note that after a suitable reparametrization we may assume that u(—l) = x', u(l) = 
x" . It remains to prove that for generic J the number of such disks is even. For this 
purpose we use the notation from the proof of Proposition 6.2.5. Recall the operator 
d\ : CM„(/) — > CM t+n (/). Since x' is a minimum and x" a maximum, d\{x') counts the 
number (mod 2) of J-holomorphic disks u, up to parametrization, with = n + 1 

and u(dD) 3 x", x' . As we have seen in the proof of Proposition 6.2.5, di(x') = 0, hence 
this number is even. 

Finally, we prove the statement of Remark 6.2.10. First we claim that for every J- 
holomorphic disk u with fi[u] = n + 1 we have [u(dD)\ = or G Hi(L; Z2). To see this note 
that [u(dD)] ^ G Hi(L;Z) for otherwise fi([u]) = 2(n + 1). But by Proposition 6.2.5 
i?i(L; Z) ^ Z 2 . Thus [u(ftD)] 7^ also in H X {L\ Z 2 ). 

Consider the space Ai(x',x") of J-holomorphic disks u : (D,dD) — > (CP n ,L) with 
MM) = ^ + 1 and it(— 1) = x', it(l) = 2". The group C Aut(D) acts on this space. 

Denote by V(x',x") its quotient. Note that for generic J, V(x',x") is a finite set. 

Denote by 71,72 C dD the arcs 71 = {e mt }o< t < n and 72 = {e mt } n < t <2w Let y G 
C M n -i(fs) be a cycle representing a n _i. The union of the unstable submanifolds corre- 
sponding to the critical points in y is a pseudo cycle homologous to C n ~ l . By choosing 
J E J generic we may assume that C n ~ l is in general position with respect to the evalu- 
ation map Ai(x',x") — > L evaluating v G M.(x',x") at a marked point p G <9-D \ {±1}. 
For every v G V(x',x") put 

= #z 2 (^(7i) n C"- 1 ), n 2 (v) = #z 2 (^( 72 ) n c— 1 ), 

where v G A4(x',x") parametrizes v. 

With this notation the coefficient of x"t in x' * y is Y^vevix 1 x") n i{ v )- Similarly, the 
coefficient of x"t in y * x' is Y^vev(x' x") n 2( v )- But x' * y = y * x' = x"t hence: 

v€V(x',x") veV(x',x") 
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Next note that for every v G V(x',x") 

nx(v) + n 2 (v) = # Z2 (v(dD) n C™" 1 ) = ai n a n _i = 1. 

Let U\ G V(x',x") with ni(ui) = 1. Then n 2 {ui) = hence there exists u 2 ^ u\ with 
^2(^2) = 1- After suitable reparametrizations of ui,u 2 we obtain two disks with the 



In case L does not satisfy one of the 3 conditions from Proposition 6.2.9 we still have 
the following weaker statement. (Note that this is theoretical, since we do not know 
Lagrangians in CP™ with 2PTi(P; Z) = other than IBLP n .) 

Proposition 6.2.11. Let L C CP™ be a Lagrangian submanifold with 2ifi(L;Z) = 0. 
Then for every i6i and every J G J there exists a J-holomorphic disk u : (D, 3D) — > 
(CP™, L) with n([u]) =n + l and u(dD) 3 x. 

Proof. The proof is similar to that of Proposition 6.2.11, only that now we use the identity 

«o * Oil = ai- n = a 2 t. □ 

The next result deals with existence of holomorphic disks satisfying mixed constrains, 
i.e. some of the marked points are on the boundary and some in the interior. 

Proposition 6.2.12. Let L C CP™ be a Lagrangian with 2Hi(L;Z) = 0. 

(1) For every p G CP™ \ L and every J G J there exists a simple J-holomorphic disk 
u : (D, 3D) -> (CP™, L) with //([«]) = n + 1 and «(0) = p. 

(2) Let x G L, p G CP™ \ L. Then for generic J G J there exists a simple J- 
holomorphic disk u : (D,dD) — > (CP™,P) with fJ>{[u}) = 2n + 2 and u(0) = p, 
u(— 1) = a:. 

^ Suppose n = 2 and P is diffeomorphic to MP 2 . Pet x', x" E L be two distinct points 
and p G CP 2 \ P. T/ien /or generic J there exists a simple J-holomorphic disk 
u : (P>, dD) -> (CP 2 , P) wift /x([u]) = 6 and u(-l) = x' , u(l) = x" and u(0) = p. 
Moreover the number of such disks is odd. 

Proof. Statement 1 follows from Proposition 6.2.8 since 



properties claimed in Remark 6.2.10. 



□ 




where u = a 2n G QH 2n (CP n ) is the fundamental class. 

We turn to statement 2. We start with the following identity: 

(117) a * ct = h* n * ao = ot- 2n = a 2 t 2 . 
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Let / : L — > R be a Morse function with exactly one local minimum at the point x. Let 
g : CP n — > R be a Morse function with exactly one local minimum at the point p. Choose 
a cycle y G C 2 (f) representing a 2 - Choose a generic J <E J. 

From formula (117) it follows that p * x = yt 2 + boundary terms. By the definition 
of the * operation (see formula (71) in §5.3.1) it follows that there exists a vector of 
non-zero classes A = (A\,...,Ai) with //(A) = 2{n + 1) such that one of the spaces 
Vi(p, x, y'\ A, J), Vp(p, x, y'\ A, J) is not empty, where y' is a critical point participating 
in y. Note that since p is a minimum the only trajectory of — gradg emanating from p is 
constant. Since p ^ L we must have Vr(p, x, y'\ A, J) = 0, thus Vi(p, x, y'\ A, J) ^ 0. As 
N L = 2(n + 1) we have Z < 2. 

We claim that Z = 1. To see this first note that since x is a minimum the trajectories of 
— grad/ emanating from x are constant. Therefore an element Vi(p, x, y'\ A, J) looks like 
one of the three types in figure 19. In the first case we have a (simple) disk U\ : (D, 3D) — > 
(CP n , L) with //([wi]) — n+1 and such that u(— 1) = x, u(0) = p. A simple computation 
shows that the dimension of this configuration is negative hence cannot occur for generic 
J. In the second case we have a J-holomorphic disk u 2 with 1*2(0) = p, u 2 (l) G Wy, 
which again is a configuration of dimension —1 hence cannot occur for generic J. We are 
thus left with the last possibility (Z = 1) in which we have a J-holomorphic disk u with 
u(0) = p and u(— 1) = x. Note that the disk u is simple since by Proposition 5.3.3 all the 
J-holomorphic disks coming from Vi(p, x, y'\ A, J) are simple. 




,j = 2(n + l) 

Figure 19. Possible elements of Vi(p, x, y'; A, J). 

To prove statement 3 we argue as above but we require in addition the function / to 
have a single local maximum. To keep compatibility with the notation we have already 
used denote the point x' by x and x" by y' . Then the proof of statement 2 gives us a 
simple J-holomorphic disk with = 2(2 + 1) = 6 and u{— 1) = x, u(l) G WZ and 
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u(0) = p. Note that now y' is the maximum (since n = 2), hence WZ = {y'} and we 



Remark 6.2.13. In case L is the standard embedding MP™ C CP™ some of the statements 
of Proposition 6.2.9-6.2.12 can be proved by more direct methods. This is typically done 
by degenerating to the standard almost complex structure J stt j (for which the statement 
is obviously true) and passing to generic J using Gromov compactness theorem. 

6.2.5. Further questions and remarks. In view of the results above one is led to ask the 
following questions. Do there exist Lagmngian submanifolds L C CP n with 2Hi(L; Z) = 
different than MP™ ? Are all Lagrangian embeddings of MP™ c — > CP™ Hamiltonianly 
isotopic to the standard embedding? 

It is obvious that using the Fukaya Aoo-category theory [34] or alternatively the theory 
of cluster homology [23, 24] one can get more enumerative results on J-holomorphic disks 
with boundary on Lagrangians as above. It would be interesting to test this even in 
dimension n — 2. For example, do these techniques imply that given 5 points x±, . . . ,x$ G 
L then for generic J there exists a J-holomorphic disk u : (D, dD) — > (CP 2 , L) with 
/i([m]) = 6 and u(dD) 3 x\, . . . ,x 5 ? It would of course be also interesting to understand 
the relation of the above to the works of Welschinger [68, 69, 70] and of Solomon [65]. 

6.3. Lagrangian submanifolds of the quadric. Let Q C CP™ +1 be a smooth complex 
n-dimensional quadric, where n > 2. More specifically we can write Q as the zero locus 
Q = {z G CP™ +1 | q(z) = 0} of a homogeneous quadratic polynomial q in the variables 
[zo : ■ ■ ■ : z n+ i] G CP™ +1 , where q defines a quadratic form of maximal rank. We endow Q 
with the symplectic structure induced from CP™ +1 . (Recall that we use the normalization 
that the symplectic structure wfs of CP™ +1 satisfies f cpl u;fs = 7r.) When n > 3 we have 
by Lefschetz theorem iJ 2 (Q;IR) — M., therefore by Moser argument all Kahler forms on 
Q are symplectically equivalent up to a constant factor. When n = 2, Q C CP 3 is 
symplectomorphic to (CP 1 x CP 1 ,cjfs © &fs)- Also note that the symplectic structure 
on Q (in any dimension) does not depend (up to symplectomorphism) on the specific 
choice of the defining polynomial q (this follows from Moser argument too since the space 
of smooth quadrics is connected). 

6.3.1. Topology of the quadric. The quadric has the following homology: 



obtain u(l) = y' . 



□ 




Z if % = even ^ n 



QUANTUM STRUCTURES FOR LAGRANGIAN SUBMANIFOLDS 



153 



Moreover, when n =even, H n (Q; Z) = Z © Z. To see the generators of H n (Q; Z), write 
n = 2k. There exist two families T' of complex k- dimensional planes lying on Q 
(see [35]). Let P G J 7 , P' G T' be two such planes belonging to different families. Put 
a=\P\b= [P'\. Then H n (Q; Z) = Za © Zb and h nk = a + b. Moreover, we have: 



6.3.2. Quantum homology of the quadric. Let h G H 2n -2{Q] Z) be the class of a hyperplane 
section, p G Hq{Q\'L) the class of a point and u G i^2n(Q;Z) the fundamental class. 
We will first describe the quantum cohomology over Z. Define = Z[t,t _1 ] where 
degt = — Nl. Here iVx, is the minimal Maslov number of a Lagrangian submanifold that 
will appear later on. Note that that C\(Q) = nPD(h), hence Njj\2n. Let QH*(Q] A z ) = 
(H(Q; Z) © A z )* be the quantum homology endowed with the quantum cap product *. 

Proposition 6.3.1 (See [9]). The quantum product satisfies the following identities: 



When n = even we have the following additional identities: 

(1) h * a = h * b. 

(2) Ifn/2= odd then a * b = p, a * a = b * b = ut 2n / NL . 

(3) Ifn/2 = even then a* a = b*b = p, a*b = ut 2n l Nh . 

Proof. The first three identities and the fact that h* a = h*b are proved in [9]. To prove 
the remaining two identities write n = 2k. Recall from [9] that 



(118) 



for k = odd : a PI 6 = 1, af] a = bdb = 0, 
for k = even : afl6 = 0, aC\ a = bnb = 1. 



h *j = h nj \/0<j <n-l, h* n = 2p + 2ut 2n/NL 

h *(n+l) = m 2n/N Lj p * p = ut */N L ^ 




Substituting (118) in this we obtain: 



(119) 



(a — b) * (a — b) 



(-l) k 2(p-ut 2n ' NL ). 



On the other hand we have h* k = h 1 



a + 6, hence 



(120) 



(a + b) * (a + b) = h 



*n 



2p + 2ut 



2n/N L 



Next we claim that a* a = b*b. Indeed a* a — b*b = (a + b) * (a — b) = h* k * (a — b) = 0. 
The desired identities follow from this together with (119), (120). □ 
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6.3.3. Topological restrictions on Lagrangian submanifolds. The quadric Q has Lagrangian 
spheres. To see this write Q as Q = {zq + • ■ ■ + z% — z^ +1 } C CP n+1 . Then L = {[zq ■ 
• • - : z n+ i] G Q | Zi G R, Vz} is a Lagrangian sphere. The following theorem shows that for 
n =even, at least homologically, this is the only type of Lagrangian with Hi(L; Z) = 0. 

Proposition 6.3.2. Assume dimcQ = even. Let L C Q be a Lagrangian submanifold 
with H^L; Z) = 0. Then H*(L] Z 2 ) = H*(S n ; Z 2 ). 

Proof. Since H\(L\Tl) = we have Nl = 2n. Let A = Z^t" 1 ], where degt = — 2n. 
Since Nl = 2n > n + 1 we have QH*(L) = (H(L;Z 2 ) <S> A)*, hence for every q G Z, 
< r < 2n we have: 



Denote by QH*{Q) = (H(Q; Z 2 ) (g) A)* the quantum homology of the quadric (over Z 2 ). 
Reducing modulo 2 the identities from Proposition 6.3.1 it follows that a G QH n (Q) is an 
invertible element. Therefore a* : QHi(L) — > QHi_ n is an isomorphism for every z G Z. 



We are not aware of existence of any Lagrangian submanifolds in Q with Hi(L; Z) = 
which are not diffeomorphic to a sphere, and it is tempting to conjecture that spheres are 
indeed the only example. 

Theorem 6.3.2 can be also proved by Seidel's method of graded Lagrangian submani- 
folds [62] . Indeed for n = even the quadric has a Hamiltonian ^-action which induces a 
shift by n on QH^L). To see this write n = 2k and write Q as Q = {X]j=o z j z j+i+k — 0}. 
Then S 1 acts by t ■ [z : • • ■ : z 2 k+i] = [tz : ■ • • : tzk : Zk+i : ■ • • : z 2 k+i]- A simple 
computation of the weights of the action at a fixed point gives a shift of n on graded 
Lagrangian submanifolds in the sense of [62]. 

When n =odd our methods (as well as those of [62]) do not seem to yield a similar 
result to Theorem 6.3.2. However the works of Buhovsky [17] and of Seidel [64] may be 
an evidence that such a result should hold. 

6.3.4. Quantum structures for Lagrangians of the quadric. Let L C Q be a Lagrangian 
submanifold with Hi(L;Z) = 0. Assume that n = dime Q ^ 2. As Nl = 2n > n + 1 
we have a canonical isomorphism QH*(L) = {H(L; Z 2 ) <g> A)*, where A* = Z 2 [t,t~ 1 ] with 
degt = — 2n. Denote by a G QH (L) the class of a point and by a n G QH n (L) the 
fundamental class. Denote by p G QH (Q) the class of a point and by u G QH 2n (Q) the 
fundamental class. Denote by : QH*(L) — > QH*(L) the quantum inclusion map. With 
this notation we have: 



(121) 




It now easily follows from (121) that Hi(L; Z 2 ) = for every < % < n. 



□ 
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Proposition 6.3.3. Let L C Q be as above. Then: 

(1) p * a = a t, p* a n = a n t. 

(2) i L {a ) = p-ut. 

(3) If n is even then «o * «o = oi n t. 

Proof. By Proposition 6.3.1 p G QHq(Q) is an invertible element, hence p* : QHi(L) — > 
QHi_2n(L) is an isomorphism for every i. But QH (L) = Z 2 a and QH_2n(L) = Z 2 a;oi. 
Therefore p * «o = «o^- The statement on p * a n is similar. This proves 1. 

We prove 2. It easily follows from the definition of the quantum inclusion map that 

h(oio) = P + eut 

for some e G Z 2 . Clearly /i * a = since h * a belongs to QH_ 2 (L) = QH^n-iiJ-) = 0. 
Therefore we have 

= ii(h* a ) = h * (p + eut) = h* p + e/ii. 

On the other hand a simple computation based on the identities of Proposition 6.3.1 gives 
h * p = ht. It follows that e = — 1. This proves point 2 of the theorem. 

We prove 3. By Proposition 6.3.1 when n =even the element a G QH n (Q) is invertible 
(even if we work with coefficients in Z 2 ). Therefore a * a n = «o and a * «o = <y n t- It 
follows that 

ao * ao = (a * a n ) * cto = a * (a n * cto) = a * «o = oc n t. 

□ 

Denote J the space of almost complex structures compatible with the symplectic struc- 
ture of Q. The following corollary is a straightforward consequence of Theorem 6.3.3. 

Corollary 6.3.4. Let L C Q be a Lagrangian submanifold with H 1 (L]'L) = 0. Assume 
n = dime Q > 2. Then the following holds: 

(1) Let x G L and z G Q\L. Then for every J G J there exists a J-holomorphic disk 
u : (D,dD) — ► (Q,L) with u(—l) = x, u(0) = z and = 2n. 

Assume that n = even. Let x',x",x" G L. T/ien /or et'ery J G J7" i/iere exists 
a J-holomorphic disk u : (D,dD) — > (Q,L) with u(e 2m ^ 3 ) = x' , u(l) = x" , 
u(e 4m/3 ) = x'" and /x([u]) = 2n. 

6.3.5. Lagrangians with 2H 1 (L]Z*) = 0. Let L C Q be a Lagrangian submanifold with 
Hi(L; Z) ^ but 2Hi(L; Z) = 0. Assume that n > 2. The quadric contains several types 
of such Lagrangians. To see this write the quadric as Q = {z$ + ■ ■ ■ + z^ +1 = 0}. For 
every < r < n put L r = {[z : . . . : z n+ i] G Q \ z , . . . , z r G M, z r +i) • • • , z n+i £ 
An easy computation shows that the L r 's are Lagrangian submanifolds of Q (so called 
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"real quadrics") and that L r is diffeomorphic to (S r x S n r )/Z 2 , where Z 2 acts on both 
factors by the antipode map. Note that when 1 < r < n — lwe have Hi(L r ; Z) = Z 2 and 
H 2 (L r -Z 2 ) ^0. 

A Lagrangian L as above must be monotone. Moreover, when n =even its minimal 
Maslov number is Nl = n. To see this note that since the minimal Chern number of 
Q is n and 2H\[L\ Z) = we have 2Nl = 2kn for some k G N. We claim that k — 1. 
Indeed if k > 1 then A L > 2n > n + 1 hence QH*(L) ^ H*{L;Z 2 ) ® Z^t" 1 ] where 
degt = -iV L < -2n. In particular QH^L) = #i(L;Z 2 ) ^ and QH n+l (L) = 0. On 
the other hand this is impossible since a* : QH n+ i(L) — > QHi(L) is an isomorphism. A 
contradiction. This proves that k — 1, hence Nl = n. 

As iVx, = n we will work now with the ring A* = Z 2 [t,t~ 1 ] where degt = —n. Put 
QH*(Q) = (H(Q; Z 2 ) ® A)*. Note that with this grading the variable t will appear in the 
identities of Proposition 6.3.1 in power 2. 

Proposition 6.3.5. Let L n G Q be a Lagrangian submanifold with Hi(L;Z*) 7^ but 
2Hi(L; Z) = 0. Assume that n = dinicQ > 4 and if n — odd assume also that Nl = n. 
Suppose there exists 2 < j < n — 2 such that iJ,'(L;Z 2 ) 7^ 0. Then there exists an 
isomorphism of graded vector spaces QH*(L) = [B.iL^'L^) ® A)*. This isomorphism is 
canonical for general degree * except perhaps for * = 0(modn), but there is a canonical 
injection if n (L;Z 2 ) QH n (L) identifying the fundamental class a n G H n (L) with the 
unit of QH(L). Moreover, let a G QH (L) be an element such that {ao,a n t} form a 
basis for QHq(L) = Hq{L]7L-2) © -£/„(!/; Z 2 )t. Then one of the following two possibilities 
occurs: 

(1) p * a = a n t 3 , p * a n = a t. 

(2) p * a = a t 2 + sa n t 3 , p * a n = ra t + a n t 2 , for some s, r G Z 2 with sr = 0. 

In case n = odd we also have: 

(V) Either 2l(«o) = p, ^(ctn) = ut; or 
(2') i L (a ) = p + ut 2 , i L (a n ) = rut, 

Where 1' corresponds to possibility 1 above and 2' to possibility 2. 

Before proving Proposition 6.3.5, here is an immediate corollary of it: 

Corollary 6.3.6. Let L C Q be a Lagrangian submanifold as in Theorem 6.3.5. Letx G L 
and z G Q\ L. Then for every J G J there exists a J -holomorphic disk u : (D, 3D) — > 
(Q, L) with u{— 1) = x, u(0) = z and = n. 

Proof of Proposition 6.3.5. We first show that QH^(L) = (H(L; Z 2 )<g>A)*. Let / : L -> R 
be a Morse function and denote by CM*(f) = Z 2 (Crit(/)) the Morse complex of /. Put 
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CF* = (C(/) <8> A)*. Since Nl = n the Floer differential d can be written as d = do + d±t, 
where do : CM*(f) — > CM*_i(/) is the Morse differential and d\ is an operator acting 
as d x : CM*(f) -> CM*_i +n (/). Put £i = (H(L;Z 2 ) ® A),. By the results of [15], 
<9it descends to a differential di defined on the homology E\ = (H(C(f),do) (g> A)* = 
(i7(L;Z 2 ) <8> A)*, which has the form di = 5 it where 5i : H*(L; Z 2 ) — > i/*_i +n (L; Z 2 ). 
Moreover the homology H*(di) is isomorphic to QH^L). By grading reasons <5i is zero 
on Hk(L; Z 2 ) for every k >2. 

We claim that 5i = (also on Hq(L; Z 2 ) and H\{L\ Z 2 )). To prove this we use the work 
of Buhovsky [16], by which 5i satisfies Leibniz rule with respect to the cap product on 
f/*(L; Z 2 ), i.e. <5i(afl/3) = n/5 + afl5i(/5) for every a, (3 G H*(L; Z 2 ). By assumption 
there exists a non-trivial element a, G Hj(L; Z 2 ) for some 2 < j < n — 2. By Poincare 
duality there exists a n -j G H n _j(L; Z 2 ) such that a-,- fl « n _j = 7 where 7 G Ho{L\ r L'i) is 
the class of a point. As <5i(ct,), 8i(a n -j) = it follows from Leibniz rule that ^1(7) = 0. 
For degree reasons 7 cannot be a c^-boundary. Therefore QH (L) 7^ 0. Next, note that Si 
maps Hi(L; Z 2 ) to H n (L; Z 2 ) = Z 2 a n , where a n is the fundamental class. If 81 were not 
on Hi(L; Z 2 ) we would get that a n = Si(ai) for some ai G Hi(L; Z 2 ), hence [a n ] would be 
in QH(L). Since [a n ] is the unity in QH*(L) it follows that QH^(L) = 0, a contradiction. 
This proves that <5i vanishes also on Hi(L; Z 2 ). Summarizing, we have 81 = and therefore 
QH*(L) = (H(L) ® A)* as claimed. Note that Qflo(L) = H (L;Z 2 ) ® H n {L;Z 2 )t. The 
statement on the canonicity of these isomorphisms for various values of * follows easily 
from degree reasons. 

We turn to the proof of the other statements of the theorem. Write 

(122) p * a = Soaot 2 + s n a n t 3 , p * a n = t a t + t n a n t 2 , 

for some s ,s n ,to,t n G Z 2 . By Proposition 6.3.1 we have p*p = ut A . Multiplying both 
sides of equations (122) by p and comparing coefficients on both sides we obtain three 
possibilities for the values of s , s n , t , t n : 

(1) s = 0, s n = 1, t = l,t n = 0. 

(2) s = 1, t = 0, t n = 1. 

(3) S = 1, t = 1, S n = 0,t n = 1. 

The first case leads to possibility 1 of the theorem. The two other two cases lead to 
possibility 2. 

We now prove identities V, T assuming n =odd. We can write «£,(a n ) = gut for some 
g G Z 2 . Since {a ,a n t} are linearly independent it is easy to see that e^(ao) = 1. It 
follows that zl(«o) has the form zl(«o) = V + dut 2 for some d G Z 2 . Using the fact that 
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iiij) * OLj) = p * and the identities 1, 2 just proved, gives the desired result on 

d,g. □ 

Remark 6.3.7. (1) Using similar methods, when n =even one can obtain information 
on a * a , b * a , a * a n , a * a n and also on i L (a ), ii{a n ). We leave these 
computations to the reader. 

(2) The identities for p * <x,- in Theorem 6.3.5 suggest that for some Lagrangians in Q 
a stronger version of Corollary 6.3.6 should hold. An interesting case seems to be 
for example when identity 1 of Theorem 6.3.5 holds. 

(3) As was shown above, when n =even, Hi(L\7j) = 0, 2H 1 (L;7j) ^ we have 
Nl = n. A priori this need not be the case when n = odd (i.e. it may happen that 
Nl = 2n). However we are not aware of any examples of this sort. 

6.4. Complete intersections. Some of the result in this section and in §6.5 are some- 
what non-rigorous. The reason for this is that we need to use here Floer homology with 
coefficients in Q rather than Z2. For this end one has to orient the moduli spaces of pearls 
arising in our constructions. Orientations of moduli spaces of pseudo-holomorphic disks in 
the context of Floer homology have been worked out by Fukaya, Oh, Ohta and Ono [34]. 
Still, it remains to check whether some ingredients of the theory of the present paper, e.g. 
the quantum module structure and the quantum inclusion maps, are indeed compatible 
with the coherent orientations arising in Floer homology over Q. While it seems very 
likely that the two theories are compatible we have not checked all the details. On the 
other hand we found it worth presenting here possible applications of our theory over Q. 
Below we state such applications with the convention that theorems and corollaries are 
marked with * whenever they depend on the validity of our theory over Q. 

Let X C CP n+r be a smooth complete intersection of degree (di, . . . ,d r ), i.e. a trans- 
verse intersection of r complex hypersurfaces of degrees di, . . . ,d r in CP n+r . Note that 
dime X = n. We will assume that n > 3 hence by the Lefschetz hyperplane section theo- 
rem we have dim H 2 (X; R) = R. It follows by Moser argument that all Kahler forms on 
X are symplectically equivalent up to a constant factor. We endow X with the symplectic 
structure induced from CP n+r . We will also assume that X is non-linear, i.e. that at 
least one of the d^s is > 1. Put N = n + r + l — YH=i di- When N > 0, X is monotone 
with minimal Chern number TV. 

Note that such a complete intersection X must have Lagrangian submanifolds L with 
Hi(L;1i) = 0. Indeed, X can be degenerated to a variety with isolated singularities, 
hence by symplectic Picard-Lefschetz theory (see e.g. [6, 26, 63, 60, 10]) X must have 
Lagrangian spheres. 
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Let K be one of the fields Z 2 or Q. Let Af = JK^t" 1 ] where degt = -2N. Let 
QH*(X; A K ) = (H (X; K) ® A K )* be the quantum homology of X with coefficients in A K . 
Let L C X be a Lagrangian submanifold with Hi(L; Z) = 0. Clearly L is monotone with 
minimal Maslov number Ni = 2N. Denote by QH*(L; A K ) the Floer homology of L. 
When IK = Q we assume that L is orientable and relatively spin (see [34]). Note that 
when n > 2 Y^i=i di — 2r we have 2N > n + 2 hence there exists a canonical isomorphism 
QH*(L; A K ) = K) <g> A K )*. In this case denote by a G H Q (L; K) the class of a point 

in L, by p G Hq(X; IK) the class of a point in X and by /i G H 2n ^ 2 {X\ IK) the class of a 
hyperplane section of X. 

Proposition* 6.4.1. Let L G X be a Lagrangian submanifold as above. Assume that 
n > 3 and n > 2 ^[ =1 di — 2r + 1. Taen 

r 

^(«o)=p-(n^- i ) ! )^ n(n "^- 

In particular for every x G L and ever?/ almost complex structure J compatible with the 
symplectic structure of X there exists a J-holomorphic disk u : (D, dD) — > (X, L) with 
MM) = and x G u(dD). In fact, the number of such disks intersecting a complex 
N -dimensional hyperplane in X is nj =1 (di ~~ 1)'; when counted appropriately. 

The identity on zl(«o) is completely rigorous when IK = Z 2 but the coefficient of 
hn(n-N) t is o G Z 2 unless d { < 2 for every %. 

Proof. Put K = Q. Since AN > 2n we have QH (X; A K ) = H (X; K)®H 2N (X; K)t. Also 
note that since 2N>n + 3we have H 2N (X; IK) = K/i ^"^. Therefore we can write 

(123) z L (a ) =p + rh n ^- N h 

for some r G IK. 

We first claim that h * a = 0. Indeed h * a G QH_ 2 (L;A K ) = H 2N _ 2 (L;K)t. But 
2N - 2 > n + 1 hence H 2N _ 2 (L; K) = 0. 

A straightforward computation based on the results of Beauville [9] gives: 

r 

h * p = (JJ(d, - l)\)h n{n - N+1) t, h* j = h nj V < j < N. 

i=l 

We now obtain from (123) that 

r 

= i L {h *a ) = h*p + r{h* h {n ~ N ^)T = Y[(di - l)\h n{ - n - N+1) t + Th n ^ n ~ N+1 h. 

i=l 

Here we have used the fact that n — N + I < N hence h * h^ n ~ N) = h n{n ~ N+1) ^ 0. It 
immediately follows that r = — ni=i(^i — •"•)- ^ 
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6.5. Algebraic properties of quantum homology and Lagrangian submanifolds. 

Here we present relations between algebraic properties of the quantum homology of an 
(ambient) symplectic manifold and the kind of Lagrangians it contains. Interestingly 
enough the existence of certain types of Lagrangian submanifolds (e.g. spheres) imposes 
strong restrictions on the quantum homology of the ambient manifold. 

Let (M 2n , lo) be a spherically monotone symplectic manifold with minimal Chern num- 
ber N. Let IK be either Q or Z 2 . Let Af be either JKft.r 1 ] or the field K[t)] of formal 
Laurent series with finitely many terms having negative powers of t. Define deg t = —2N. 
Let QH*(M;A K ) = (H(M;K) <g> A K )* be the quantum homology over IK endowed with 
the quantum cap product. Let 

pr, : QH*(M; A K ) — ► QHi(M; A K ) = H l+2Nk (M;K)t k 

fcez 

be the projection on the degree-/ component of QH. 

Proposition* 6.5.1. Suppose that (M 2n ,uj) has a Lagrangian sphere. Assume that n = 
dime M > 2 and N \ {n + 1) . Let a G QH*(M; A K ) be an invertible element. Then either 
pr z (a) 7^ for some I with I = 2n(mod2N) or there exist two indices l±,l 2 with l\ = 
n(mod2N) , l 2 = 3n(mod2A r ) such that pr^(a) , pr, (a) 7^ 0. If we assume in addition 
that N \ n then the indices l±, l 2 must be distinct hence the only invertible elements 
a G QH(M; A K ) of pure degree satisfy deg a = 2n(mod2N) . 

As before, the statement of the Theorem is completely rigorous when K = Z 2 . 

Proof. Let L C M be a Lagrangian sphere. Clearly L is monotone with minimal Maslov 
number 2A^. Since N \ n + 1, a standard argument as in [15] shows that Oh's spectral 
sequence collapses at stage r = 1, hence QH*(L; A K ) = (H(S n ; K) ® A K ),. Choose two 
non-zero elements «o G QH (L), a n G QH n (L) (e.g. under the previous isomorphism we 
can take qzq, a n to correspond to the class of a point in Ho(S n ; IK) and to the fundamental 
class in H n (S n ; K)). Note that when n > 3, L m S n is automatically relatively spin 
hence QH(L) is well defined in case IK = Q. The same holds for n = 2 since the 2'nd 
Stiefel- Whitney class of S 2 vanishes. 

Write a = ^2jL kl a>j, for some k\ < k 2 , where aj = pr^a). Since a is invertible there 
exists l\ such that * a n 7^ 0. As * a n G Qi?j 1 _ n (L) it follows that either l\ = 
2n(mod2A r ) or l\ = n(mod2N). Similarly there exists l 2 such that ol\ % * ao 7^ 0. This 
leads to the following two possibilities: either l 2 = 2?T,(mod2A^) or l 2 = 3n(mod2N) . □ 

Proposition* 6.5.2. Let (M,u) be a spherically monotone (resp. monotone) symplectic 
manifold. Suppose that (M, uj) contains a Lagrangian submanifold L which is simply 
connected (resp. has H\(L;'L) — 0) and is relatively spin. Assume that the minimal 
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Chern number N of (M,u) satisfies N > § + 1 where n = dircicM. Then for every 
3n + 1 - 2N < I < 2n - 1 all elements ofQH t (M; A K ) are divisors ofO. 

As before, the statement of the Theorem is completely rigorous when K = 7L 2 - 

Proof. Clearly L is monotone with minimal Maslov number Nl = 2N > n + 2. Therefore 
there exists a canonical isomorphism QH*(L\ A K ) = (if(L;K) © A 11 ^)*. In particular 
QHj(L; A K ) = Vn + 1 - 2iV < j < -1. 

Let i l : QH*(L; A K ) — QH*(M; A K ) be the quantum inclusion homomorphism (see 
§5.4). Let x G # (L; K) be the class of a point. Put a = i L (x) G QH (M; A K ). Note that 
a / since ^l(^) has the form p + J2i>i a i^i where p G H (M; K) is the class of a point 
and a,j G H 2iN (M; K). 

We claim that for every 6 G QH t (M; A K ) with 3n+l-2A^ < / < 2n-l we have 6*a = 0. 
Indeed let b be such an element. Then b * a = i^ib * x). But b * x G QHi^2n(L; A K ) = 
since n + 1 - 2N < I - 2n < -1. □ 

Semi-simplicity of quantum homology. Recall that a commutative algebra A over a field 
F is called semi-simple if it splits into a direct sum of finite dimensional vector spaces 
over F, A = A\ © • • ■ © A r such that the splitting is compatible with the multiplication of 
A (i.e. (ai, . . . , a r ) ■ (a[, . . . , a' r ) = (aia^, . . . , a r a' r )) and such that each Aj is a field with 
respect to the ring structure induced from A. 

Remark 6.5.3. There exist several different notions of semi-simplicity in the context of 
quantum homology, or more generally in the context of Frobenius algebras and Frobenius 
manifolds (see e.g. [27, 39, 66]). The semi-simplicity we use here was first considered 
in the context of quantum homology by Abrams [1]. It is in general not equivalent to 
semi-simplicity in the sense of Dubrovin [27] since we work with a different coefficient 
ring. 

Let (M 2n , u) be a spherically monotone symplectic manifold with minimal Chern num- 
ber N . For simplicity we will work here with the even quantum homology 

n 

QH C J{M- F) = QH 2l {M- F) = H 2j (M; Q) © F, 

iez j=o 

where F is the field F = Q[t]] with degt = —2N. We could work here also with the full 
quantum homology but then semi-simplicity should be considered in the framework of 
skew-commutative algebras. 

Proposition* 6.5.4. Let (M 2n ,u;) be a monotone (resp. spherically monotone) symplectic 
manifold with minimal Chern number N > | + 1. Assume that QH^ V (M;¥) is semi- 
simple. Let L C (M, uj) be a Lagrangian submanifold which is relatively spin and has 
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#i(L;Z) = (resp. m(L) = I). Put 

l = {0<i<n\i = ln(mod2N) for some I G Z}, 

J = {0 < j < n | j = q + 2nk(mod2N) for some n + 1 < q < 2N - 1, k G Z}, 

</' = {0 < J < n | j = 1 + nk'(mod2N) for some k' G Z}, 

J" = {0 < j < n | j = -1 + n£;"(mod2iV) for some k" G Z}. 

T/ien ifi(L; Q) = Q /or every i E I and H^L; Q) = /or every j E J U J' U J" . 

We will give the proof of Proposition 6.5.4 later in this section. In the meanwhile here 
is an immediate corollary. 

Corollary* 6.5.5. Let (M 2n ,u) be a monotone (resp. spherically monotone) symplectic 
manifold with minimal Chern number N . Assume that ^4— < N < n—1 and that (M,u>) 
has a Lagrangian submanifold L which is relatively spin and has i?i(L;Z) = (resp. 
7Ti(L) = 1). Then QH^ V (M;¥) is not semi-simple. 

Proof of Corollary 6.5.5. Suppose that QH% V (M;W) is semi-simple. Let J be the set of 
indices defined in Theorem 6.5.4. As 2i*±_ < N < n — 1, we have n+2 < 3n — 2N < 2N — 1 
hence n G J (take q = 3n — 2N, k = —1). By Theorem 6.5.4, H n (L;Q) = which is 
impossible since L is orientable. A contradiction. □ 

Here is another restriction on semi-simplicity. 

Proposition* 6.5.6. Let (M 2n ,uj) be a spherically monotone symplectic manifold of 
dimcM > 2. Suppose that (M,u) contains a Lagrangian sphere and that its minimal 
Chern number N satisfies N \ n and N \ (n + 1). Then QH^ V (M; ¥) is not semi-simple. 

In order to prove Propositions 6.5.6, 6.5.4 we will need some preparations regarding 
semi-simplicity. Let 



be the projection. The identification of the last isomorphism here is made via H (M; Q) = 
Qp, where p is the class of a point. The projection rj assigns to an element a G QH° V (M; F) 
a power series in t which is the coefficient of a at p. Define a pairing 



It is well known that A is a non-degenerate pairing (see [44]). Let ei, . . . ,e u be a basis 
over F of QH^ V (M;¥) and denote by ef, . . . , ef the dual basis with respect to A. Define 
an element Sq(M) G QH™(M; F) by 



rj : QH*(M;W) 



H (M; Q) ®F = F 



A : QH C J(M- F) ® QH e J(M- F) 



F, A(a,b) =7]{a*b). 



(124) 




i=i 
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This element is called the even quantum Euler class. It does not depend on the choice of 
the basis e±, . . . , e v . A Theorem due to Abrams [1] asserts that QH^ V (M; F) is semi-simple 
iff £q(M) is invertible. Of course, it is possible to define a more complete quantum Euler 
class by taking an alternate sum as in (124) over a basis of the whole of QH*(M; F) (not 
just the even part). In this setting the quantum Euler is indeed a deformation of the 
classical Euler class, hence its name. 

We will now need the following proposition. Denote by • : H*(M; Q) ® H*(M\ Q) — > Q 
the classical intersection pairing, with the convention that a ■ b = whenever a, b are 
elements of pure degree with deg(a) + deg(6) ^ 2n. 

Proposition 6.5.7. Let e',e" G H*(M;Q) and view e',e" as elements of QH*(M;F). 
Then r)(e' * e") = e' ■ e" . 

Proof. Without loss of generality we may assume that e', e" have pure degrees. Then 
r)(e' * e") = sP for some j > and s G Q. We may also assume that s ^ since otherwise 
the statement is obvious. 

We claim that j = . To prove this, choose generic Q-cycles C, C" representing e', e" . 
Suppose that j > and s ^ 0. Then for a generic ^-compatible almost complex structure 
J there exists a simple J-holomorphic rational curve u passing through C and C" with 
ci([w]) = jN. Denote by Ai(J) the space of simple J-holomorphic curves in the class [u]. 
Consider the evaluation map: 

ev : (M(J) x CP 1 x CP l )/G — > M x M, ev(w,p 1 ,p 2 ) = (w(p 1 ),w(p 2 )), 

where G = Aut(CP 1 ). As exr\G' x C") ^ we obtain that dim(e^- 1 (C / x C") = 
deg(e') + deg(e") — 2n + 2Nj — 2 > 0. On the other hand since rj(e' * e") = sP , we 
have deg(e') + deg(e") — 2n = —2Nj. A contradiction. This proves that j = 0, hence 
r)(e' * e") = s = e' ■ e". □ 

Lemma 6.5.8. The even quantum Euler class is an element of pure degree 0. 

Proof. Let ei,...,e„ be elements of pure degree which form a basis of H^ V (M; Q) over 
Q. Let ef , . . . , ef G H^ V (M; Q) be a dual basis to e\, . . . , e v with respect to the classical 
intersection pairing (— ) • (— ). Thus ej • ef = 5 it j. Note that both {e^} and {ef } are bases 
of QH£ V (M,F) over F. We claim that the basis {ef} is dual to {e^} also with respect 
to the pairing A. (This is, by the way, contrary to what is written in [1].) Indeed, by 

jj ff it 

Proposition 6.5.7 we have A(ej, ej) = rj(ei * ej) = • ej = S^j. 

Finally, recall that the even quantum Euler class does not depend on the choice of the 
basis, hence £q(M) = Yli=i e i * e t ■ Since deg(ef ) = 2n — deg(ej) it follows that Sq{M) 
has degree 0. □ 
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We are now in position to prove Propositions 6.5.4, 6.5.6. 

Proof of Proposition 6.5.6. By Proposition 6.5.1 QH*(M; F) has no invertible elements of 
pure degree ^ 2n(mod2iV). As ^ 2n(mod2A r ), the even quantum Euler class Sq(M) 
is not invertible, hence QH^ V (M;¥) is not semi-simple. □ 

Proof of Proposition 6.5.4- The Lagrangian L n C M 2n is monotone and has minimal 
Maslov number 2N. By assumption 2N > n + 2, hence there exists a canonical iso- 
morphism QH*(L\ F) = (H(L; Q) ® F)*, or more specifically: 

QH i+2kN (L; F) 9* Q), VO < z < n, k G Z, 

(125) 

QH j+2kN (L; F) = 0, Vn + 1 < j < 2N - 1, k e Z. 

Since QH£ V (M,W) is semi-simple the even quantum Euler class £q(M) G Qifo(-^;IF) is 
invertible. Therefore exterior multiplication by Sq(M) gives isomorphisms QHi(L;¥) = 
QHl-2n(L]W) for every / G Z. The rest of the proof follows from these isomorphisms 
together with (125) and the fact that for every fceZwe have: 

QH 2kN (L; F) ^ H (L; Q) Q, QH n+2kN (L; F) ^ i/ n (L; Q) ^ Q, 
QH 1+2kN (L; F) ^ Fi(L; Q) = 0, QH n „ 1+2kN (L; F) ^ n _!(L; Z) = 0. 

□ 

Examples. Here are a few examples of symplectic manifolds with semi-simple quantum 
homology. 

(1) CP n . 

(2) The smooth complex quadric Q (defined in §6.3 above). See [1] for the computation 
of the quantum Euler class. 

(3) Complex Grassmannians. See [1] for the proof. 

(4) Semi-simplicity is preserved when taking products. More precisely, let (Mi,ui), 
(M 2 ,lo 2 ) be two spherically monotone symplectic manifolds with the same propor- 
tionality factor between the Will's and the Ci(M i )| 7r2 's. Then (Mi x M 2 , io\ © uj 2 ) 
is also spherically monotone. If (Mi, wi) and (M 2 ,u 2 ) both have semi-simple 
quantum homology then so does (Mi x M 2 ,U\ © uj 2 ). This follows from the 
quantum Kiinneth formula (see e.g. [44]). Of course, here one should consider 
semi-simplicity in the skew-commutative framework (see [1]). 

Let X C CP n+r be a smooth complete intersection of degree (di, . . . , d r ) as in §6.4. Let 
us now examine the semi-simplicity of complete intersections in relation to Lagrangian 
submanifolds. Assume that 2(J^ =1 d^— 1) < n and that n > 3. Put d = Yl i= i di- Consider 
the following cases: 
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1. d = 1. In this case X = CP n . The quantum homology QH*(X;W) in this case is a 
field (see §6.2), hence semi-simple. 

2. d = 2. In this case X is isomorphic to a smooth quadric. A direct computation of the 
quantum Euler class shows that it is an invertible element (see [1]) hence QH*(X;W) is 
semi-simple. 

3. d = 3. In this case either dj > 3 for some % or there exist at least two d^s that are > 2. 
Therefore the minimal Chern number N of X satisfies N = n + 1 — Y7i=i(di — 1) < 7i — 1. 
The assumption that 2(^[ =1 di — 1) < n implies that we also have ~ + 1 < N. It follows 
that N \ n and N \ n + 1. Next, note that X has a Lagrangian sphere. This follows from 
symplectic Picard-Lefschetz theory since for d > 2, X can be degenerated to a variety with 
isolated singularities. By Theorem 6.5.6 we conclude that QH*(X;F) is not semi-simple. 
Of course, this can be also verified by computing the quantum Euler class (see [1]). 

It is not clear to us how large is the class of symplectic manifolds with semi-simple 
quantum homology. It seems that it is in fact a rather restricted class of manifolds. 

Finally, let us mention that Entov and Polterovich [28] have also found restrictions on 
semi-simplicity of quantum homology related to Lagrangian submanifolds. The methods 
they use are based on the theory of spectral numbers and are quite different than ours. 

6.6. Gromov radius and Relative symplectic packing. Let (M 2n , to) be a 2n-dimensional 
symplectic manifold and L C M a Lagrangian sub manifold. Denote by B(r) C M. 2n 
the closed 2n-dimensional Euclidean ball of radius r endowed with the standard sym- 
plectic structure kj st d of M. 2n . Denote by B^(r) C B{r) the "real" part of B(r), i.e. 
Bu(r) = B(r) PI (W 1 x 0). Note that B R (r) is Lagrangian in B(r). 

By a relative symplectic embedding tp : (B(r),B^(r)) (M,L) of a ball in (M,L) we 
mean a symplectic embedding (p : B{r) — > (M,u) which satisfies the following conditions: 

(1) cp{B R {r)) C L. 

(2) <p(x) ^ L for every x G B{r) \ B^{r). 

These two conditions can be rewritten as "<£> _1 (L) = £> R (r)". Condition (2) may look 
strange at first sight. We will explain its role soon (see Remark 6.6.2). 

In analogy with the (absolute) Gromov radius, we define here the Gromov radius of 
LcMto be 

Gr(L) = sup{r | 3 a relative symplectic embedding (B(r), B^(r)) — > (M, L)}. 

We will consider also symplectic embeddings of balls in the complement of L, i.e. sym- 
plectic embeddings ip : B(r) — * (M \ L,u). We denote the Gromov radius of (M \ L,u) 
by Gr(M\L) i.e. 

Gr(M \ L) = sup{r | 3 a symplectic embedding B(r) — > (M \ L)}. 
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Denote by J~(M, u) the space of almost complex structure on M which are compatible 
with uj. 

Proposition 6.6.1. Let L C (M,u) be a Lagrangian submanifold. Let E',E" > 0. 

(1) Suppose that there exists a dense subset J' C J7"(M, u) and a dense subset U C M 
such that for every J G J' and every p G W there exists a non- constant J- 
holomorphic disk u : (D,dD) — > (M,L) with w(Int-D) 3 p and Area w (w) < E'. 
Then 

nGr(M \ L) 2 <E'. 

(2) Suppose that there exists a dense subset J" C J~(M,u) and a dense subset U" C L 
such that for every J G J" and every q G U" there exists a non- constant J- 
holomorphic disk u : (D,dD) — > (M,L) with u(dD) 3 q and Area^fu) < E" . 
Then 

nGr(L) 2 < 



Proof of Proposition 6.6.1. The proof is based on an argument of Gromov from [36]. Vari- 
ants of the proof below can be found in [7, 23]. 

We begin with the proof of statement 2. Let <p : (B(r), B^(r)) — > (M,L) be a relative 
symplectic embedding. Let J be the standard complex structure of B{r). Let J G 
J7"(M, to) be an almost complex structure which extends the complex structure v 3 *(^o) 
defined on the image of the ball tp(B(r)). 

Put q = f{0) G L. By Gromov compactness theorem there exists a non-constant 
J-holomorphic disk u : (D,dD) — > (M,L) with u(dD) 3 q and Area w (w) < E" . Put 
S' = <p-\u(D)) and let S" = S 7 be the complex conjugate copy of S'. Put S = S' U S", 
S° = S PI Int .B(r). Clearly S* is an analytic subvariety of (Int B(r), Jo). Note also that 
due to condition (2) (in the definition of relative symplectic embedding) the subvariety 
S° C Int B(r) is properly embedded (with respect to the induced topology from Int B(r)). 
By the Lelong inequality [35] we have 

, 00 Are^JS ) 2Area a; t . (S') IE' 
1 < mult 5° < — '- = f K ' < — -. 

This proves statement 2. 

The proof of Statement 1 is very similar (but now no reflection argument is needed). □ 

Remark 6.6.2. Let us explain the role of the condition (2) in the definition of relative sym- 
plectic embeddings. If this condition is dropped and we only require that <^> -1 (L) D B^(r) 
then the problem becomes equivalent to the problem of absolute symplectic embeddings. 
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The point is that given any symplectic embedding ip : B(r) — > M, there exists another 
symplectic embedding <// : B(r) — > M with <//(I?R(r)) C L. Indeed by a straightfor- 
ward argument there exists a Hamiltonian diffeomorphism h : (M, u) — > (M, cj) such that 
/i o <p(B^(r)) C L. Put ip' = ho ip. 

Thus if we drop condition (2) in the definition of relative symplectic embedding we lose 
the effect of the presence of the Lagrangian submanifold L. This can be easily illustrated 
already in dimension 2n = 2. Let L C M 2 be a circle of radius r. Clearly Gr(L) = irr 2 . 
However, it is easy to see that for every R > there exists a symplectic embedding 
if : B 2 (R) -> IR 2 with ^(5 R (r)) C L. 

Before we continue would like to make a general remark concerning the Gromov radius of 
Lagrangians. Given a monotone Lagrangian L C (M, cu) we denote by r the monotonicity 
constant r = - ... rs (see formula (1)). 

Remark 6.6.3. Assume that the monotone Lagrangian L n C (M 2n ,Ci;) has the property 
that QH*(L) = 0. We claim that this implies that for any almost complex structure J, 
through each point in L passes a non-trivial J-holomorphic of area at most (n+ l)r. This 
argument appears in [23] (where it is described mainly in the more delicate cluster setup) 
and goes as follows. Let / be a Morse function on L with a single maximum, x n . We know 
from Remark 5.1.4 that dx n = in C(L; f, J). Thus boundary in this complex. 

But for this to happen some moduli space V(y, x n ; A, J) has to be non-trivial. To have 
x n t^ A ^ NL — dx+ . . . we need that \x\ — 1 = n — /u(A) which means /x(A) < n + 1. Thus, 
there is a J-holomorphic disk passing through x n of Maslov class at most n + 1 and of 
area at most (n + l)r. As be chosen as generic point of L this shows the claim. 

In case L is displaceable a variant of this argument that also takes into account the 
action filtration on the Floer complex shows that the area of these disks can be bounded 
by the displacement energy, E(L). 

The existence of these disks implies by Proposition 6.6.1 that, in general we have 

7rGV(L) 2 /2 < (n + l)r 
and, in the displaceable case, we also have 

ixGr(L) 2 /2 < E(L) . 

The last inequality (in the displaceable case) can be proven using the cluster machinery 
even if L is not monotone but is relative spin, orientable and H*(L; Q) = for all even * 
different from and dim(L) - see again [23] for this and more details on this argument. 

The following Corollary bounds the Gromov radius for Lagrangian tori. Recall from 
Proposition 6.1.4 that for a monotone Lagrangian torus T C (M,u) we either have 
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QH*(T) = (H(T) g> A)* or QH*(T) = 0. In the latter case Proposition 6.1.4 im- 
plies that for generic J and a generic point x G T there exists a J-holomorphic disk 
u : (D,dD) — > (M, T) with u(dD) 3 x and /x([it]) = 2. Combining this with Proposi- 
tion 6.6.1 we the following. 

Corollary 6.6.4. If T C (M,u) is a monotone Lagrangian torus with monotonicity 
constant r and QH*(T) ^ ip(T) <g> A, then 

2 

Endow CP™ with the standard Kahler symplectic structure u-ps, normalized so that 
f Cpl u FS = 7r. Note that with this normalization (CP n \ CP n_1 ,u; F s) = (IntB(l),w, 
hence the (absolute) Gromov radius of CP n is Gr(CP n ) = 1. 



stdJ 



Corollary 6.6.5. Let L C CP n be a monotone Lagrangian with minimal Maslov number 
N L . 

(1) IfQH*(L) 7^ 0, then we have: 

GV(CP n \L) 2 < LAfJ L 



2(n + l) 
In particular, 

Gr(CP n \ Lf < 



,2 n 



n 



(2) Suppose that QH*(L) = H*(L) <S> A, then: 

Gr{Lf 



+ Gr(CP n \LY < I. 



Remark 6.6.6. (1) In most of the examples below we will be in a special situation in 
which the pearl and Morse differentials agree, d = do, which greatly simplifies the 
proof of the Corollary ( do is the Morse differential). More precisely, suppose that 
QH*(L) = (H(L; Z 2 ) <g> A)* and that L admits a perfect Morse function / : L — > K. 
In this case the pearl complex differential d satisfies d = do = 0. Indeed, since 
do = we have C*(L; /, J) = {H(L; Z 2 ) <8> A)*. Therefore if d ^ we would have 
dimQHi(L) < dim(H(L; Z 2 ) ® A)j for some i. A contradiction. 
(2) Note that the term in the first inequality of Corollary 6.6.5 cannot be 0. 
This is because for any monotone Lagrangian submanifold L C CP™ we have 
Nl <n + l. This can be easily proved by the techniques from [15]. 
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Proof of Corollary 6.6.5. We will use here the module structure described in §5.3. As in 
that section we fix a Morse function / : L — > IR and a Morse function g : CP™ — > R. 
We will fix the following notation for the coefficients of the module operation. For a G 
Crit(g),x G Crit(f) we write 

(126) a * x = Y n ( a > x > y)v + ™( a ' x ' y > A ' J )y tfl(A) 

y y,A 

as in formula (72). 

We assume that / has a single maximum denoted by x n . We also assume that g is 
a perfect Morse function so that we may identify its critical points with the generators 
of H*(CP n ). In particular, the minimum of g, will be denoted by p and is identified 
with h nn where h = [CP™" 1 ] G PT2 n -2(CP n ; Z2) is the homology class of the hyperplane. 
We recall from the quantum homology of CP™ that h * p = /i*( n+1 ) = ut 2<yn+l ^ NL where 
u G -P 2 n(CP n ;Z 2 ) is the fundamental class of CP n . By Remark 5.2.5 we know that as 
QH^(L) 7^ 0, x n can not be a boundary and hence its homology class w = [x n ] does not 
vanish in QH*(L). Put a = p * w G QH_ n (L). Notice that 

(127) h*a = h*(p*w) = /i* (n+1) * w = (u * uOt 2(n+1)/JVi = w t 2(n+1)/ ^ . 

We deduce that a ^ 0. For dimension reasons the classical terms n(p,x n , —) in for- 
mula (126) for p * x n vanish. Therefore we can write 

a = p * w = ^2 n (.P' x n, z \ A, J)^t A(A) 

z, A 

where z G Crit(/) and [— ] indicates taking homology classes. We have — n = \zt^ A ^\ = 
\z\ — /i(A), < \z\ < n so that if n(p, x n , z; A, J) 7^ 0, as p is the minimum of g, we 
deduce that there exists a J-holomorphic disk of Maslov index at most 2n which passes 
through p and with boundary on L. As the Maslov index comes in multiples of Nl the 
Maslov index of that disk is in fact < [j^]Nl- As p may be chosen generically and the 
monotonicity constant r is here ir/(2n + 2) we deduce the statement at (1). 

For statement (2) we first pursue with the analysis of equation (127) under the ad- 
ditional asumption that the function / is so that the differential of the pearl complex 
coincides with the Morse differential, d = 8q. As mentioned in Remark 6.6.6 this condi- 
tion is often satisfied and the proof in this case is relatively straightforward. 
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We write: 



w t 2(n+i)/N L =h * a= ^J2 n(p, x n , z; A, J) (h * z)t~^ A) 

z,A 

= [Y1 n & X ™' 2; A ' J ) n ( h > 2 ' y)y tJl[A) 

z,A,y 

+ x «' A ' J ) n (^ 2 ' ^ A '' </)^ (a)+a(a,) 



z,A,z',A' 

This means that in the chain complex C(L; f, J) we have: 

V n - n( P , X n , Z- A, J)n(h, Z, y) yt MA)-2(n + l))/N L 



z,A,y 



(128) 

- Yl n & x ^ z \ A > J ) n ( h i z ' z 'i A > J)z'&( A)+ ^ A,) - 2{n+1))/NL G image (d). 

z,A,z',A' 

Since d = 8q and since x n is not homologous to any element in 

Z 2 xJ (Z 2 (Crit(/) \ {x n }) ® A) 

it follows that x n must appear in one of the two sums in formula (128). But the |/'s in the 
first sum of (128) satisfy \y\ = \z\ — 2 < n — 2, hence y ^ x n . Therefore x n must appear 
as one of the summands in the second sum of (128). In other words there exist z, and 
vectors A, A' of non-zero classes in if 2 (M, L) such that: 

(1) n(p, x n , z; A, J) ^ 0, n(h, z, x n ; A', J) ^ 0. 

(2) n(A)+n(A') =2(n + l). 

This means that through p (the minimum of h) passes a non-constant J-holomorphic disk 
of Maslov index at most /i(A) and through x n passes the boundary of non-constant J- 
holomorphic disk of Maslov index at most /u(A') = 2(n+ 1) — /i(A). By Proposition 6.6.1 
we have: 

7rGr ^ 2 + n Gr(CP n , L) 2 < r/i(A) + r^(A') = r(2n + 2) = tt. 

To conclude the proof of the point (2) of the proposition we now need to describe an 
argument in the absence of the condition d = 8q. To do so we will make use of the minimal 
model technology as described in §2.2.3. Thus, recall that there is a complex (C m i n ,S), 
C min = H(L; Z 2 ) ® A, and chain morphisms </> : C(L; f, J) -> C min , if) : C min -> C(L; f, J) 
so that 5q = and o ^ = id, (f>, if) ( respectively, O , ^o) induce isomorphisms in pearl 
(respectively, Morse) homology. As in Remark 2.2.6 we use the applications <f> and if) to 
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transport the module structure on C m i n . For u G Crit(h) and x G H*(L] Z 2 ) this module 
structure has the form: 



so that u * x = 4>(u * ip{x)). It is important to note that, as the minimal pearl model is 
constructed (in §5.9) with coefficients in A + we have that, for degree reasons, ^([X]) = x n , 
00%) — [L] (where [L] G if n (L;Z 2 ) is the fundamental class). It follows that all the 
argument above can now be applied to C m i n instead of C(L; f, J). It leads to the fact that 
there is z G -£/*(L;Z 2 ) for which there are coefficients n'(—, — , — ) which verify: 



The condition QH(L) = H(L; Z 2 ) <8> A means that 5 = in C m i n (see Remark 2.2.6). With 
this in mind we take another look at equation (129) and taking into account that both 
and ip are defined over A + we deduce from n'(p, [L], z; k) ^ that there exists u G Crit(f) 
and A so that //(A) < kN^ and n(p, x n , u; A, J) ^ and so through the minimum 
of h passes a disk of Maslov class at most kN^. We now want to interpret the equation 
n'{h, z, [L\] k') 7^ 0. This obviously means that in H*(C m i n ) we have h*z — . . . + [L]t k ' + . . .. 
In other words, if we write H*(C m i n ) = H(L; Z 2 ) <S> A = i?©Z 2 < [L]t k ' > where E is some 
complement of the Z 2 vector space Z 2 < [L]t k ' > we have h * z = £ + [L]t k ' with £ G E. 
This implies, in homology, h * ip(z) = ip(£) + [^n]^ fe ' so that at the chain level we have 
h*ip(z) +dw = x n t k ' + , 0(£). We also split C(L; f, J) = £"©Z 2 < x n t k ' > and we consider 
two cases. First suppose that there is some cycle £' G E' so that [£'] = [x n t fc ']. The only 
possibility for that to happen is that there is some u" G Crit(f), A" with fi(A") < k'N^ 
so that n(u",x n ; A", J) ^ where n(—, — ) are the coefficients of the differential in the 
pearl complex C(L; f, J). In this case, it follows that through the maximum of / passes a 
disk of Maslov class at most k'Ni and the proof ends as in the special case treated before. 
Assume therefore from now on that for all the cycles £' in E' we have [£'] ^ [x n t k ]. In 
particular, this means that x n t s does not appear in the boundary expression of any critical 
point of / for s < k' . At this point we need to recall the explicit construction of the map 
0: it is defined on a basis of Z 2 < Crit(f) > which is chosen so that it is formed by three 
types of elements x,'s with d§x = 0, y's with doy = and y n s with d^y' = y and is given 
by 4>{x) = x, (j)(y') = 0, (py = cj) n ~ s+1 (dy' — y) (the last equality appears in the inductive 
step - see again §5.9). The critical point x n is itself a generator of type x and it is the 
only one in dimension n. Under our assumption, this means that we have <f)(E') = E. 
Indeed, the only thing to check is that each generator of type y is sent to E but this 
follows inductively because dy 1 does not contain x n t s for s < k' . 



(129) 





k,y£H*(L;Z 2 ) 



(V) n'(p,[L],z;k)^0, n'(h, z, [L\; k') ^ 0. 
(2') (k + k')N L = 2(n + l). 
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We now write ^(O = £" + £x n t k ' where e is or 1 and £" G E' . In case e = 1 we have, in 
homology, h*ip(z) = [£"] and, so (p{h*ip(z)) = h*z = 0[£"] = £ + [P]t fc which contradicts 
G E (we use here again 5 = 0). 

Thus we are left to discuss the case when e = 0. Therefore we have h * ip(z) + dw = 
x n t k ' + £" and given our assumption this means that there exists u' G Crit(f), A' with 
M-A-') < fc'A^ so that n(h, u', x n ; A', J) ^ 0. It again follows that through the maximum 
of / passes a disk of Maslov class at most k'Ni and concludes the proof. □ 

6.7. Examples. Endow CP n with the standard Kahler symplectic structure c^fsj nor- 
malized so that J cpl u-ps = Ti. 

Corollary 6.7.1. Let L C CP n be a Lagrangian submanifold with 2H\(L;'L) = 0. Then 
Gr{€P n \Lf < \. 

Proof. This follows immediately from Proposition 6.2.12 in conjunction with Proposi- 
tion 6.6.1. 

Alternatively, one can use Proposition 6.2.5 by which Nl = n + 1 and QH*(L) ^ 0. 
Then Corollary 6.6.5 implies that: 

Gr(CP n \L) 2 < [ ^ ](w + 1) = i. 

v v ; - 2(72 + 1) 2 

□ 

When L is the standard real projective space IRP n C CP n the inequality in Corol- 
lary 6.7.1 has been proved before by Biran [14] by different methods. In this case the 
inequality turns out to be sharp. Note also that (by an explicit construction) we have 
Gr{RP n ) = 1, thus the inequality in Corollary 6.6.5-(2) is sharp in this case. 

Consider the n-dimensional Clifford torus T" lif C CP n . (See Example 6.1.6.) 

Corollary 6.7.2. Gr(T? lif ) 2 < ^, Gr(CP» \ T? lif ) 2 = ^. 

Remark. By an explicit packing construction, communicated to us by Buhovsky, it seems 
that the first inequality in Corollary 6.7.2 is in fact sharp, i.e. GV(T™ lif ) 2 = 

Proof of Corollary 6. 7.2. A straightforward construction using moment maps (in the spirit 
of [37, 67]) shows that Gr(CP n \T c iif) > On the other hand, by Example 6.1.6 we have 
QP*(T" if ) = (P(T" if ; Z 2 )(g>A)* hence by Corollary 6.6.5-(l) we have Gr(CP n \T> m ) < 
This proves that GV(CP n \ T^ f ) = 

The first inequality follows now from the fact that QP*(T" lif ) = (if(T™ lif ; Z 2 ) ® A)* in 
conjunction with Corollary 6.6.5-(2) and Remark 6.6.6. An alternative, more direct, proof 
goes as follows. By Example 6.1.6 it follows that for generic J G j7(CP n ) and x G T™ lif 
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there exists a J-holomorphic disk u : (D, 3D) — > (CP n , L) with = 2. This disk has 

area By Proposition 6.6.1-(2) we obtain GV(T™ lif ) < 2 (n+i) ■ ^ 

6.8. Mixed symplectic packing. Let l, m > and ri, . . . , ri > 0, pi, . . . , p m > 0. A 
mixed symplectic packing of (M, L) by balls of radii (r±, . . . , rf, pi, . . . , p m ) is given by I 
relative symplectic embeddings <fi : (P(rj), £> K ) — > (M, L), i = 1, . . . , I, and m symplectic 
embeddings ipj : B(rj) — > (M \L,cu), j = 1, . . . , m, such that the images of all the ipi and 
ipj are mutually disjoint, i.e. 

(1) M) n <Pi»(B(n»)) = for every %' ± i" . 

(2) n il; fl (B(r f/ )) = for every f ^ j". 

(3) <fii(B(ri)) n tl)j(B(rj)) = for every z, j. 

The following can be proved in a similar way to Proposition 6.6.1. 

Proposition 6.8.1. Let L C (M, a;) 6e a Lagrangian submanifold and E > 0. Suppose 
that there exists a dense subset J'* C JiM^uj), a dense subset of m-tuples W C (M\L) xm , 
and a dense subset of l-tuples U" C L xl such that for every J G J*, (q±, ■ ■ ■ ,qi) G W , 
(pi, . . . ,p m ) G W i/iere exists a non-constant J-holomorphic disk u : (D, 3D) — > (M, L) 
with u(Int -D) 9 pi, . . . ,p m , u(dD) 3 q±, . . . , qi and Area w (-u) < E. Then for every mixed 
symplectic packing of (M, L) by balls of radii (ri, . . . , rf, pi, . . . , p m ) we have: 

I o m 

Tir £ 



6.9. Examples. 



Corollary 6.9.1. For every mixed symplectic packing of (CP 2 , T^ lif ) by two balls of radii 
(r; p) we have |r 2 + p 2 < |. In particular if the two balls are assumed to have the same 
radius r = p then r 2 < |. 

Note that the inequality in Corollary 6.9.1 is stricter than the inequalities for (absolute) 
packing of CP 2 by 2 balls. Indeed, for every symplectic packing of CP 2 , B(r) ]jP(p) ^ 
CP 2 the (optimal) packing inequality reads r 2 + p 2 < 1 (See [36, 43]). In particular, if 
the balls are of equal radii r = p the latter inequality reads r 2 < | (and this is sharp), 
whereas the mixed packing inequality gives r 2 < |. 

We do not know whether the inequality in Corollary 6.9.1 is sharp. 

Proof of Corollary 6.9.1. We will use here the notation of §6.2.1 and Proposition 6.2.3. 
Fix two Morse functions g : CP 2 — > R, / : T 2 lif — > IR and two generic Riemannian metrics 
z/, u r on CP 2 and T 2 lif . We assume that both g and / are perfect Morse functions so that we 
can identify their critical points with homology classes in if*(CP 2 ;Z2) and ip(T 2 lif ; Z 2 ). 
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Denote by h G P^CP 2 ; Z2) the class of the hyperplane and by p G Po(CP 2 ; Z2) the class 
of a point. Denote by m the minimum of /. For every generic J G J~(CP 2 ), m defines 
an element, still denoted m, in QH (Tl M ; f, u T , J). (See the discussion in the beginning 
of §6.11.) According to Proposition 6.2.3 we have 

p*m = h*h*m = h* mt = mt 2 . 

The pearly trajectories that potentially contribute to this computation appear in figure 20. 




Figure 20. 

It follows that for generic J one of the following three possibilities occur: 

(1) There exists a J-holomorphic disk u\ : (D,dD) — > (CP 2 , T 2 lif ) with = 2 
and Ux(—1) = m, iti(0) = p. 

(2) There exist two J-holomorphic disks u±, u 2 : (D, dD) — > (CP 2 , T 2 lif ) with /x([tti]) = 
Hi\u2\) = 2 and U\{— 1) = m, 1*2(0) = p. 

(3) There exists a J-holomorphic disk u : (D,dD) — ► (CP 2 ,T 2 lif ) with //([«]) = 4 and 
u(— 1) = m, n(0) = p. 

Note that the in cases (1), (2) we have Area a;ps (n 1 ) = Area^^) = 2r = 1/3 and in 
case (3) Area Wps (u) = 4r = 2/3. 

Let <p : P(r) — > (CP 2 ,T 2 lif ), tp : P(p) — > CP 2 \ T 2 lif be a mixed symplectic packing of 
(CP 2 , T 2 lif ) by two balls of radii (r; p). Take m to be cp(0) and p = ^(0). Arguing as in 
the proof of Propositions 6.6.1 and 6.8.1 we obtain the following inequality: 

1 2n 
-nr 2 + up 2 < max{2r, 2r + 2r, 4r} = 4r = — . 

2 3 

□ 
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The proof of Corollary 6.9.1 suggests that for mixed packing of (CP n , T" lif ) by two balls 
of radii (r; p) the following packing inequality should hold: |r 2 + p 2 < ^-p 

Consider the smooth complex quadric Q C CP ra+1 endowed with the symplectic struc- 
ture u induced from CP n+1 (See §6.3). With our normalization of the symplectic structure 
on CP n+1 the symplectic structure on Q and the first Chern class c\ (of the tangent bundle 
of Q) have the following relation c\ = n[(J\/ir. 

Corollary 6.9.2. Let L C Q be a Lagrangian submanifold with K\{L\ r S2) = (e.g. a 
Lagrangian sphere). Then for every mixed symplectic packing of (Q,L) with 2 balls of 
radii (r; p) we have: \r 2 + p 2 < 1. 

Note that inequality in Corollary 6.9.2 is stricter than the absolute packing inequalities, 
at least in dimension 2n = 4. Indeed in that case (Q, uj) = (CP 1 x CP 1 , kJFS© a; Fs) an d the 
(optimal) absolute packing inequalities for two balls B(r) IJP(p) ^ (CP 1 x CP 1 ,o;fs © 
cjps) read r 2 < 1, p 2 < I. 

We do not know whether the inequality in Corollary 6.9.2 is sharp. 

Proof of Corollary 6.9.2. This follows from Corollary 6.3.4 and Proposition 6.8.1. □ 

6.10. Further questions. The results in §6.6- 6.9 give rise to several questions. The 
first one is whether the packing inequalities above are sharp. This is especially relevant 
for the results in Corollaries 6.6.5, 6.7.1, 6.7.2, 6.9.1, 6.9.2. This would require to obtain 
lower bounds on the radii of balls in relative /mixed symplectic packing. Such bounds can 
sometimes be obtained by an explicit packing construction, but one would like a more 
systematic method. In the theory of absolute symplectic packing an essential ingredient is 
the symplectic blowing up and down constructions (see [43]). It seems relevant to establish 
a relative (with respect to a Lagrangian L) version of the symplectic blowing up and down 
constructions. Another important ingredient in the theory of absolute symplectic packing 
consists of criteria for realizing 2-dimensional cohomology classes by symplectic/Kahler 
forms such as the Nakai-Moishezon criterion (see [11, 13, 12] for symplectic analogues 
of this). In the relative version one would expect to have analogous criteria with the 
additional requirement that the resulting symplectic form makes a given submanifold 
Lagrangian. 

Another interesting question is what happens for larger number of balls. This would 
require to establish existence of holomorphic disks (or surfaces with boundary) passing 
through many points on L. It seems likely that our methods combined with the ap- 
proach of Fukaya-Oh-Ohta-Ono [34] or the cluster homology approach of Cornea-Lalonde 
[23] would be relevant for this purpose. In the same direction, it would be interesting to 
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find out whether the packing obstructions disappear in the relative case once the number 
of balls becomes large enough, as happens in the absolute case in dimension 4 (see [11, 12]). 

Some of the results on existence of holomorphic disks in §6.2.4 and 6.3.4 give rise to 
redundant packing inequalities in the sense that they coincide (or can be derived from) 
the absolute packing inequalities. For example, Proposition 6.2.12 implies that for every 
relative symplectic packing 



we have \r\ + \r\ < |. However this is precisely the (optimal) absolute packing inequality 
for two balls in CP™ (see [36]). In fact, an explicit construction as in [37] shows that for 
/ < 3 balls there is no difference between relative and absolute symplectic packing (i.e. the 
same packing inequalities hold for both cases). We do not know whether this continues 
to hold for general I (even in dimension In = 4). It would also be interesting to find a 
geometric explanation to why the relative symplectic packing problem coincides with the 
absolute one for some Lagrangians while for others it gives stricter restrictions. 

6.11. Quantum product on tori and enumerative geometry. The goal of this sec- 
tion is to give a geometric interpretation of the quantum cap product for Lagrangian 
tori in terms of enumeration of holomorphic disks. Related results in this direction have 
recently been obtained for torus fibres of Fano toric manifolds by Cho [19] by a different 
approach. For simplicity we consider here only the case of 2-dimensional tori. 

Let L 2 C (M 4 , oS) be a monotone Lagrangian torus with minimal Maslov number Nl = 
2. Assume that QH*(L) ^ 0. By Proposition 6.1.4 we have QH*(L) = (H(L; Z 2 ) ® A)*. 
It follows that 



We will see in a moment that the isomorphism (131) is canonical. However, the splitting 
in (130) is not canonical in the sense that it is not compatible with the canonical iden- 
tifications in Morse homology. As we will see below, the "if 2 (L; Z 2 )t" part is canonical 
but the inclusion in QH (L) of the summand Hq(L;7j2) actually depends on the Morse 
function / : L — ► R and the almost complex structure J used to compute QH(L). Let us 
explain this point in more detail. 



(B( ri ),B R ( ri ))l[(B(r 2 ),B R (r 2 )) ^ (CP n , RP n ) 



(130) 
(131) 



QH (L) = H (L; Z 2 ) © H 2 (L; Z 2 )t, 
QH 1 (L)^H 1 (L;Z 2 ). 
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Let /, g : L — > R be two perfect Morse functions. Fix two generic Riemannian metrics 
p, t on L and a generic almost complex structure J G J{M,uj). Denote: 

Crit (/) = {x }, Criti(/) = K,x?}, Crit 2 (/) = x 2 , 

Crito(^) = {y }, Criti(^) = {j/i, <}, Crit 2 (^) = y 2 - 

Since QH*(L) = {H(L; Z 2 ) ® A)* the Floer differential vanishes and we have: 

QH (f, p, J) = Z 2 x © Z 2 x 2 t, QH^f, p, J) = Z 2 x[ © Z 2 x'[, 

QH (g, r, J) = Z 2 y © Z 2 y 2 t, QH x {g, r, J) = Z 2 y[ © Z 2 y'[. 

Denote by <p M : H*(g,r) — > H*(f,p) the canonical isomorphisms of Morse homolo- 
gies. Denote by (fi F : QH*(g,r, J) — > QH*(f,p,J) the canonical isomorphisms of Floer 
homologies as described in §5.1.2. Then for degree reasons <p F coincides with <p M on 
QHi(g, r, J). Clearly we also have 4> M (yo) = x and <J) M (y 2 ) = x 2 . Moreover 4> F (y 2 ) = x 2 
since y 2 , x 2 are the unities of the respective Floer homologies. However it might hap- 
pen that (p F (yo) 7^ 4> M (yo). More precisely, following the description in §5.1.2 we have 
F (z/o) — + ex 2 t where the coefficient e G Z 2 is determined by counting the number of 
pearly trajectories appearing in figure 21. 




FIGURE 21. Pearly trajectories contributing to the coefficient e. 

As f,g, p,r, J are taken to be generic we may assume that yo G W£ (— grad p /), 
x 2 G Wy 2 (— grad T g) and that no two points from Xo,yo,x 2 ,y 2 lie on the boundary of 
the same J-holomorphic disk with Maslov number 2. Denote by r ) y2 , X2 {g) the — grad T (g) 
trajectory connecting y 2 to x 2 and by J y0tXo (f) the — grad p (/) trajectory connecting y to 
Xq. Using this and the notation from (102) we have (see figure 22): 

(132) e = # Z2 (S yo (J) n J y2 , X2 (g)) + K(J) n T«o,x (/))- 

By Proposition 6.1.4 the cycles S yo (J) and S X2 (J) are in the homology Hi(L;Z 2 ). 
Therefore, the path jy 2tX2 {g) in formula (132) can be replaced by any path £(y 2 ,x 2 ) C L 
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Figure 22. 

connecting y 2 to x 2 (as long as the intersection of that path with S yo (J) is transverse). 
Similarly •y y0t x (f) can be replaced by any path £(yo, xo). 
Summarizing the above we have: 

Proposition 6.11.1. The isomorphism <p F : QH*(g,r, J) — > QH*(f,p, J) is given by: 

<p F {y) = <f) M {y) G QH^g, r, J), <p F {y 2 ) = x 2 , <p F {y ) = x Q + ex 2 t, 

where 

(133) e = # Z2 (S yo (J) n £(y 2 , x 2 )) + # Za (5 X2 (J) n £(y , x )) 

and £(y 2 ,x 2 ),£(yo,xo) C L are any two paths in L joining y 2 to x 2 , resp. yo to xq, 
and meeting the cycles 5 yo (J), resp. 5 X2 (J), transversely. In particular, the isomorphism 
QHi(L) = Hi(L; Z2) as well as the inclusion H 2 (L; 7* 2 ) —>■ QH 2 (L; 7* 2 ) are canonical. 

Remark 6.11.2. (1) From formula (133) it follows that once we fix a generic J and 
take /, g with the critical points x 2 close enough to y 2 and xq close enough to y 
then the coefficient e is 0. Thus in this case <p F = <p M . 
(2) One can derive a similar formula to (133) when we have two different almost 
complex structures Jo, Ji- In this case one takes a generic path { J t } connecting 
Jo to Ji. Then there is an additional contribution to the coefficient e coming from 
Jt-holomorphic disks (for some t) with Maslov index 2 whose boundaries pass 
through the points yo,x 2 . 

Let L be as above. Denote by w G QH 2 (L) = H 2 (L; Z2) the fundamental class. Choose 
m G QHq(L; Tj 2 ) so that {m, wt} consists of a basis for QHq(L). As m * m G QH_ 2 (L) = 
QHq(L) ® t we can write 



(134) 



m * m = S\mt + s 2 wt 2 , 
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for some si, s 2 G Z2. We first claim that the coefficient si does not depend on the choice 
of the element m. Indeed, if we replace m by m' = m + wt then 

m*m=m*m + wt = s^mt + (S2 + l)wt = Sim t + \S\ + 1 + s 2 )wt . 

This also shows that when Si = 1 the coefficient S2 is also independent of the choice of m. 

Proposition 6.11.3. The coefficient si can &e computed as follows. Let J e J be a 
generic almost complex structure. Let Px,P2,P3 G L be a generic triple of points. Let 
£(pi,P2)> £(P2,Ps), £(p3,Pi) C L be three paths such that £(j)i,Pj) connects Pi to pj and 
intersects S Pk (J) transversely, where pk G {pi,P2>f>3} is the third point (i.e. k ^ i,j)- 
Then: 

(135) s 1 = # Z2 (5 pl (J)n^(p2,P3))+# Z2 (^ 2 (J)n^(p3,Pi))+# Z2 (^3(J)n^(p 1 ,p2)). 

In case Si = 1 the coefficient S2 can be computed as follows. Denote by n^(pi,p 2 ,p 3 ) the 
number modulo 2 of simple J -holomorphic disks u : (D,dD) — > (M,L) with fi([u]) = 4 
and such that u(e~ 2nd ^ 3 ) = pi for every 1 < I < 3. Then: 

(136) s 2 = #z 2 {S P[i (J)n£(p 1 ,p 2 )) ■ #z 2 {S Pl ( J ) n^(p 2 ,Ps)) +n A (p 1 ,p 2 , Rd- 
Moreover, when si = 1 we have the following identities: 

#z 2 (6 P2 (J)n£( P3 , Pl )) ■ #z 2 (5 P3 (J) n£(p hP2 )) 

(137) =#z 2 {S P3 (J) n £(p uP2 )) ■ # Z2 (5 P1 (J) n £(p 2 ,p 3 )) 
= #z 2 {5 P1 (J) n i(p 2 , p 3 )) ■ #z 2 (5 P2 (J) n efa, Pl )) . 

(138) n 4 (pi,p 2 ,P3) = n^(pi,p 3 ,p 2 ). 

Remark 6.11.4. (1) It is interesting to note that the numbers n^{p\,p 2 ,p 3 ) depend on 
the position of the three points Pi,p 2 ,p 3 (and of course on J). Thus the number 
of n — 4 simple J-holomorphic disks with boundary passing through 3 points on 
L is not a symplectic invariant. 

(2) The J-holomorphic disks counted by n i (p 1 ,p 2 ,p 3 ) are different than those counted 
by ni(pi,p 3 ,p 2 ). Nevertheless these two numbers (mod 2) are equal. Thus the 
number of J-holomorphic disks of Maslov index 4 whose boundary passes through 
Pi,p 2 ,p 3 in any possible order is even. 

(3) Essentially the same result as Proposition 6.11.3 holds for any orientable monotone 
Lagrangian L with Nl = 2 and genus(J) > 0. However, other than tori we are 
not aware of any examples of such Lagrangians. Note that if such a Lagrangian 
L 2 C M 4 exists then M cannot have = 1. By classification results this means 
that M cannot be a monotone symplectic manifold (i.e. c\(M) = G H 2 (M; M.) 
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for some A > 0) or even birationally equivalent to it. Similarly M cannot be a 
(blow up of a) ruled surface. 

Proof of Proposition 6.11.3. Fix a generic J G J(M,oj). Let /, g : L — * R be two perfect 
Morse functions. Fix a generic Riemannian metric on L. Denote by xq (resp. yo) the 
minimum of / (resp. g) and by x 2 (resp. y 2 ) the maximum of / (resp. g). We can choose 
the functions /, g so that x — pi, y — p 2 , x 2 — P3 and so that y 2 is very close to x 2 = p 3 . 
With this data fixed we have two versions of the quantum cap product: 

* ftB : QH(f, J) <g> QH(g, J) - QH(f, J), 
* : QH(f, J) ® Q#(/, J) ^ QF(/, J). 

The relation between these products is that for x G QH(f, J), y G QH(g, J), we have 
x *f t9 y = x * <fr F (y), where F is the isomorphism from Proposition 6.11.1. 
Viewing xo, x 2 , yo, y 2 as elements of QH(f, J) and QH(g, J) we can write: 

(139) x *f, g y = rxXot + r 2 x 2 t, for some r x , r 2 G Z 2 . 

From the definition of the quantum cap product it follows that the coefficient r\ is given by 
counting trajectories as in figure 23. Denote by r y X2 ,yo(f) the — grad/ trajectory connecting 




Figure 23. Pearly trajectories contributing to the coefficient r±. 

x 2 to y and by l y2 , Xo {.g) the — gradg trajectory connecting y 2 to ceo- (by taking the 
Riemannian metric generic we may assume that yo and x lie on trajectories as above). 
It follows that 

(140) n = # Z2 (^ (J) nT I2 ,, (/)) + # Z2 fe (J) n 7M (s)). 

See figure 24. Since (5 X0 (J), S yo (J) are null-homologous, r y X2 ,yo{f)j ly2,x {g) from for- 
mula (140) can be replaced by any paths £(x 2 ,yo), £(y 2 ,Xo) in L connecting x 2 to and 
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Figure 24. 

y 2 to Xq. Moreover, since y 2 can be chosen arbitrary close to x 2 we can replace £(y 2 ,Xo) 
by any path £(x 2 ,x ) connecting x 2 to x . Thus 

(141) n = #z 2 (K(J) n£(x 2 ,y )) +# Z2 (5 yo (J) n£(x 2 ,x )). 

By Proposition 6.11.1 

<p F (yo) = x + #z 2 (Sx 2 (J) n£(y ,x ))x 2 t. 
Here we have used the fact that y 2 is very close to x 2 . Therefore: 

x * x = x * f>g (4> F )- 1 (x ) = x * ft g (y + #z 2 (S X2 (J) n £{yo,x ))y 2 t\ 
= (ri + #z 2 (S X2 (J) n£(yo,x ))^x t + r 2 x 2 t 2 

= (#z. 2 (8x (J)n£(x 2 ,yo)) +#z 2 (8 yo (J)n£(x 2 ,xo)) +#z a (6 xa {J)n£(yo,x )) > )x t 
+ r 2 x 2 t 2 . 

Finally, take the element m to be xo and recall that xo — pi, yo = P2, x 2 = pz- For- 
mula (135) follows. 

We turn to the proof of formula (136). From the computations above we see that 
s 2 = r 2 , i.e. the coefficient of x 2 t 2 in xq yo. By the definition of the quantum cap 
product this coefficient counts the number of trajectories that appear in figure 25. The 
trajectories in the left-hand side of figure 25 contribute n 4 (x , yo, x 2 ) = ^4(^1,^2,^3) to 
the coefficient r 2 . As for the trajectories in the right-hand side, a similar argument to 
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Figure 25. Pearly trajectories contributing to the coefficient s 2 = r 2 . 
what we had before shows that their number is: 

(f))-^ 2 {s X2 (j)n lyo>Xo (f)) 

= #z 2 (S X0 (J) n £(x 2 , y )) ■ # Za (5 X2 (J) n £(x/ , x )) 
= #z 2 (M^) n ^(p 2 ,p 3 )) • #z 2 ft 3 (J) n ^(pi,j>2)). 

See figure 26. This completes the proof of formula (136). 




Figure 26. 

Formulae (137) and (138) follow from the fact that when Si — 1 the coefficient s 2 does 
not depend on the choice of the element m. Thus we can take the points Xo,x 2 ,y 2 to 
be any permutation of the points Pi,p 2 ,P3 and formula (136) will still give us the same 
number s 2 . Note also that when si = 1 it follows from formula (135) that either all three 
numbers 

#z 2 {$ P1 (J) n £(p2,p 3 )), #z 2 (M J ) n^(p 3 ,pi)), #z 2 {s P3 (J)n£( Pu p 2 )) 

are 1, or precisely two of them are and one of them is 1. □ 
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Let us examine in view of Proposition 6.11.3 the case of the 2- dimensional Clifford torus 
L = C CP 2 . By Proposition 6.2.3 there exist generators a, b of H 1 (L; Z 2 ) and a basis 
for QHo(L) of the form {m, wt} such that 

a * b = m + wt, b * a = m, a*a = b*b = wt. 

Using the associativity of the quantum product we obtain: m*a = b*a*a = b*wt = bt. 
Therefore: 

m * m = b * a * b * a = b * (m + wt) * a = b * (bt + at) = rat + wt 2 . 

Thus Si = s 2 = 1. Since Si = 1 the coefficient s 2 = 1 is independent of the choice of m. 
It follows from Proposition 6.11.3 that the following three numbers 

can be either all 1 or exactly one of them is 1 and the other two are 0. Moreover, in the 
second case there exists a simple J-holomorphic disk u with //([it]) = 4 and such that 
u(dD) 3 Pi,P2,P3- 

It is instructive to consider the case when J = Jq is the standard complex structure of 
CP 2 (or a small perturbation of it). In this case, for every p e L the cycle S p (Jo) consist 
of three embedded circles passing through p (see §6.1.6). It is easy to see that L \ 5 p (Jo) 
has two connected components. Thus, if Pi,P2 he in the same connected component of 
L \ S P3 (J ) then for a small enough perturbation J of J we will have ^4(^1,^2,^3) = 1- 
Of course, it is possible to find a different configurations of points p'i,P2,p's for which 
n 4:(Pii P21 P3) = 0- Figure 27 shows these two possibilities. In this figure the torus T 2 lif 
is represented as a square with opposite sides identified. The three lines through each of 
the points pi represent the boundaries of the three Jo-holomorphic disks passing through 
Pi. Using formula (136) and the fact that s 2 = 1 it is easy to see that n^(pi, P2-,Pz) = 1 
while ruip'^p'^p'z) = 0. 

We continue with analyzing the coefficient s 2 from formula (134). As discussed above 
the coefficient s 2 may depend on the choice of m (this happens only when si — 0). A 
natural class of choices for m can be made as follows. Choose a generic almost complex 
structure J and a generic pair of points p,q G L. Choose a Riemannian metric p on 
L and a perfect Morse function / : L — > R so that p is its single (local) minimum and 
q is its single (local) maximum. As noted before the differential of the pearl complex 
vanishes hence we can view p as an element of QH (f, p, J). It follows from formula (133) 
of Proposition 6.11.1 that this element is independent of the function / and metric p as 
long as / has p and q as its minimum and maximum. (Of course, once J is fixed, a slight 
perturbation of p and q will define the same element.) Thus a choice of a generic pair of 
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Figure 27. On the left ^4(^1,^2,^3) = 1- On the right n^p^, p' 2 , p' 3 ) = 0. 

points p, q and J determines in a canonical way an element m(p,q, J) = [p] G QHq(L). 
Put w = [q\. Clearly {m(p, q, J),wt} form a basis for QH (L). Note also that different 
functions / as above may give rise to different generators for QHi(L) = Hi(L; Z 2 ) however, 
the element m(p, q, J) is not affected by this. 

Fix a generic J and a generic pair of points p, q. Denote by S2(p,q, J) the coefficient 
s 2 corresponding to the choice of m = m(p,q, J). The following Proposition shows how 
the coefficient s 2 changes when we change p, q to a another pair p', q', hence m(p, q, J) to 
m(p', q', J). 

Proposition 6.11.5. s^ip 1 ', q', J) = s 2 (p, q, J) + f]{si + 1), where rj is given by: 

v = # Z2 (&AJ) n ^ <?)) + H J ) n 

In particular, when q = q' we have r\ = (6 q (J) D £(p',p)) ■ 

Proof. Put m = m(p,q,J), m' = m(p',q',J). By Proposition 6.11.1, we have m! = 
m + rjwt. A direct computation (over Z 2 !) gives: 

m! * m' = m * m + r/wt 2 = Simt + s 2 (p, q, J)wt 2 + rywt 2 

= s\m't + sirjwt 2 + s 2 (p, J)wt 2 + r/wt 2 

= sim't + (s 2 (p, g, J) + 77(^1 + l))u>i 2 . 

□ 

Proposition 6.11.6. With the notation of Proposition 6.11.3 we have: 

(142) s 2 (p 1 ,p 3 ,J) = # Z2 (S P3 (J)n£(p 1 ,p 2 )) ■#z 2 {S pl (J)n£(p2,P3))+n A (p 1 ,p 2 ,p 3 ). 
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The proof is essentially the same as the proof of Proposition 6.11.3. 

6.11.1. Explicit formulae for the quantum product of 2 -dimensional Lagrangian tori. Here 
we develop formulae which allow us to reproduce the quantum cap product for every 
(monotone) 2-dimensional Lagrangian torus L from minimal information on holomorphic 
disks with boundaries on L. As it turns out, it is enough to know the number of Maslov 
index 2 - holomorphic disks passing through a generic point on L in every homology class. 

Let L 2 C (M 4 , uj) be a 2-dimensional monotone Lagrangian torus with minimal Maslov 
number Nl = 2. Assume that QH*(L) ^ (which is equivalent to QH*(L) = (H(L; Z 2 )® 
A)*. See Proposition 6.1.4). 

Fix generators a, b of the integral homology f/i(L;Z) so that H\{L\ r L) = Za © 1h. 
Define a function v : Z © Z — > Z 2 as follows: 



where J G is a generic almost complex structure. In other words, u(k, I) counts, mod 
2, the number of J-holomorphic disks of Maslov index \i — 2 passing through a generic 
point in L and whose boundaries realize the homology class ka + lb G Hi(L; Z). By the 
discussion at the beginning of §6.1.1, u(k,l) does not depend on the choice of J G Jj ieg . 
Moreover, u(k, I) = for all but a finite number of pairs (k, I). 

Denote by w G H 2 (L;1j2) the fundamental class. Let m G QHq(L;I*2) be an element 
so that {m, wt} forms a basis for QH (L). Then we can write 



(143) 





A&S 2 , 
8A=ka+lb 



(144) 



a* a = awt, b *b = (3wt, 

a * b = m + '-f'wt, b * a = m + ^y"wt, 

a*b + b*a = (^j' + I'^wt, 



for some a, j3, 7', 7" G Z 2 . 



Proposition 6.11.7. The coefficients a, (3 are given by: 




k.i 



k,l 



The sum 7' + 7" is independent of the choice of the element m and we have: 



7 ' + 7 " = £V(A;,Z)JW(mod2). 



k.l 
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The proof is given in §6.11.2 below. Note that using the coefficients a, (3, 7', 7" we can 
recover the quantum product. Indeed, a simple computation based on (144) gives: 

m* a = abt + ^"at, a*m = abt + 7W 
(145) m*b = (3at + */bt, b*m = pat + i'bt 

m * m = (7' + 7")mt + (a(3 + ^'^")wt 2 . 

Notice that the quantum product is commutative iff 7' + 7" = (recall that we work here 
over Z 2 ). Thus the function v(k,l) determines whether or not the quantum product is 
commutative. It is also worth noting that when 7' + 7" = 1 we must have Y7" = 0, hence 
in this case m * m = mt + a(3wt 2 . 

Let us apply the above to two examples. We start with our favorite example, the 2- 
dimensional Clifford torus L = T 2 lif C CP 2 . We will use here the notation of §6.1.6. We 
take the basis a, b for H\{L; T E) to be a = dAi, b = dA 2 . With this choice the function 
v : Z © Z -> Z 2 is: 

Ki,o) = 1, Ko,i) = i, K-i,-i) = i, 

z/(fc, /) = for all other fc, /. 

It easily follows from Proposition 6.11.7 that a = (3 = 1 and that 7' + 7" = 1. It follows 
that precisely one of 7', 7" equals and the other one equals 1. We thus recover again 
the quantum product for T 2 lif . 

Our second example is the split Lagrangian torus in S 2 x S 2 . Endow S 2 x S 2 with the 
split symplectic form uj = us? © where 0032 is the standard symplectic form of S 2 . 
Let Eq C 5 2 be the equator. Then L = Eq x Eq C 5 2 x 5 2 is a monotone Lagrangian 
with Nl = 2. Denote by D , Di the two oriented disk obtained from S 2 \ Eq. Put 

A = [D x pt^Ax = [Dx x pt],B = [pt x £>„], ^1 = [p* x A] e ^ 2 (5 2 x 5 2 , L; Z). 

Clearly iff = H 2 (S 2 x 5 2 , L; Z) ZA © ZAi © ZB © ZBi. 

Let Jo = jo © jo be the standard split complex structure where jo is the complex 
structure of S 2 = CP 1 . Let u ,Ui : (D,d) — > (S 2 ,Eq) be the obvious j -holomorphic 
disks of Maslov index 2 parametrizing D and D\. It is easy to see that the only J - 
holomorphic disks with Maslov index 2 are in one of the classes A Q , A\, B , B\ and in fact 
they are all given (up to reparametrization by an element of Aut(-D)) by 

Uq X pt, U\ X pt, pt X Uq, pt X U\. 

Moreover J is regular for all the classes A e H 2 with Maslov index 2. It follows that for 
every p = (x,y) G L we have S p ( Jo) = Eq x x — Eq x x + y x Pg -!/x Pg, hence TJi = 
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(See (102) and (103)). By Proposition 6.1.4 we have QH*{L) ^ (H(L) <g> A),. (This can 
be easily verified also by the Floer Kiinneth formula). 

We now fix the following generators a = [Eq x pt],b = [pt x Eq] G ifi(L;Z). Let 
m G QHo(L) be an element such that {m, wt} forms a basis for QHq(L). The function 
v : Z © Z -y Z 2 is: 

1/(1,0) = 1, i/(-l, 0) = 1, ,i/(0, 1) = 1, 1/(0, -1) = 1, 
z/(fc, Z) = for all other fc, Z. 

By Proposition 6.11.7 we have a — 1, (3 = 1 and 7' + 7" = (i.e. 7' = 7"). It follows 
that the coefficient s\ in m * m is 0. This means that the coefficient s 2 may depend on 
the choice of m. To choose m let p, q G L be two generic points. Let J e be a small 
enough perturbation of Jo- This defines the element m = m(p,q; J e ). A straightforward 
computation shows that a * b = m and b * a = m, hence 7' = 7" = 0. Using (144) 
and (145) we obtain (for the above choice of m): 

a* a = b*b = wt, a*b = b*a = m, 

a*m = m*a = bt, b*m = m*b = at, 

m * m = wt 2 . 

Thus s 2 (p, q, J e ) = 1- 

Let us interpret the value of s 2 using Proposition 6.11.6. Put p\ = p, p 3 = q and let 
P2 G L \ Sp 3 (Jo) be a generic point. Note that L \ 5 P3 (Jo) is connected (it is an open 
rectangle). If the perturbation J € of Jo is small enough then the cycle 5 P3 (J € ) will be 
close to 5 P3 (Jq) in the C°-topology. Therefore, for small enough perturbation the point 
P\ and P2 will still remain in the same connected component of L \ 5 P3 (J e ). In particular 
#z 2 (^p 3 (<^) ^ ^-ipiiPv) — 0- It follows from Proposition 6.11.6 that ri 4 (pi,p 2 ,£>3) = 1- In 
other words, we obtain the following. 

Corollary 6.11.8. Let Pi,P2,P3 £ L be generic points. Then there exists a neighbourhood 
U C J of Jq (which depends on P\,P2iPs) such that for generic J G U there exists a 
simple J -holomorphic disk u : (D,dD) — > (S 2 x S 2 ,L) with fi(L) = 4 and such that 
u(e" 2m ^ 3 ) = pi for every 1 < I < 3. 

6.11.2. Proof of Proposition 6.11.7. Let / : L — ► R be a perfect Morse function and p 
a Riemannian metric on L. Denote by x 2 the unique maximum of /, by xq the unique 
minimum and by Xi,x'( the critical points of index 1. Since a, b generate ifi(L;Z) the 
pair (/, p) can be chosen so that the closures of the unstable submanifolds W x i, 
represent the homology classes ±a, ±6. Fix an orientation on L so that a ■ b = 1 and pick 
orientations o', o" on W^, W u x n so that [W^/] = a, [W^«] = b. 
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Having fixed the above let g : L — > R be a small perturbation of / chosen in the following 
way. Denote by yo,y[,y",y2 the critical points of g (with the convention that subscripts 
denote the Morse index). We choose g so that W% is a "parallel" translate of W™, pushed 
in a direction ri' normal to W™, such that the pair (o', n') give the positive orientation on 
L. Similarly we require that W™„ is obtained by pushing W3, in the direction ri" so that 

"1 1 

the pair (o", ri") give the negative orientation on L. 

By choosing g to be close enough to / we may assume that the canonical quasi- 
isomorphism between C*(/, J) and C*(g, J) is in fact a base preserving isomorphism (i.e. 
Xi is mapped to y iy x[ to y[ and x'[ to y"). Thus in order to compute the coefficient a in 
a* a = awt we will compute [x[} * [y[]. 

Choose a generic J G 3{M, u>). Let u : (D, d) — > (M, L) be a J-holomorphic disk with 
Maslov index 2 that contributes to u(k, I), i.e. u(dD) 3 X2 and [u(dD)] = ka + lb. After 
reparametrization we may assume that u(l) = X2- The contribution of this disk to the 
coefficient a in [x[] * [y[] is given by the number, mod 2, of pairs (6 g , Of) such that: 

<6 g <6 f <2tt, u(e w °)eW^ u(e i6 f) e W^. 

In other words we have to mark on the boundary u(dD) of the disk u two types of points: 
the points hit by a — grad/ trajectory coming from x[ and the points hit by a — gradg 
trajectory coming from y[. Let us call the first set "points of type /" and the second 
"points of type g" . Then we have to count how many pairs of points (q,p), p of type / 
and q of type g, are there such that q appears "before" p along u(dD). We denote this 
number a u . The wording "before" means that we take X2 G u(dD) as the origin and use 
the standard orientation of 3D for ordering. 

To compute a u first note that points of types / and g appear in pairs (provided that 
the function g is close enough to /). In fact, each time W™, intersects positively the 
boundary of the disk u(dD) then W™, intersects it positively too (in a nearby point) and 
we we obtain two points p + , q + , of types / and g, where p + comes before q + . When 
intersects u(dD) negatively we obtain two points g_, p_, of types g and /, where g_ 
comes before p_. This is described in figure 28. Note that the arrows along W3 , W™, in 
this figure might be a bit confusing. These arrows represent the orientation o' discussed 
above, not the direction of the gradient (or minus gradient) flow. 

Denote by i + , i_ the number of positive, resp. negative, intersection points of W£ with 
u(dD). As for the contribution to a u , each point q± of type g (positive or negative) can 
be paired to any point p± coming "after" it. In addition, each point g_ appearing in a 
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Figure 28. 

negative intersection as above can also be paired with its adjacent point p_. Therefore 

( £ i) + 

(146) 



j=i++i- 

(i+ + z_)(z+ + + 1) 



+ 1- 



2i . z_ 



2 2 
On the other hand since [u(dD)] = ka + lb we have i + — z_ = [W^] • [w(9-D)] = /. Therefore 
we obtain from (146): 

(«+-*-)(*+ + !), 



i j — 2i + i_ + i 2 _ + z_ 



mod2 



'mod2) 



1(1 + 1) 



'mod2). 



It follows that the contribution to coefficient a of the disks u with [u(dD)] = ka + lb is 
v(k, I) (mod2), hence 



a 



k,l 



The formula for the coefficient (3 is proved in a similar way. 

The formula for 7' + 7" is more straightforward. Let u : (D, <9-D) — > (M, L) be a J- 
holomorphic disk with Maslov index 2, with u(l) = 22 and such that [u(9JD)] = ka + Z6. 
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Denote by i', %" the number of intersection points (counted without signs) of W£ , resp. 
W™» with u(dD). Note that if g is chosen to be close enough to / we have: 

i' = #(wj n u(dD)), i" = n u(9d)). 

Since a*6 + 6*a = [x^] * [yf] + [x'[\ * [y[] = (7' + j")wt the contribution of the disk u to 
the coefficient 7' + 7" is iV. (This is because we are computing the symmetric expression 
a*b + b*a, hence the order of the 3 points on u(dD) involved in the quantum product does 
not matter.) Since [W^] ■ [u] = I, [W x h] ■ [u] = —k we have %' = /(mod2), i" = fc(mod2). 
It follows that 

i + 7" = J2HkJ)lk{mod2). 

k,i 

□ 
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